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Objectives Today (day 12)
Stochastic Gradient Descent

• Review: Gradient Descent
• Repeatedly step downhill until converged

• Review: Training Neural Nets with Backprop
• Backprop = chain rule plus dynamic programming

• L-BFGS : How to step in better direction?
• Stochastic Gradient Descent : How to go fast?
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Review: Gradient Descent in 1D

4Mike Hughes - Tufts COMP 135 - Fall 2020

input: initial ✓ 2 R
input: step size ↵ 2 R+

while not converged:
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Q: Which direction to step?

A: Straight downhill
(steepest descent at current location)

Q: How far to step in that direction?

A: 

Step size parameter picked in advance,
unaware of current location
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input: initial ✓ 2 R
input: step size ↵ 2 R+

while not converged:
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Review: Gradient Descent in 2D+
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Q: Which direction to step?

A: Straight downhill
(steepest descent at current location)

Q: How far to step in that direction?

A: 

Step size parameter picked in advance,
unaware of current location

gradient = vector of 
partial derivatives
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Even in one dimension, tough to select step size.

Recommendations
- Try multiple values
- Might need different sizes at different locations

Review: Step size matters
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Review: Neural Net as 
computational graph

2 directions of propagation

Forward: compute loss
Backward: compute grad
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Review: Training Neural Nets
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min
w

NX

n=1

E(yn, ŷ(xn, w))
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Training Objective:

Gradient Descent Algorithm:
w = initialize_weights_at_random_guess(random_state=0)
while not converged:

total_grad_wrt_w = zeros_like(w)
for n in 1, 2, … N:

loss[n], grad_wrt_w[n] = forward_and_backward_prop(x[n], y[n], w)
total_grad_wrt_w += grad_wrt_w[n]

w = w – alpha * total_grad_wrt_w

How to pick step size reliably? How to go fast on big datasets?



Step size strategy: Slow decay
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input: initial w 2 R
input: initial step size s0 2 R+

while not converged:

w  w � strwL(w)
st  decay(s0, t)

t t+ 1

Linear decay

Exponential decay

Often helpful, requires tuning and hard to get right!

t : number of steps

✓
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Q: How far to step? A: Line search
Find good step size for current location

Search for the best scalar s >= 0, such that:
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min
x

f(x)

�x = �rxf(x)

min
x

f(x)

�x = �rxf(x)

s⇤ = argmin
s�0

f(x+ s�x)

min
x

f(x)

�x = �rxf(x)

Possible step lengths

Step 
Direction:

Goal:

In Python code: scipy.optimize.line_search

s = 0.5
s = 1.3

s = 5.1

Can be expensive, but often worth it
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Q: Better direction to step than straight downhill?

A: Yes. Modify direction using second-order derivative.

min
✓
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<latexit sha1_base64="l+C2uK736OngnDMEy71ptwDskJQ=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaLUDclqYIui27EVQV7gSaUyXTSDp1MwsyJUELd+CpuXCji1rdw59s4bbPQ1h8GPv5zDmfOHySCa3Ccb2tpeWV1bb2wUdzc2t7Ztff2mzpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4fWk3npgSvNY3sMoYX5E+pKHnBIwVtc+9CIuu5kHAwZkjPFteYanXbvkVJyp8CK4OZRQrnrX/vJ6MU0jJoEKonXHdRLwM6KAU8HGRS/VLCF0SPqsY1CSiGk/m14wxifG6eEwVuZJwFP390RGIq1HUWA6IwIDPV+bmP/VOimEl37GZZICk3S2KEwFhhhP4sA9rhgFMTJAqOLmr5gOiCIUTGhFE4I7f/IiNKsV96xSvTsv1a7yOAroCB2jMnLRBaqhG1RHDUTRI3pGr+jNerJerHfrY9a6ZOUzB+iPrM8fm1+WVQ==</latexit>

�✓ = �J 0(✓)
<latexit sha1_base64="4yXb+lNI42Fn/OvgZpx4A8F+62U=">AAACB3icbVDLSgMxFM3UV62vUZeCBItYF5aZKuhGKOpCXFWwD2hLyaS3bWjmQXJHKKU7N/6KGxeKuPUX3Pk3pg9BWw+EnJxzLzf3eJEUGh3ny0rMzS8sLiWXUyura+sb9uZWSYex4lDkoQxVxWMapAigiAIlVCIFzPcklL3u5dAv34PSIgzusBdB3WftQLQEZ2ikhr1buwKJjNawA+Y6p0f05iDz8zxs2Gkn64xAZ4k7IWkyQaFhf9aaIY99CJBLpnXVdSKs95lCwSUMUrVYQ8R4l7WhamjAfND1/miPAd03SpO2QmVOgHSk/u7oM1/rnu+ZSp9hR097Q/E/rxpj66zeF0EUIwR8PKgVS4ohHYZCm0IBR9kzhHElzF8p7zDFOJroUiYEd3rlWVLKZd3jbO72JJ2/mMSRJDtkj2SIS05JnlyTAikSTh7IE3khr9aj9Wy9We/j0oQ16dkmf2B9fAMuW5bx</latexit>

�✓ = � 1

J 00(✓)
J 0(✓)

<latexit sha1_base64="XBG5xkoxXORUoeyjeCUaS9DfcTs=">AAACHXicbVDLSgMxFM34tr6qLt0Ei7QuLDMq6EYQdSGuKtgHdErJpHfaYOZBckcoQ3/Ejb/ixoUiLtyIf2PajqDVAyGHc84luceLpdBo25/W1PTM7Nz8wmJuaXlldS2/vlHTUaI4VHkkI9XwmAYpQqiiQAmNWAELPAl17/Z86NfvQGkRhTfYj6EVsG4ofMEZGqmdP3QvQCKjLvbAXCd0j7q+Yjx1BulVsVga67sDelUsfYd22/mCXbZHoH+Jk5ECyVBp59/dTsSTAELkkmnddOwYWylTKLiEQc5NNMSM37IuNA0NWQC6lY62G9Ado3SoHylzQqQj9edEygKt+4FnkgHDnp70huJ/XjNB/7iVijBOEEI+fshPJMWIDquiHaGAo+wbwrgS5q+U95gpB02hOVOCM7nyX1LbLzsH5f3rw8LpWVbHAtki26REHHJETsklqZAq4eSePJJn8mI9WE/Wq/U2jk5Z2cwm+QXr4wsK0J9h</latexit>

�✓ = �r✓J(✓)
<latexit sha1_base64="+0kHMN4rNQ4f33ETI1OQARjoozU=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIIeDLsq6EUQ9SCeFIwK2RB6Jx0zZHZ2mekVwpKv8OKvePGgiFfx5t84eQi+CpouqrqZ6YpSJS35/oc3Mjo2PjE5NV2YmZ2bXyguLl3aJDMCKyJRibmOwKKSGiskSeF1ahDiSOFV1D7q+Ve3aKxM9AV1UqzFcKNlUwogJ9WLm+ExKgIeUgtd2+ebPNQQKajnA6nLT9e/3I16seSX/T74XxIMSYkNcVYvvoeNRGQxahIKrK0Gfkq1HAxJobBbCDOLKYg23GDVUQ0x2lreP6vL15zS4M3EuNLE++r3jRxiaztx5CZjoJb97fXE/7xqRs29Wi51mhFqMXiomSlOCe9lxBvSoCDVcQSEke6vXLTAgCCXZMGFEPw++S+53CoH2+Wt853SweEwjim2wlbZOgvYLjtgJ+yMVZhgd+yBPbFn79579F6818HoiDfcWWY/4L19AmhwnaM=</latexit>

1-D

2-D+

1st order only
decent direction

Using 2nd order Newton
descent direction

�✓ = �H(✓)�1r✓J(✓)
<latexit sha1_base64="Kbby2dClql3JAVfRL+o2wD3115E="></latexit>

Hessian matrix for J
H is a D x D matrix
All second-order partial derivatives

�✓ = �J 0(✓)
<latexit sha1_base64="4yXb+lNI42Fn/OvgZpx4A8F+62U=">AAACB3icbVDLSgMxFM3UV62vUZeCBItYF5aZKuhGKOpCXFWwD2hLyaS3bWjmQXJHKKU7N/6KGxeKuPUX3Pk3pg9BWw+EnJxzLzf3eJEUGh3ny0rMzS8sLiWXUyura+sb9uZWSYex4lDkoQxVxWMapAigiAIlVCIFzPcklL3u5dAv34PSIgzusBdB3WftQLQEZ2ikhr1buwKJjNawA+Y6p0f05iDz8zxs2Gkn64xAZ4k7IWkyQaFhf9aaIY99CJBLpnXVdSKs95lCwSUMUrVYQ8R4l7WhamjAfND1/miPAd03SpO2QmVOgHSk/u7oM1/rnu+ZSp9hR097Q/E/rxpj66zeF0EUIwR8PKgVS4ohHYZCm0IBR9kzhHElzF8p7zDFOJroUiYEd3rlWVLKZd3jbO72JJ2/mMSRJDtkj2SIS05JnlyTAikSTh7IE3khr9aj9Wy9We/j0oQ16dkmf2B9fAMuW5bx</latexit>



Approximate second order method
• Computes first-order gradient vector exactly on provided training dataset
• Computes efficient approximation of Hessian via recent history of steps

L-BFGS: Smarter Gradient Descent
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L-BFGS : Limited Memory Broyden–Fletcher–Goldfarb–Shanno (BFGS)

Q: Which direction to step?

A: Downhill, adjusted by 
curvature at current location

Q: How far to step in that direction?

A: Efficient line search
Step size adjusted to current location
(as implemented in SciPy)

https://en.wikipedia.org/wiki/BFGS_method


Objectives Today (day 12)
Stochastic Gradient Descent
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• Review: Gradient Descent
• Repeatedly step downhill until converged

• Review: Training Neural Nets with Backprop
• Backprop = chain rule plus dynamic programming

• L-BFGS : How to step in better direction?
• Stochastic Gradient Descent : How to go fast?



Stochastic Estimate of Loss Function
• Standard “full-dataset” objective

• Rewrite as an “expected value”
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L(w) = 1

N

NX

n=1

Ln(xn, yn, w)

L(w) = Exi,yi⇠Unif({xn,yn}N
n=1)

[Li(xi, yi, w)]
Empirical distribution over
our N training examples

Each index i selected with probability 1/N



Stochastic Estimate of Loss Function
• Standard “full-dataset” objective

• Rewrite as an “expected value”

• Approximate with one randomly-drawn sample
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L(w) = 1

N

NX

n=1

Ln(xn, yn, w)

L(w) = Exi,yi⇠Unif({xn,yn}N
n=1)

[Li(xi, yi, w)]

L(w) ⇡ Li(xi, yi, w) xi, yi ⇠ Unif({xn, yn}Nn=1)
Each index i selected with probability 1/N



Stochastic Estimate of Gradient
• Standard “full-dataset” gradient

• Approximate with one randomly-drawn sample

16Mike Hughes - Tufts COMP 135 - Fall 2020

Each index i selected with probability 1/N

rwL(w) =
1

N

NX

n=1

rwLn(xn, yn, w)
<latexit sha1_base64="gY5Tfb52SJiSJQRjaujfvUKQwmU="></latexit>

rwL(w) ⇡ rwLi(xi, yi, w) xi, yi ⇠ Unif({xn, yn}Nn=1)



Gradient Descent using Noisy 
Estimates of the “True” Gradient
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Intuition
As long as each noisy step takes 
us in a direction that is 
correct on average, we will 
over many steps make progress 
in minimizing the loss.

Formal guarantees
Our Monte Carlo estimate of 
gradient is unbiased, so its 
expected value is exactly equal 
to the true whole-dataset 
gradient
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Stochastic gradient descent (SGD)
using one example at a time

input: initial w 2 R
input: step size s 2 R+

while not converged:

{xi, yi} ⇠ Unif({xn, yn}Nn=1)

w  w � srwL(xi, yi, w)

Should we only use one example i to estimate gradient?

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>
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SGD with minibatches of size B

input: initial w 2 R
input: step size s 2 R+

while not converged:

{xi, yi} ⇠ Unif({xn, yn}Nn=1)

w  w � srwL(xi, yi, w)

B = 1 recovers previous slide. B = N recovers standard GD.
In between: trade off quality of estimate with cost of estimate

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

{xb, yb}Bb=1
<latexit sha1_base64="MiIz8fwEHUH650t6FvmJ8cR8aTM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCylJFXQjlLpxWcE+oIlhMp20QyeTMDMRQ8zCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HjxmVyrK+jYXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXY39zj0Rkkb8VqUxcUM04DSgGCkteea+k8EHzz+BqedDJ/cy/9LO7xqeWbGq1gRwntgFqYACTc/8cvoRTkLCFWZIyp5txcrNkFAUM5KXnUSSGOERGpCephyFRLrZ5P4cHmmlD4NI6OIKTtTfExkKpUxDX3eGSA3lrDcW//N6iQou3IzyOFGE4+miIGFQRXAcBuxTQbBiqSYIC6pvhXiIBMJKR1bWIdizL8+Tdq1qn1ZrN2eVeqOIowQOwCE4BjY4B3VwDZqgBTB4BM/gFbwZT8aL8W58TFsXjGJmD/yB8fkDUHiVAQ==</latexit>

Unif({xn, yn}Nn=1, size = B, replace = False)
<latexit sha1_base64="V54lCvGX1KF6Ha1y0NsgSEDCzGY="></latexit>

↵ · 1

B

BX

i=1

rwL(xi, yi, w)
<latexit sha1_base64="pRk7JDmj0xqDcL2ukTygo/Mztm4="></latexit>



Objectives Today (day 12)
Stochastic Gradient Descent
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• Review: Gradient Descent
• Repeatedly step downhill until converged

• Review: Training Neural Nets with Backprop
• Backprop = chain rule plus dynamic programming

• Line Search: How to take step of good size?
• L-BFGS : How to step in better direction?
• Stochastic Gradient Descent : How to go fast?



Breakout to Lab
Warning: Notation can be confusing
• Alpha in these slides refers to step size (aka 

learning rate)
• In sklearn’s MLPClassifier, alpha refers to a 
different hyperparameter: the scalar strength 
of a small L2 penalty on the magnitudes of the 
weights
• To set step size in sklearn:
learning_rate_init=0.5
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