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SVM Objectives (day 17)
Support Vector Machine classifier
• Why maximize margin?
• What is a support vector?
• What is hinge loss?

• Advantages over logistic regression
• Less sensitive to outliers
• Advantages from sparsity in when using kernels

• Disadvantages
• Not probabilistic
• Less elegant to do multi-class
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What will we learn?
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Supervised
Learning

Unsupervised 
Learning

Reinforcement 
Learning

Data, Label Pairs
Performance
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data 
x
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{xn, yn}Nn=1

Training

Prediction

Evaluation



Downsides of Logistic Regression
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Logistic regression minimizes log loss, where any 
example that is misclassified pays a steep cost.

Thus, this loss function is sensitive to outliers.
One training example (x, y) can impact optimal weights a lot. 



Stepping back

Which do we prefer? Why?
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Idea: Define binary regions
separated by wide margin
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f(x) = w1x1 + w2x2 + b
<latexit sha1_base64="moqNb06Peooo4+73dSvcN0tYGyM=">AAACBXicbZC7SgNBFIbPxluMt1VLLQaDEBHC7ipoIwRtLCOYCyTLMjuZTYbMXpiZ1YSQxsZXsbFQxNZ3sPNtnCRbaPSHAx//OYeZ8/sJZ1JZ1peRW1hcWl7JrxbW1jc2t8ztnbqMU0FojcQ8Fk0fS8pZRGuKKU6biaA49Dlt+P2rSb9xR4VkcXSrhgl1Q9yNWMAIVtryzP2gNDhCF+jes9FA17EmR5OjyffMolW2pkJ/wc6gCJmqnvnZ7sQkDWmkCMdStmwrUe4IC8UIp+NCO5U0waSPu7SlMcIhle5oesUYHWqng4JY6IoUmro/N0Y4lHIY+noyxKon53sT879eK1XBuTtiUZIqGpHZQ0HKkYrRJBLUYYISxYcaMBFM/xWRHhaYKB1cQYdgz5/8F+pO2T4pOzenxcplFkce9uAASmDDGVTgGqpQAwIP8AQv8Go8Gs/Gm/E+G80Z2c4u/JLx8Q36LpUL</latexit>
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<latexit sha1_base64="MWSDWkw1NdOauHNwPQkLknLX4o4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEM/o2k</latexit>

x2
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Weight vector w is 
perpendicular to boundary
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f(x) = w1x1 + w2x2 + b
<latexit sha1_base64="moqNb06Peooo4+73dSvcN0tYGyM=">AAACBXicbZC7SgNBFIbPxluMt1VLLQaDEBHC7ipoIwRtLCOYCyTLMjuZTYbMXpiZ1YSQxsZXsbFQxNZ3sPNtnCRbaPSHAx//OYeZ8/sJZ1JZ1peRW1hcWl7JrxbW1jc2t8ztnbqMU0FojcQ8Fk0fS8pZRGuKKU6biaA49Dlt+P2rSb9xR4VkcXSrhgl1Q9yNWMAIVtryzP2gNDhCF+jes9FA17EmR5OjyffMolW2pkJ/wc6gCJmqnvnZ7sQkDWmkCMdStmwrUe4IC8UIp+NCO5U0waSPu7SlMcIhle5oesUYHWqng4JY6IoUmro/N0Y4lHIY+noyxKon53sT879eK1XBuTtiUZIqGpHZQ0HKkYrRJBLUYYISxYcaMBFM/xWRHhaYKB1cQYdgz5/8F+pO2T4pOzenxcplFkce9uAASmDDGVTgGqpQAwIP8AQv8Go8Gs/Gm/E+G80Z2c4u/JLx8Q36LpUL</latexit>

x1
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x2
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w = [
w1

w2
]

<latexit sha1_base64="NC71D2x+2SrvEFTh6ZoTXMXp97E=">AAACFnicbVDLSgMxFM34rOOr6tJNsAhuLDNV0I1QdOOygn1AZyiZ9LYNzWSGJGMZhn6FG3/FjQtF3Io7/8a0nYW2Hgg5nHPvTe4JYs6Udpxva2l5ZXVtvbBhb25t7+wW9/YbKkokhTqNeCRbAVHAmYC6ZppDK5ZAwoBDMxjeTPzmA0jFInGv0xj8kPQF6zFKtJE6xdMRvsJtL4A+ExmRkqTjjI7tUcfFnmeuiu2B6OaO3ymWnLIzBV4kbk5KKEetU/zyuhFNQhCacqJU23Vi7ZtxmlEOY9tLFMSEDkkf2oYKEoLys+laY3xslC7uRdIcofFU/d2RkVCpNAxMZUj0QM17E/E/r53o3qWfMREnGgSdPdRLONYRnmSEu0wC1Tw1hFDJzF8xHRBJqDZJ2iYEd37lRdKolN2zcuXuvFS9zuMooEN0hE6Qiy5QFd2iGqojih7RM3pFb9aT9WK9Wx+z0iUr7zlAf2B9/gDv/Z6f</latexit>

decision boundary



Examples that define the margin are 
called support (feature) vectors
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Nearest negative 
example

Nearest positive 
example

x+

x�

decision boundary



Observation: 
Non-support training examples 
do not influence margin at all
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Could perturb
these examples
slightly without 
impacting
boundary

decision boundary

Only a small fraction of all training examples are support vectors.
If we can efficiently identify these vectors, model training (finding weights) might be very fast. 



How wide is the margin?
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Small margin
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y positive
y negative

𝑦 = #+1 𝑖𝑓w x + b ≥ 0
−1 𝑖𝑓w x + b < 0

w x + b<0

w x + b>0

Margin: distance 
to the boundary



Large margin
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𝑦 = #+1 𝑖𝑓w x + b ≥ 0
−1 𝑖𝑓w x + b < 0

w x + b<0

w x + b>0

Margin: distance 
to the boundary

y positive
y negative



How wide is the margin?
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Distance from nearest positive example to 
nearest negative example along vector w:

M(w) =
(x+ � x�)Tw

||w||2
=

(x+ � x�)Twp
w2

1 + . . . w2
F



How wide is the margin?
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Distance from nearest positive example to 
nearest negative example along vector w:

M(w) =
(x+ � x�)Tw

||w||2
=

(x+ � x�)Twp
w2

1 + . . . w2
F

By construction, we assume

wT (x+ � x�) = 2

wTx+ + b = +1

wTx� + b = �1

=
2

||w||2

M(w) =
(x+ � x�)Tw

||w||2
=

(x+ � x�)Twp
w2

1 + . . . w2
F

M(w) =
(x+ � x�)Tw

||w||2
=

(x+ � x�)Twp
w2

1 + . . . w2
F

Remember that the L2 
norm is shorthand for:



SVM Training Problem
Version 1: Hard margin
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This is a constrained quadratic optimization problem.
There are standard methods to solve this, as well methods specially designed for SVM.

max
w,b

2

||w||2

subject to

(
wTxn + b � +1 if yn = 1

wTxn + b  �1 if yn = 0For each  n = 1, 2, …. N

Limitation: Requires all training examples to be correctly classified.
Otherwise, no solution exists (at least one constraint violated).
Thus, hard margin SVM should never be used in practice.



SVM Training Problem
Version 1: Hard margin
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This is a constrained quadratic optimization problem.
There are standard methods to solve this, as well methods specially designed for SVM.

For each  n = 1, 2, …. N

min
w,b

1

2
||w||2

subject to

(
wTxn + b � +1 if yn = 1

wTxn + b  �1 if yn = 0

Minimizing the L2 norm ||w|| equivalent to 
maximizing the margin width (1 / ||w||)

Limitation: Requires all training examples to be correctly classified.
Otherwise, no solution exists (at least one constraint violated).
Thus, hard margin SVM should never be used in practice.



Soft margin:
Allow somemisclassifications
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w x + b>0

!"

!"#

⇠i � 0

“Slack” at example i

Distance on wrong side
of the margin

Less than 1.0: still correctly classified
More than 1.0: misclassified



Hard vs. soft constraints
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wTxn + b � +1

�⇠nwTxn + b � +1

HARD: All positive examples must satisfy

SOFT: Want each positive examples to satisfy

with slack as small as possible
(minimize absolute value)

⇠i � 0



Soft constraint leads to hinge loss

20Mike Hughes - Tufts COMP 135 - Fall 2020

This picture assumes 
current example
has positive true label

yn = +1

⇠n

wTxn + b

+10

�⇠nwTxn + b � +1

⇠i � 0

⇠i � 0

hinge lossyn=1(sn) = max(1� sn, 0)
<latexit sha1_base64="RjbuLkIEUJfceHGoagdyQ2exxGE=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBAiaNhNBL0ERC8eFYwJZMMyO+kkg7Ozy0yvJCz5EC/+ihcPinjxIPg3TmIOvgoaiqpuurvCRAqDrvvhzMzOzS8s5pbyyyura+uFjc1rE6eaQ53HMtbNkBmQQkEdBUpoJhpYFEpohDdnY79xC9qIWF3hMIF2xHpKdAVnaKWgUPURBpj1heqBH8jYmFGQDQNV80YlE6g9WqN+xAa05NEDaoV96u4FhaJbdiegf4k3JUUyxUVQePM7MU8jUMglM6bluQm2M6ZRcAmjvJ8aSBi/YT1oWapYBKadTZ4b0V2rdGg31rYU0on6fSJjkTHDKLSdEcO++e2Nxf+8Vord43YmVJIiKP61qJtKijEdJ0U7QgNHObSEcS3srZT3mWYcbZ55G4L3++W/5LpS9qrlyuVh8eR0GkeObJMdUiIeOSIn5JxckDrh5I48kCfy7Nw7j86L8/rVOuNMZ7bIDzjvn9FFn9M=</latexit>

=hinge lossyn=1(sn) = max(1� sn, 0)
<latexit sha1_base64="RjbuLkIEUJfceHGoagdyQ2exxGE=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBAiaNhNBL0ERC8eFYwJZMMyO+kkg7Ozy0yvJCz5EC/+ihcPinjxIPg3TmIOvgoaiqpuurvCRAqDrvvhzMzOzS8s5pbyyyura+uFjc1rE6eaQ53HMtbNkBmQQkEdBUpoJhpYFEpohDdnY79xC9qIWF3hMIF2xHpKdAVnaKWgUPURBpj1heqBH8jYmFGQDQNV80YlE6g9WqN+xAa05NEDaoV96u4FhaJbdiegf4k3JUUyxUVQePM7MU8jUMglM6bluQm2M6ZRcAmjvJ8aSBi/YT1oWapYBKadTZ4b0V2rdGg31rYU0on6fSJjkTHDKLSdEcO++e2Nxf+8Vord43YmVJIiKP61qJtKijEdJ0U7QgNHObSEcS3srZT3mWYcbZ55G4L3++W/5LpS9qrlyuVh8eR0GkeObJMdUiIeOSIn5JxckDrh5I48kCfy7Nw7j86L8/rVOuNMZ7bIDzjvn9FFn9M=</latexit>

hinge loss(yn, sn) =

(
max(1� sn, 0) if yn = 1

max(1 + sn, 0) if yn = 0
<latexit sha1_base64="fbTbe+bw4wgHYwgNbkIpsGSrn5g="></latexit>

Want positive examples to satisfy
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SVM Training Problem
Version 2: Soft margin

min
w,b

1

2
wTw + C

NX

n=1

hinge loss(yn, w
Txn + b)

Tradeoff parameter C
controls model complexity

Smaller C: Simpler model, encourage 
large margin even if we make lots of 
mistakes

Bigger C: Avoid mistakes
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SVM vs Logistic Regression: 
Compare training objectives

min
w,b

1

2
wTw + C

NX

n=1

hinge loss(yn, w
Txn + b)

min
w,b

1

2
wTw + C

NX

n=1

log loss(yn,�(w
Txn + b))

Both require tuning complexity 
hyperparameter C > 0 to avoid overfitting
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Loss functions:
SVM vs Logistic Regression



SVMs: Prediction
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Make binary prediction via hard threshold
(
1 if ŷ(xi) � 0

0 otherwise

ŷ(xi) = wTxi + b

Does not use any notion of probability. Immediately jumps to a hard binary decision.
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SVM Logistic
Regression

Loss hinge cross entropy
(log loss)

Sensitive to 
outliers

Less More sensitive

Probabilistic? No Yes

Multi-class? Only via separate 
model for each class
(one-vs-all)

Easy, using softmax

Kernelizable?
(cover next 
class)

Yes, with speed 
benefits from 
sparsity

Yes



Lab Activity

• Open Day18 Lab Notebook

• Key idea:
• What happens to decision boundary of SVM when 

outliers are added?
• How does that compare to Logistic Regression?
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