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Matrix Factorization
Objectives (day 23)

• New Task: Recommendation
• Many “users”, many “items”
• Predict which users will like each item

• Collaborative filtering
• Unsupervised learning problem
• Latent Factor model (Reading: Koren et al)

• Training algorithm: Stochastic gradient descent (SGD)

• How to do gradients: Automatic differentiation
• Python package: autograd
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Recommendation Task:
Which users will like which items?
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Need recommendation everywhere



Motivation: Netflix Prize
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Observed data
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• The “value”, “utility”, or “rating” of items to users 
• In practice, very sparse, many entries unknown
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Task: Recommendation
Supervised
Learning

Unsupervised 
Learning

Reinforcement 
Learning

Collaborative filtering

Content filtering



Collaborative filtering
via Latent Factor Models
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Latent Factor Methods
for Collaborative Filtering

Stereotypically

Assumption:
- Both movies and users can be 

explained via a low-dimensional 
space

Latent Factor Recommendation

To find new movies to recommend 
to Joe

1) Find Joe’s embedding vector in 
the learned “factor” space

2) Recommend movies with 
similar embedding vectors 

Stereotypically

Factor 1

Factor 2

Fig. Credit: Koren et al. ’09
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Cartoon View of Matrix Factorization
with 2 latent factors

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

Fig. Credit: Aggarwal 2016
By way of M. Gormley

Y ⇡ UV T
<latexit sha1_base64="y/qlunkGSPdSmz9Y1Xr/qB0Czp8=">AAAB+HicbVBNTwIxEO36ifjBqkcvjcTEE9lFEz0SvXjEhAUMrKRbutDQbZu2a8QNv8SLB43x6k/x5r+xwB4UfMkkL+/NZGZeJBnVxvO+nZXVtfWNzcJWcXtnd6/k7h80tUgVJgEWTKh2hDRhlJPAUMNIWyqCkoiRVjS6nvqtB6I0FbxhxpKECRpwGlOMjJV6bukOdpGUSjzCADbvGz237FW8GeAy8XNSBjnqPfer2xc4TQg3mCGtO74nTZghZShmZFLspppIhEdoQDqWcpQQHWazwyfwxCp9GAtlixs4U39PZCjRepxEtjNBZqgXvan4n9dJTXwZZpTL1BCO54vilEEj4DQF2KeKYMPGliCsqL0V4iFSCBubVdGG4C++vEya1Yp/VqnenpdrV3kcBXAEjsEp8MEFqIEbUAcBwCAFz+AVvDlPzovz7nzMW1ecfOYQ/IHz+QN5YJJR</latexit>

users

movies



Recall: PCA as Matrix 
Factorization
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⇡≈
WT

<latexit sha1_base64="/0EKeFOh3BxLTKvNIGXg/QMrZ20=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4j5gXJGmYnvcmQ2dllZlYIIZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfmtJ1Sax7Juxgn6ER1IHnJGjZUeWo/1XrHklt05yCrxMlKCDLVe8avbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J/NTp+TMKn0SxsqWNGSu/p6Y0EjrcRTYzoiaoV72ZuJ/Xic14bU/4TJJDUq2WBSmgpiYzP4mfa6QGTG2hDLF7a2EDamizNh0CjYEb/nlVdKslL2LcuX+slS9yeLIwwmcwjl4cAVVuIMaNIDBAJ7hFd4c4bw4787HojXnZDPH8AfO5w8OP42l</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Z
<latexit sha1_base64="FO5NRjT0DapzdaQZYFw0PtqJG0U=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALoPjOI=</latexit>

Compared to PCA, Latent Factor models (LF) for recommendation are 

Similar
• Use a K-dimensional latent space
• Use linear inner products to do ”prediction”
• Measure reconstruction cost with mean-

squared error

Different
• PCA required orthogonality constraints on W, 

while LF is less strict
• LF interprets each column of data as an 

“item”, not a “feature dimension”
• PCA requires fully observed data, the LF 

models we’ll develop can handle realistic 
missingness patterns



Latent Factor Model: Prediction
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Assume a known number of factors K
• User 𝑖 represented by vector
• Item 𝑗 represented by vector

We predict the rating y for 
user-item pair (i,j) as:

ui 2 RK
<latexit sha1_base64="MG2eBH4Bx/MaRDjbAnux8j2snTA=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRV0GXRjeCmin1AU8tkOmmHTiZhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHD/mTGnH+bYWFpeWV1YLa8X1jc2tbXtnt6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3iZ+c0HKhWLxJ0exbQT4r5gASNYG6lr7yddhjwmkBdiPfD99HZ8f921S07ZmQDNEzcnJchR69pfXi8iSUiFJhwr1XadWHdSLDUjnI6LXqJojMkQ92nbUIFDqjrpJP0YHRmlh4JImic0mqi/N1IcKjUKfTOZZVSzXib+57UTHZx3UibiRFNBpoeChCMdoawK1GOSEs1HhmAimcmKyABLTLQprGhKcGe/PE8albJ7Uq7cnJaqF3kdBTiAQzgGF86gCldQgzoQeIRneIU368l6sd6tj+nogpXv7MEfWJ8/71SU5A==</latexit>

vj 2 RK
<latexit sha1_base64="s43vw41AvNvOTvmZkbViDM+usFk=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBVZmpgi6LbgQ3VewDOnXIpJk2NpMZkkyhDsVfceNCEbf+hzv/xvSx0NYDgcM593JPTpBwprTjfFsLi0vLK6u5tfz6xubWtr2zW1NxKgmtkpjHshFgRTkTtKqZ5rSRSIqjgNN60Lsc+fU+lYrF4k4PEtqKcEewkBGsjeTb+33/AXlMIC/CuhsE2e3w/tq3C07RGQPNE3dKCjBFxbe/vHZM0ogKTThWquk6iW5lWGpGOB3mvVTRBJMe7tCmoQJHVLWycfohOjJKG4WxNE9oNFZ/b2Q4UmoQBWZylFHNeiPxP6+Z6vC8lTGRpJoKMjkUphzpGI2qQG0mKdF8YAgmkpmsiHSxxESbwvKmBHf2y/OkViq6J8XSzWmhfDGtIwcHcAjH4MIZlOEKKlAFAo/wDK/wZj1ZL9a79TEZXbCmO3vwB9bnD/KAlOY=</latexit>

Intuition: 
Two items with similar v vectors 
get similar ratings from the same user;
Two users with similar u vectors
give similar ratings to the same item

ŷij =
KX

k=1

uikvjk

| {z }
uT
i vj

<latexit sha1_base64="FLUi62RRuZ9IvqRazm8LLBg7zCU="></latexit>

Inner product of:
• User vector
• Item vector



Latent Factor Model: Training
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• Find parameters that minimize squared error

• How to optimize?
• Stochastic gradient descent
• Use random minibatch of user-item pairs

min
ui2RK ,vj2RK

X

i,j2Itrain

(yij � uT
i vj)

2

<latexit sha1_base64="Z7XRcgvIjXQO49Qesmj4t0r3L/Y="></latexit>

Squared error between
• True rating
• Predicted ratingWhich pairs do 

we use?



Supervised Learning vs
Unsupervised Matrix Completion
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Fig. Credit: Aggarwal 2016
By way of M. Gormley

yx1 x5



Setting up Collaborative 
Filtering task
Real data will have known 
and unknown entries
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Setting up Collaborative 
Filtering task
Real data will have known 
and unknown entries

Divide known user-item 
pairs at random into:
• Training
• Validation
• Test
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Assumption (for Project C): We only care about predictions among known sets of users and items.
Do not worry about any new users or new items. (Obviously, in real world need to handle new users/items)



Latent Factor Model: Training
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• Find parameters that minimize squared error

• How to optimize?
• Stochastic gradient descent
• Use random minibatch of user-item pairs

min
ui2RK ,vj2RK

X

i,j2Itrain

(yij � uT
i vj)

2

<latexit sha1_base64="Z7XRcgvIjXQO49Qesmj4t0r3L/Y="></latexit>

Which pairs do 
we use?

Squared error between
• True rating
• Predicted rating

Only the blue squares 
in the matrix Y



Improvement:
Include intercept parameters!

19Mike Hughes - Tufts COMP 135 - Spring 2019

• Overall	“average	rating”	
• Per-user	scalar
• Per-item scalar

Why include these? Improve accuracy
Some items just more popular
Some users just more positive



Project C
Goal: Latent factor models for MovieLens100k dataset
943 users, 1683 movies

Problems 1, 2, and 3 develop increasingly interesting models:
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M1

M2

M3

We’ll use SGD to fit them all! With gradients from autograd.



Matrix Factorization
Objectives (day 23)

• Explain Recommendation Task
• Predict which users will like each item

• Collaborative filtering
• Unsupervised learning problem
• Latent Factor model (Reading: Koren et al)

• Training algorithm: Stochastic gradient descent (SGD)

• How to do gradients: Automatic differentiation
• Python package: autograd
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autograd : Univariate functions
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TODO use ag_np.square and other ag_np calls

autograd : Multivariate functions



Breakout: Lab on autograd
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Automatic differentiation

What it is NOT
• Symbolic differentiation
• Symbolic systems know how to 

do algebra, simplify, etc
• Like asking Wolfram Alpha 

• Numeric differentiation
• Perturb input by 0.0001 and 

estimate the change in function 
value
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Automatic differentiation
What it is: back propagation
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For more demos and info:
https://github.com/HIPS/autograd



Recall: Backprop
(from Unit 3)
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Assume: Computation graph with known ordering

0. Do forward pass

1. Update each non-terminal node in reverse order

2. Update each edge’s gradient wrt weights

Chain rule update
Each term either:
- simple derivative of known function
- looked up as computation of previous step



Backprop for 
autograd
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Computation graph and ordering discovered by 
monitoring the Python interpreter

As long as we can compute each elementary 
operation’s derivative, we can do this!

0. Do forward pass

1. Update each non-terminal node in reverse order

2. Update each input parameter’s gradient

Chain rule update involving several terms
Each term either:
- simple derivative of known function
- looked up as result of previous step


