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Objectives Today (day 11)
Backpropagation

• Review: Multi-layer perceptrons
• MLPs can learn feature representations
• Activation functions

• Training via gradient descent
• Back-propagation = gradient descent + chain rule

3Mike Hughes - Tufts COMP 135 - Fall 2020



What will we learn?
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Supervised
Learning

Unsupervised 
Learning

Reinforcement 
Learning

Data, Label Pairs
Performance

measureTask

data 
x

label
y

{xn, yn}Nn=1

Training

Prediction

Evaluation
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y

x2

x1

is a binary variable 
(red or blue)

Supervised
Learning

binary 
classification

Unsupervised 
Learning

Reinforcement 
Learning

Task: Binary Classification



Feature, Label Pairs

Feature Transform Pipeline

6Mike Hughes - Tufts COMP 135 - Fall 2020

data 
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Performance
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{xn, yn}Nn=1
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�(x)
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MLP: Multi-Layer Perceptron
Neural network with
1 or more hidden layers
followed by 1 output layer
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Neural nets with many layers
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Input 
data 
x

Output
f3

f1 = dot(w1, x) + b1
<latexit sha1_base64="gcounLZx65+YwqFznctCxJvd5DQ=">AAACCHicbVDLSgNBEJyNrxhfqx49OBiEiBJ2o6AXIejFYwTzgCQss5PZZMjsg5leTVhy9OKvePGgiFc/wZt/4yTZgyYWNBRV3XR3uZHgCizr28gsLC4tr2RXc2vrG5tb5vZOTYWxpKxKQxHKhksUEzxgVeAgWCOSjPiuYHW3fz326/dMKh4GdzCMWNsn3YB7nBLQkmPue46NL3EL2ACSTgijwoNjn2A8OMLH2HVsx8xbRWsCPE/slORRiopjfrU6IY19FgAVRKmmbUXQTogETgUb5VqxYhGhfdJlTU0D4jPVTiaPjPChVjrYC6WuAPBE/T2REF+poe/qTp9AT816Y/E/rxmDd9FOeBDFwAI6XeTFAkOIx6ngDpeMghhqQqjk+lZMe0QSCjq7nA7Bnn15ntRKRfu0WLo9y5ev0jiyaA8doAKy0TkqoxtUQVVE0SN6Rq/ozXgyXox342PamjHSmV30B8bnD+Fol1E=</latexit>

f2 = dot(w2, act(f1)) + b2
<latexit sha1_base64="p5nNjLHZMP1/vfZtEXvoZDAvyGc=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAILWqZGQXdCEU3LivYC7RlyKSZNjRzITmjlqFP4cZXceNCEbfizrcxbWehrT8Efr5zDifndyPBFZjmt5FZWFxaXsmu5tbWNza38ts7dRXGkrIaDUUomy5RTPCA1YCDYM1IMuK7gjXcwdW43rhjUvEwuIVhxDo+6QXc45SARk7+2HNsfIHbwB4g6YYwKt479hFOAaEaeI5VKuFD7Dq2ky+YZXMiPG+s1BRQqqqT/2p3Qxr7LAAqiFIty4ygkxAJnAo2yrVjxSJCB6THWtoGxGeqk0zOGuEDTbrYC6V+AeAJ/T2REF+poe/qTp9AX83WxvC/WisG77yT8CCKgQV0usiLBYYQjzPCXS4ZBTHUhlDJ9V8x7ROp09BJ5nQI1uzJ86Zul62Tsn1zWqhcpnFk0R7aR0VkoTNUQdeoimqIokf0jF7Rm/FkvBjvxse0NWOkM7voj4zPH2y6nQA=</latexit>

f3 = dot(w3, act(f2)) + b3
<latexit sha1_base64="4GovjSsUH60H40Rau/NP9N/Tx/8=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARWtQy0wq6EYpuXFawF2jLkEkzNTRzITmjlqFP4cZXceNCEbfizrcxbWehrT8Efr5zDifndyPBFVjWt5FZWFxaXsmu5tbWNza3zO2dhgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru4HJcb94xqXgY3MAwYl2f9APucUpAI8c89pwKPscdYA+Q9EIYFe6dyhFOAaEaeE65WMSH2HUqjpm3StZEeN7YqcmjVDXH/Or0Qhr7LAAqiFJt24qgmxAJnAo2ynVixSJCB6TP2toGxGeqm0zOGuEDTXrYC6V+AeAJ/T2REF+poe/qTp/ArZqtjeF/tXYM3lk34UEUAwvodJEXCwwhHmeEe1wyCmKoDaGS679iekukTkMnmdMh2LMnz5tGuWRXSuXrk3z1Io0ji/bQPiogG52iKrpCNVRHFD2iZ/SK3own48V4Nz6mrRkjndlFf2R8/gBzFZ0E</latexit>

dot = matrix multiply

act = activation function



Each Layer Extracts
“Higher Level” Features 
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Multi-layer perceptron (MLP)
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f1 = dot(w1, x) + b1
<latexit sha1_base64="gcounLZx65+YwqFznctCxJvd5DQ=">AAACCHicbVDLSgNBEJyNrxhfqx49OBiEiBJ2o6AXIejFYwTzgCQss5PZZMjsg5leTVhy9OKvePGgiFc/wZt/4yTZgyYWNBRV3XR3uZHgCizr28gsLC4tr2RXc2vrG5tb5vZOTYWxpKxKQxHKhksUEzxgVeAgWCOSjPiuYHW3fz326/dMKh4GdzCMWNsn3YB7nBLQkmPue46NL3EL2ACSTgijwoNjn2A8OMLH2HVsx8xbRWsCPE/slORRiopjfrU6IY19FgAVRKmmbUXQTogETgUb5VqxYhGhfdJlTU0D4jPVTiaPjPChVjrYC6WuAPBE/T2REF+poe/qTp9AT816Y/E/rxmDd9FOeBDFwAI6XeTFAkOIx6ngDpeMghhqQqjk+lZMe0QSCjq7nA7Bnn15ntRKRfu0WLo9y5ev0jiyaA8doAKy0TkqoxtUQVVE0SN6Rq/ozXgyXox342PamjHSmV30B8bnD+Fol1E=</latexit>

f2 = dot(w2, act(f1)) + b2
<latexit sha1_base64="p5nNjLHZMP1/vfZtEXvoZDAvyGc=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAILWqZGQXdCEU3LivYC7RlyKSZNjRzITmjlqFP4cZXceNCEbfizrcxbWehrT8Efr5zDifndyPBFZjmt5FZWFxaXsmu5tbWNza38ts7dRXGkrIaDUUomy5RTPCA1YCDYM1IMuK7gjXcwdW43rhjUvEwuIVhxDo+6QXc45SARk7+2HNsfIHbwB4g6YYwKt479hFOAaEaeI5VKuFD7Dq2ky+YZXMiPG+s1BRQqqqT/2p3Qxr7LAAqiFIty4ygkxAJnAo2yrVjxSJCB6THWtoGxGeqk0zOGuEDTbrYC6V+AeAJ/T2REF+poe/qTp9AX83WxvC/WisG77yT8CCKgQV0usiLBYYQjzPCXS4ZBTHUhlDJ9V8x7ROp09BJ5nQI1uzJ86Zul62Tsn1zWqhcpnFk0R7aR0VkoTNUQdeoimqIokf0jF7Rm/FkvBjvxse0NWOkM7voj4zPH2y6nQA=</latexit>

f3 = dot(w3, act(f2)) + b3
<latexit sha1_base64="4GovjSsUH60H40Rau/NP9N/Tx/8=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARWtQy0wq6EYpuXFawF2jLkEkzNTRzITmjlqFP4cZXceNCEbfizrcxbWehrT8Efr5zDifndyPBFVjWt5FZWFxaXsmu5tbWNza3zO2dhgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru4HJcb94xqXgY3MAwYl2f9APucUpAI8c89pwKPscdYA+Q9EIYFe6dyhFOAaEaeE65WMSH2HUqjpm3StZEeN7YqcmjVDXH/Or0Qhr7LAAqiFJt24qgmxAJnAo2ynVixSJCB6TP2toGxGeqm0zOGuEDTXrYC6V+AeAJ/T2REF+poe/qTp/ArZqtjeF/tXYM3lk34UEUAwvodJEXCwwhHmeEe1wyCmKoDaGS679iekukTkMnmdMh2LMnz5tGuWRXSuXrk3z1Io0ji/bQPiogG52iKrpCNVRHFD2iZ/SK3own48V4Nz6mrRkjndlFf2R8/gBzFZ0E</latexit>

You can define an MLP by specifying:
- Number of hidden layers (L-1) and size of each layer
- hidden_layer_sizes = [A, B, C, D, …]

- Hidden layer activation function
- ReLU, etc.

- Output layer activation function

f1 2 RA
<latexit sha1_base64="xM5WVmfZNZQY3EYPiHZWie5Z8JI=">AAAB/XicbVDLSsNAFL3xWeurPnZuBovgqiRV0GXVjcsq9gFNDJPppB06mYSZiVBD8VfcuFDErf/hzr9x0nahrQcGDufcyz1zgoQzpW3721pYXFpeWS2sFdc3Nre2Szu7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fg6vcbz1QqVgs7vQwoV6Ee4KFjGBtJL+0H/oOcplAboR1Pwiy29H9hV8q2xV7DDRPnCkpwxR1v/TldmOSRlRowrFSHcdOtJdhqRnhdFR0U0UTTAa4RzuGChxR5WXj9CN0ZJQuCmNpntBorP7eyHCk1DAKzGSeUc16ufif10l1eO5lTCSppoJMDoUpRzpGeRWoyyQlmg8NwUQykxWRPpaYaFNY0ZTgzH55njSrFeekUr05Ldcup3UU4AAO4RgcOIMaXEMdGkDgEZ7hFd6sJ+vFerc+JqML1nRnD/7A+vwBb7uUkw==</latexit>

f2 2 RB
<latexit sha1_base64="XYCjQhdjved7mxD3Aj7RJEMTE4s=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRV0GWpG5dV7AOaWibTSTt0MgkzE6GG4q+4caGIW//DnX/jpM1CWw8MHM65l3vm+DFnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o6vMbz1QqVgk7vQ4pt0QDwQLGMHaSD37MOhVkMcE8kKsh76f3k7uaz275JSdKdAicXNSghz1nv3l9SOShFRowrFSHdeJdTfFUjPC6aToJYrGmIzwgHYMFTikqptO00/QiVH6KIikeUKjqfp7I8WhUuPQN5NZRjXvZeJ/XifRwWU3ZSJONBVkdihIONIRyqpAfSYp0XxsCCaSmayIDLHERJvCiqYEd/7Li6RZKbtn5crNealay+sowBEcwym4cAFVuIY6NIDAIzzDK7xZT9aL9W59zEaXrHznAP7A+vwBctSUlQ==</latexit>

f3 2 RC
<latexit sha1_base64="IITklBqrNbU3P4pKWir9wal98Oc=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEV2WmFXRZ7MZlFfuAzlgyaaYNzWSGJCPUofgrblwo4tb/cOffmLaz0NYDgcM593JPjh9zprRtf1u5ldW19Y38ZmFre2d3r7h/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P6pP/fYDlYpF4k6PY+qFeCBYwAjWRuoVj4JeFblMIDfEeuj76e3kvt4rluyyPQNaJk5GSpCh0St+uf2IJCEVmnCsVNexY+2lWGpGOJ0U3ETRGJMRHtCuoQKHVHnpLP0EnRqlj4JImic0mqm/N1IcKjUOfTM5zagWvan4n9dNdHDppUzEiaaCzA8FCUc6QtMqUJ9JSjQfG4KJZCYrIkMsMdGmsIIpwVn88jJpVcpOtVy5OS/VrrI68nAMJ3AGDlxADa6hAU0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/de2Ulw==</latexit>

fL = dot(wL, act(fL�1)) + bL
<latexit sha1_base64="lBjEWcUXeggEqcmwDhP9JHAWhhM=">AAACHHicbVDLSsNAFJ34tr6qLt0MFqFFLUkVdCMU3bjoooKthTaEyXSiQycPZm7UEvIhbvwVNy4UceNC8G+c1Cy09cDA4ZxzuXOPGwmuwDS/jKnpmdm5+YXFwtLyyupacX2jrcJYUtaioQhlxyWKCR6wFnAQrBNJRnxXsCt3cJb5V7dMKh4GlzCMmO2T64B7nBLQklM88JykkeIT3AN2D0k/hLSM75zGXi4QqoUss2+llQrexa7TcIols2qOgCeJlZMSytF0ih+9fkhjnwVABVGqa5kR2AmRwKlgaaEXKxYROiDXrKtpQHym7GR0XIp3tNLHXij1CwCP1N8TCfGVGvquTvoEbtS4l4n/ed0YvGM74UEUAwvozyIvFhhCnDWF+1wyCmKoCaGS679iekOkbkT3WdAlWOMnT5J2rWodVGsXh6X6aV7HAtpC26iMLHSE6ugcNVELUfSAntALejUejWfjzXj/iU4Z+cwm+gPj8xviaJ/z</latexit>

fL 2 R1
<latexit sha1_base64="5kYIeNn6iF1uWQ/izHBnMWO1DbQ=">AAAB/XicbVDLSsNAFL3xWeurPnZuBovgqiRV0GXRjQsXVewDmhgm00k7dDIJMxOhhuKvuHGhiFv/w51/46TtQlsPDBzOuZd75gQJZ0rb9re1sLi0vLJaWCuub2xubZd2dpsqTiWhDRLzWLYDrChngjY005y2E0lxFHDaCgaXud96oFKxWNzpYUK9CPcECxnB2kh+aT/0r5HLBHIjrPtBkN2O7h2/VLYr9hhonjhTUoYp6n7py+3GJI2o0IRjpTqOnWgvw1Izwumo6KaKJpgMcI92DBU4osrLxulH6MgoXRTG0jyh0Vj9vZHhSKlhFJjJPKOa9XLxP6+T6vDcy5hIUk0FmRwKU450jPIqUJdJSjQfGoKJZCYrIn0sMdGmsKIpwZn98jxpVivOSaV6c1quXUzrKMABHMIxOHAGNbiCOjSAwCM8wyu8WU/Wi/VufUxGF6zpzh78gfX5A4IylJ4=</latexit>



How to train Neural Nets?
Just like logistic regression

1. Set up a loss function
2. Apply gradient descent!
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Output as function of weights
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f1(x,w1)
f2(·, w2) f3(·, w3)

Input 
data 
x

f3(f2(f1(x,w1), w2), w3)



Minimizing loss for multi-layer 
functions

min
w1,w2,w3

NX

n=1

loss(yn, f3(f2(f1(xn, w1), w2), w3)

13Mike Hughes - Tufts COMP 135 - Fall 2020

Loss can be:
• Squared error for regression problems
• Log loss for binary classification problems
• … many others possible!

Can try to find best possible weights with gradient 
descent…. But how do we compute gradients?



Big idea: NN as a
Computation Graph
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Each node represents one scalar result
produced by our NN
• Node 1: Input x
• Node 2 and 3: Hidden layer 1
• Node 4 and 5: Hidden layer 2
• Node 6: Output

Each edge represents one scalar weight
that is a parameter of our NN

To keep this simple, we omit bias parameters.



Notation

15Mike Hughes - Tufts COMP 135 - Fall 2020

Each node i in our graph has:
• Input scalar xi
• Activation function f
• Input node: identity     f(x) = x
• Hidden node: f = ReLU
• Output node:
• f = identity for regression
• f = sigmoid for classification

• Output scalar yi

Key idea: Nodes are in order
• Input of node i can be computed 

from outputs of nodes 1, 2, …. i -1 

Extra terminal node (“E”) for the 
result of the loss function



Two directions of 
propagation

Forward: compute loss
Backward: compute grad
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Forward Propagation
Algorithm
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1. For each non-input, non-terminal node j in order:

Compute and store input value for node j

Compute and store output value for node j

yj = f(xj)
<latexit sha1_base64="/UG2u7hdG9QFUUpNaAQKMBdG43w=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mqoBeh6MVjBfsBbQib7abddrMJuxsxhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzz485U9q2v62V1bX1jc3CVnF7Z3dvv3Rw2FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76d+u1HKhWLxINOY+qGeCBYwAjWRuql3ghdo6Dy5I3OvFLZrtozoGXi5KQMORpe6avXj0gSUqEJx0p1HTvWboalZoTTSbGXKBpjMsYD2jVU4JAqN5vdPEGnRumjIJKmhEYz9fdEhkOl0tA3nSHWQ7XoTcX/vG6igys3YyJONBVkvihIONIRmgaA+kxSonlqCCaSmVsRGWKJiTYxFU0IzuLLy6RVqzrn1dr9Rbl+k8dRgGM4gQo4cAl1uIMGNIFADM/wCm9WYr1Y79bHvHXFymeO4A+szx9+4pCt</latexit>

2. Compute terminal node value
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Notation for 
Back Propagation
Remember, our ultimate goal is to 
compute gradient of our loss E with 
respect to parameters w

Before we begin “backward pass”…

We need to store at each node i:

• Derivative wrt its output 
• Derivative wrt its input

We need to store at each edge i,j:

• Derivative wrt its weight
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Back Propagation
Algorithm Step 1

1. Update the last non-terminal node:

Compute and store grad wrt output of node

Compute and store grad wrt input of node
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Back Propagation
Algorithm Step 2

1. Update the last non-terminal node

2. For each non-terminal node i in reverse order

Compute and store grad wrt output of node

Compute and store grad wrt input of node
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Back Propagation
Algorithm Step 3

1. Update the last non-terminal node

2. Update each non-terminal node in reverse order

3. Update each edge’s gradient wrt weights



How to train Neural Nets
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min
w

NX

n=1

E(yn, ŷ(xn, w))
<latexit sha1_base64="nJnhInwsXMzfqZM21hSK+iPOXxw=">AAACGHicbVDLSgMxFM3Ud31VXboJFqEFqTNV0I0giuBKFOwDOnXIpGkbmmSGJGMdhvkMN/6KGxeKuHXn35hpu9DqgQsn59xL7j1+yKjStv1l5WZm5+YXFpfyyyura+uFjc26CiKJSQ0HLJBNHynCqCA1TTUjzVASxH1GGv7gPPMb90QqGohbHYekzVFP0C7FSBvJK+y7nAovGabQVRH3EnHipHdX8KIEY0/sQbePdBKnpYfsMSzDslco2hV7BPiXOBNSBBNce4VPtxPgiBOhMUNKtRw71O0ESU0xI2nejRQJER6gHmkZKhAnqp2MDkvhrlE6sBtIU0LDkfpzIkFcqZj7ppMj3VfTXib+57Ui3T1uJ1SEkSYCjz/qRgzqAGYpwQ6VBGsWG4KwpGZXiPtIIqxNlnkTgjN98l9Sr1acg0r15rB4ejaJYxFsgx1QAg44AqfgElyDGsDgETyDV/BmPVkv1rv1MW7NWZOZLfAL1uc3L+2ejg==</latexit>

Training Objective:

Gradient Descent Algorithm:

w = initialize_weights_at_random_guess(random_state=0)
while not converged:

total_grad_wrt_w = zeros_like(w)
for n in 1, 2, … N:

loss[n], grad_wrt_w[n] = forward_and_backward_prop(x[n], y[n], w)
total_grad_wrt_w += grad_wrt_w[n]

w = w – alpha * total_grad_wrt_w



Takeaways for Backprop

We can compute gradient wrt weights using a
standard dynamic programming algorithm
• Do not need ability to do symbolic derivatives in general
• Only need chain rule, plus a few elementary derivatives
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Takeaways for Backprop

We can compute gradient wrt weights using a 
standard dynamic programming algorithm
• Do not need ability to do symbolic derivatives in general
• Only need chain rule, plus a few elementary derivatives

Runtime cost of backward propagation algorithm
has same ”big O” cost as the the forward pass

Storage cost of backward propagation algorithm is 
linear in number of nodes and parameters
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