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today 

•  tie many of the topics covered thus far together 
by studying computational systems for clinical 
reasoning 

•  review the Ledley & Lusted system; maybe some 
recent Bayes net stuff 



Ledley & Lusted 

•  logically reasoning about diagnoses  

•  a system that could theoretically be 
implemented 
–  from ‘59!  

•  a symbolic-logicish approach, so we’ll 
review that first 



a bit of logic 

•  propositions are the basic units of logic 
– cannot be be broken down any further 
– “Kevin is a human being” 

•  rules operate on propositions 



symbols & their meaning 
Table 1. Symbolic representation of com- 
binations of attributes. 

Interpre- Symbols Name tation 

Y Negation Not Y 
X . Y Logical X and Y 

product 
X + Y Logical sum X or Y 

(or both) 
X -> Y Implies If X then Y 

nation of symbols X + Y represents the 
combined statements: 

The patient has attribute x 
or attribute y, or both. 

where the plus sign (called logical sum) 
indicates "or"-that is, the "inclusive 
or." The sentence: 

If the patient has attribute x, 
then he has attribute y. 

is symbolized by X -> Y. 
All these symbols and their meanings 

are summarized in Table 1. But they 
can be most easily visualized by consid- 
ering, for example, the population of pa- 
tients illustrated in Fig. 1. The cross- 
hatched patients of Fig. la have attribute 
y-that is, they are those for whom Y 
holds. If we now consider a second at- 
tribute x for some of our patients (cross- 
hatched in the other direction), then Fig. 
1b indicates these patients for whom 
X Y holds. Similarly, Fig. l c indicates 
those patients for whom X + Y holds. In 
fact, with two attributes, our patients 
can be put into four classes, as indicated 
by CO, C1, C2, and C3 of Fig. ld. 

Figure 1 e illustrates a population of 
patients where the attributes x and y 
have the property that "if X then Y." 
Here, note that the patients for whom 
X -> Y holds are those of Co, C2 and 
C3 only. The situation C1 cannot occur 
(because C1 represents patients with X 
but not Y); hence, C1 has been crossed 
out. 

Of course, in general, more than two 
attributes are usually considered, and 
more complicated expressions can be 
formed by making combinations of 
attributes. Such expressions are called 
"Boolean functions" and are generally 
denoted in terms of the usual functional 
notation f(X, Y, . . ., Z). Similarly, for 
more than two attributes, we can classify 
the patients into more than four classes 
Ci. In fact, it is easy to see that for m 
attributes, there are 2m possible ways the 
patients can and cannot have the m at- 
tributes-that is, there are 2m of the 
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classes Ci, namely, Co, C1,..., C2m_. 
For our purposes, we need only intro- 

duce attributes that are symptoms and 
diseases. Let the symbol S (1) mean, 
"The patient has symptom 1," and simi- 
larly for S(2), and so forth. Let the sym- 
bol D(1) mean, "The patient has dis- 
ease 1," and similarly for D(2), and so 
forth. In general, a set of n symptoms, 

(1), S(2), . . ., S(n) 
and a set of m diseases, 

D(1), D(2), . . ., D(m) 
will be under consideration. Which 
symptoms and diseases are to be in- 
cluded in such sets is usually dictated by 
the circumstances. For example, an oph- 
thalmologist is interested in a certain 
collection of symptoms and diseases, 
whereas an orthopedist is interested in 
another collection. 

Logical problem. By means of our sym- 
bolic language, each of the three afore- 
mentioned ingredients of medical diagno- 
sis can be expressed in terms of Boolean 
functions. The relationships between dis- 
eases and symptoms that comprise 
medical knowledge can be expressed 
as a Boolean function of the diseases 
and symptoms under consideration, say 

E(S(1), . .., S(n), D(1), . .., D(m)) 
Similarly, the symptoms presented by a 
patient can be expressed as a Boolean 
function of the symptoms alone, say 

G(S(l1),...,S(n)) 

Then the diagnosis itself can be ex- 
pressed as a Boolean function of the dis- 
eases alone, say 

f(D(1), . ..,D(m)) 
To illustrate these three functions E, 

G, and f, let us for simplicity limit our 
consideration to two diseases, D(1) and 
D(2), and two symptoms, S(1) and 
S(2). Let us first discuss E. Suppose the 
following statements were made in a di- 
agnostic textbook concerning the rela- 
tionships between D(1), D(2), S(1), 
and S(2): 

If a patient has disease 2, he 
must have symptom 1 D(2) - S(1) 

If a patient has disease 1 and 
not disease 2, then he must 
have symptom 2 D(1) * D(2) -e S(2) 

If a patient has disease 2 and 
not disease 1, then he can- 
not have symptom 2 D(1) ? D(2) -> S(2) 

If a patient has either or both 
of the symptoms, then he 
must have one or both of S(1) +S(2) -> 
the diseases D(1) + D(2) 

Since all of these relations are to hold 

according to medical knowledge, we 
have for E: 

E=[D(2) S(1)]. 
[D(1) ? D(2) - S(2)] ? 

[D(l) ?.D(2)-8 (2)]- 
S(1) +S(2) -D(1)+ D(2)] (1) 

To illustrate the G function is much 
simpler. A particular patient might pre- 
sent symptom 2 and not symptom 1; then 
we have 

G=S(1) .S(2) 
Note that symptoms the patient does not 
have are included as well as those the 
patient does have. If it is not known 
whether the patient does or does not 
have a symptom--for example, if the 
symptom is determined as the result of 
a laboratory test not yet accomplished, 
then this symptom does not appear ex- 
plicitly in the function G. Thus, if the 
patient has symptom 2 and it is not 
known whether or not he has symptom 
1, then G=S(2). 

Function f may be illustrated as fol- 
lows. If the patient has disease 1 and not 
disease 2, then 

/=D(1) .D(2) 
Of course, function f is computed when 
the functions E and G are known. For 
example, as we shall presently show, if 
E as illustrated above describes the med- 
ical knowledge concerning D (1), D(2), 
S (1), and S (2), and if a patient presents 

G=S(1) .S(2) 
then it turns out that 

f=D(l) .D(2) 
Although we shall discuss a specific 

example below, it is important to first 
state the logical problem of medical di- 
agnosis in more abstract terms. The log- 
ical aspect of the medical diagnosis prob- 
lem is to determine the diseases f such 
that if medical knowledge E is known, 
then: if the patient presents symptoms 
G, he has diseases f. In terms of our sym- 
bolic language, the problem is to deter- 
mine a Boolean function f that satisfies 
the following formula: 

E -> (G --f) (2) 
This is the fundamental formula of med- 
ical diagnosis. That this is truly the diag- 
nosis in an intuitive sense can be readily 
seen. For it is easy to show that the fun- 
damental formula can be equivalently 
written as 

E - (f -G) 
11 



truth table refresher 
 (on board) 





dealing with symptoms & diseases; logically 

symptoms S1,S2 … Sn 

diseases D1,D2 … Dm 

all of medical knowledge is some function:  
    E(S1,S2 … Sn, D1,D2 … Dm) 



a diagnosis maps symptoms to diseases: 

     f(S1,S2 … Sn)  (D1,D2 … Dk) 

dealing with symptoms & diseases; logically 



the	  evidence:	  logically	  stated	  
Table 1. Symbolic representation of com- 
binations of attributes. 

Interpre- Symbols Name tation 

Y Negation Not Y 
X . Y Logical X and Y 

product 
X + Y Logical sum X or Y 

(or both) 
X -> Y Implies If X then Y 

nation of symbols X + Y represents the 
combined statements: 

The patient has attribute x 
or attribute y, or both. 

where the plus sign (called logical sum) 
indicates "or"-that is, the "inclusive 
or." The sentence: 

If the patient has attribute x, 
then he has attribute y. 

is symbolized by X -> Y. 
All these symbols and their meanings 

are summarized in Table 1. But they 
can be most easily visualized by consid- 
ering, for example, the population of pa- 
tients illustrated in Fig. 1. The cross- 
hatched patients of Fig. la have attribute 
y-that is, they are those for whom Y 
holds. If we now consider a second at- 
tribute x for some of our patients (cross- 
hatched in the other direction), then Fig. 
1b indicates these patients for whom 
X Y holds. Similarly, Fig. l c indicates 
those patients for whom X + Y holds. In 
fact, with two attributes, our patients 
can be put into four classes, as indicated 
by CO, C1, C2, and C3 of Fig. ld. 

Figure 1 e illustrates a population of 
patients where the attributes x and y 
have the property that "if X then Y." 
Here, note that the patients for whom 
X -> Y holds are those of Co, C2 and 
C3 only. The situation C1 cannot occur 
(because C1 represents patients with X 
but not Y); hence, C1 has been crossed 
out. 

Of course, in general, more than two 
attributes are usually considered, and 
more complicated expressions can be 
formed by making combinations of 
attributes. Such expressions are called 
"Boolean functions" and are generally 
denoted in terms of the usual functional 
notation f(X, Y, . . ., Z). Similarly, for 
more than two attributes, we can classify 
the patients into more than four classes 
Ci. In fact, it is easy to see that for m 
attributes, there are 2m possible ways the 
patients can and cannot have the m at- 
tributes-that is, there are 2m of the 
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classes Ci, namely, Co, C1,..., C2m_. 
For our purposes, we need only intro- 

duce attributes that are symptoms and 
diseases. Let the symbol S (1) mean, 
"The patient has symptom 1," and simi- 
larly for S(2), and so forth. Let the sym- 
bol D(1) mean, "The patient has dis- 
ease 1," and similarly for D(2), and so 
forth. In general, a set of n symptoms, 

(1), S(2), . . ., S(n) 
and a set of m diseases, 

D(1), D(2), . . ., D(m) 
will be under consideration. Which 
symptoms and diseases are to be in- 
cluded in such sets is usually dictated by 
the circumstances. For example, an oph- 
thalmologist is interested in a certain 
collection of symptoms and diseases, 
whereas an orthopedist is interested in 
another collection. 

Logical problem. By means of our sym- 
bolic language, each of the three afore- 
mentioned ingredients of medical diagno- 
sis can be expressed in terms of Boolean 
functions. The relationships between dis- 
eases and symptoms that comprise 
medical knowledge can be expressed 
as a Boolean function of the diseases 
and symptoms under consideration, say 

E(S(1), . .., S(n), D(1), . .., D(m)) 
Similarly, the symptoms presented by a 
patient can be expressed as a Boolean 
function of the symptoms alone, say 

G(S(l1),...,S(n)) 

Then the diagnosis itself can be ex- 
pressed as a Boolean function of the dis- 
eases alone, say 

f(D(1), . ..,D(m)) 
To illustrate these three functions E, 

G, and f, let us for simplicity limit our 
consideration to two diseases, D(1) and 
D(2), and two symptoms, S(1) and 
S(2). Let us first discuss E. Suppose the 
following statements were made in a di- 
agnostic textbook concerning the rela- 
tionships between D(1), D(2), S(1), 
and S(2): 

If a patient has disease 2, he 
must have symptom 1 D(2) - S(1) 

If a patient has disease 1 and 
not disease 2, then he must 
have symptom 2 D(1) * D(2) -e S(2) 

If a patient has disease 2 and 
not disease 1, then he can- 
not have symptom 2 D(1) ? D(2) -> S(2) 

If a patient has either or both 
of the symptoms, then he 
must have one or both of S(1) +S(2) -> 
the diseases D(1) + D(2) 

Since all of these relations are to hold 

according to medical knowledge, we 
have for E: 

E=[D(2) S(1)]. 
[D(1) ? D(2) - S(2)] ? 

[D(l) ?.D(2)-8 (2)]- 
S(1) +S(2) -D(1)+ D(2)] (1) 

To illustrate the G function is much 
simpler. A particular patient might pre- 
sent symptom 2 and not symptom 1; then 
we have 

G=S(1) .S(2) 
Note that symptoms the patient does not 
have are included as well as those the 
patient does have. If it is not known 
whether the patient does or does not 
have a symptom--for example, if the 
symptom is determined as the result of 
a laboratory test not yet accomplished, 
then this symptom does not appear ex- 
plicitly in the function G. Thus, if the 
patient has symptom 2 and it is not 
known whether or not he has symptom 
1, then G=S(2). 

Function f may be illustrated as fol- 
lows. If the patient has disease 1 and not 
disease 2, then 

/=D(1) .D(2) 
Of course, function f is computed when 
the functions E and G are known. For 
example, as we shall presently show, if 
E as illustrated above describes the med- 
ical knowledge concerning D (1), D(2), 
S (1), and S (2), and if a patient presents 

G=S(1) .S(2) 
then it turns out that 

f=D(l) .D(2) 
Although we shall discuss a specific 

example below, it is important to first 
state the logical problem of medical di- 
agnosis in more abstract terms. The log- 
ical aspect of the medical diagnosis prob- 
lem is to determine the diseases f such 
that if medical knowledge E is known, 
then: if the patient presents symptoms 
G, he has diseases f. In terms of our sym- 
bolic language, the problem is to deter- 
mine a Boolean function f that satisfies 
the following formula: 

E -> (G --f) (2) 
This is the fundamental formula of med- 
ical diagnosis. That this is truly the diag- 
nosis in an intuitive sense can be readily 
seen. For it is easy to show that the fun- 
damental formula can be equivalently 
written as 

E - (f -G) 
11 

what does this say? 



translation into symbolic logic 

Table 1. Symbolic representation of com- 
binations of attributes. 

Interpre- Symbols Name tation 

Y Negation Not Y 
X . Y Logical X and Y 

product 
X + Y Logical sum X or Y 

(or both) 
X -> Y Implies If X then Y 

nation of symbols X + Y represents the 
combined statements: 

The patient has attribute x 
or attribute y, or both. 

where the plus sign (called logical sum) 
indicates "or"-that is, the "inclusive 
or." The sentence: 

If the patient has attribute x, 
then he has attribute y. 

is symbolized by X -> Y. 
All these symbols and their meanings 

are summarized in Table 1. But they 
can be most easily visualized by consid- 
ering, for example, the population of pa- 
tients illustrated in Fig. 1. The cross- 
hatched patients of Fig. la have attribute 
y-that is, they are those for whom Y 
holds. If we now consider a second at- 
tribute x for some of our patients (cross- 
hatched in the other direction), then Fig. 
1b indicates these patients for whom 
X Y holds. Similarly, Fig. l c indicates 
those patients for whom X + Y holds. In 
fact, with two attributes, our patients 
can be put into four classes, as indicated 
by CO, C1, C2, and C3 of Fig. ld. 

Figure 1 e illustrates a population of 
patients where the attributes x and y 
have the property that "if X then Y." 
Here, note that the patients for whom 
X -> Y holds are those of Co, C2 and 
C3 only. The situation C1 cannot occur 
(because C1 represents patients with X 
but not Y); hence, C1 has been crossed 
out. 

Of course, in general, more than two 
attributes are usually considered, and 
more complicated expressions can be 
formed by making combinations of 
attributes. Such expressions are called 
"Boolean functions" and are generally 
denoted in terms of the usual functional 
notation f(X, Y, . . ., Z). Similarly, for 
more than two attributes, we can classify 
the patients into more than four classes 
Ci. In fact, it is easy to see that for m 
attributes, there are 2m possible ways the 
patients can and cannot have the m at- 
tributes-that is, there are 2m of the 
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classes Ci, namely, Co, C1,..., C2m_. 
For our purposes, we need only intro- 

duce attributes that are symptoms and 
diseases. Let the symbol S (1) mean, 
"The patient has symptom 1," and simi- 
larly for S(2), and so forth. Let the sym- 
bol D(1) mean, "The patient has dis- 
ease 1," and similarly for D(2), and so 
forth. In general, a set of n symptoms, 

(1), S(2), . . ., S(n) 
and a set of m diseases, 

D(1), D(2), . . ., D(m) 
will be under consideration. Which 
symptoms and diseases are to be in- 
cluded in such sets is usually dictated by 
the circumstances. For example, an oph- 
thalmologist is interested in a certain 
collection of symptoms and diseases, 
whereas an orthopedist is interested in 
another collection. 

Logical problem. By means of our sym- 
bolic language, each of the three afore- 
mentioned ingredients of medical diagno- 
sis can be expressed in terms of Boolean 
functions. The relationships between dis- 
eases and symptoms that comprise 
medical knowledge can be expressed 
as a Boolean function of the diseases 
and symptoms under consideration, say 

E(S(1), . .., S(n), D(1), . .., D(m)) 
Similarly, the symptoms presented by a 
patient can be expressed as a Boolean 
function of the symptoms alone, say 

G(S(l1),...,S(n)) 

Then the diagnosis itself can be ex- 
pressed as a Boolean function of the dis- 
eases alone, say 

f(D(1), . ..,D(m)) 
To illustrate these three functions E, 

G, and f, let us for simplicity limit our 
consideration to two diseases, D(1) and 
D(2), and two symptoms, S(1) and 
S(2). Let us first discuss E. Suppose the 
following statements were made in a di- 
agnostic textbook concerning the rela- 
tionships between D(1), D(2), S(1), 
and S(2): 

If a patient has disease 2, he 
must have symptom 1 D(2) - S(1) 

If a patient has disease 1 and 
not disease 2, then he must 
have symptom 2 D(1) * D(2) -e S(2) 

If a patient has disease 2 and 
not disease 1, then he can- 
not have symptom 2 D(1) ? D(2) -> S(2) 

If a patient has either or both 
of the symptoms, then he 
must have one or both of S(1) +S(2) -> 
the diseases D(1) + D(2) 

Since all of these relations are to hold 

according to medical knowledge, we 
have for E: 

E=[D(2) S(1)]. 
[D(1) ? D(2) - S(2)] ? 

[D(l) ?.D(2)-8 (2)]- 
S(1) +S(2) -D(1)+ D(2)] (1) 

To illustrate the G function is much 
simpler. A particular patient might pre- 
sent symptom 2 and not symptom 1; then 
we have 

G=S(1) .S(2) 
Note that symptoms the patient does not 
have are included as well as those the 
patient does have. If it is not known 
whether the patient does or does not 
have a symptom--for example, if the 
symptom is determined as the result of 
a laboratory test not yet accomplished, 
then this symptom does not appear ex- 
plicitly in the function G. Thus, if the 
patient has symptom 2 and it is not 
known whether or not he has symptom 
1, then G=S(2). 

Function f may be illustrated as fol- 
lows. If the patient has disease 1 and not 
disease 2, then 

/=D(1) .D(2) 
Of course, function f is computed when 
the functions E and G are known. For 
example, as we shall presently show, if 
E as illustrated above describes the med- 
ical knowledge concerning D (1), D(2), 
S (1), and S (2), and if a patient presents 

G=S(1) .S(2) 
then it turns out that 

f=D(l) .D(2) 
Although we shall discuss a specific 

example below, it is important to first 
state the logical problem of medical di- 
agnosis in more abstract terms. The log- 
ical aspect of the medical diagnosis prob- 
lem is to determine the diseases f such 
that if medical knowledge E is known, 
then: if the patient presents symptoms 
G, he has diseases f. In terms of our sym- 
bolic language, the problem is to deter- 
mine a Boolean function f that satisfies 
the following formula: 

E -> (G --f) (2) 
This is the fundamental formula of med- 
ical diagnosis. That this is truly the diag- 
nosis in an intuitive sense can be readily 
seen. For it is easy to show that the fun- 
damental formula can be equivalently 
written as 

E - (f -G) 
11 



diagnosis 

•  so	  that’s	  our	  evidence	  base	  

•  suppose	  a	  pa6ent	  has	  symptoms	  S1	  and	  S2	  
–  ie.,	  not	  symptom	  1,	  but	  symptom	  2	  
– note	  that	  we	  explicitly	  encode	  knowledge	  about	  
what	  symptoms	  the	  pa6ent	  does	  not	  have	  



deducing disease from symptoms 

•  our diagnosis f(S1,S2,E)	  is:	  

	   	   	   	  f(S1 and S2) = D1D2 

•  how did we get that? 
-  logical deduction! 



Table 1. Symbolic representation of com- 
binations of attributes. 

Interpre- Symbols Name tation 

Y Negation Not Y 
X . Y Logical X and Y 

product 
X + Y Logical sum X or Y 

(or both) 
X -> Y Implies If X then Y 

nation of symbols X + Y represents the 
combined statements: 

The patient has attribute x 
or attribute y, or both. 

where the plus sign (called logical sum) 
indicates "or"-that is, the "inclusive 
or." The sentence: 

If the patient has attribute x, 
then he has attribute y. 

is symbolized by X -> Y. 
All these symbols and their meanings 

are summarized in Table 1. But they 
can be most easily visualized by consid- 
ering, for example, the population of pa- 
tients illustrated in Fig. 1. The cross- 
hatched patients of Fig. la have attribute 
y-that is, they are those for whom Y 
holds. If we now consider a second at- 
tribute x for some of our patients (cross- 
hatched in the other direction), then Fig. 
1b indicates these patients for whom 
X Y holds. Similarly, Fig. l c indicates 
those patients for whom X + Y holds. In 
fact, with two attributes, our patients 
can be put into four classes, as indicated 
by CO, C1, C2, and C3 of Fig. ld. 

Figure 1 e illustrates a population of 
patients where the attributes x and y 
have the property that "if X then Y." 
Here, note that the patients for whom 
X -> Y holds are those of Co, C2 and 
C3 only. The situation C1 cannot occur 
(because C1 represents patients with X 
but not Y); hence, C1 has been crossed 
out. 

Of course, in general, more than two 
attributes are usually considered, and 
more complicated expressions can be 
formed by making combinations of 
attributes. Such expressions are called 
"Boolean functions" and are generally 
denoted in terms of the usual functional 
notation f(X, Y, . . ., Z). Similarly, for 
more than two attributes, we can classify 
the patients into more than four classes 
Ci. In fact, it is easy to see that for m 
attributes, there are 2m possible ways the 
patients can and cannot have the m at- 
tributes-that is, there are 2m of the 
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classes Ci, namely, Co, C1,..., C2m_. 
For our purposes, we need only intro- 

duce attributes that are symptoms and 
diseases. Let the symbol S (1) mean, 
"The patient has symptom 1," and simi- 
larly for S(2), and so forth. Let the sym- 
bol D(1) mean, "The patient has dis- 
ease 1," and similarly for D(2), and so 
forth. In general, a set of n symptoms, 

(1), S(2), . . ., S(n) 
and a set of m diseases, 

D(1), D(2), . . ., D(m) 
will be under consideration. Which 
symptoms and diseases are to be in- 
cluded in such sets is usually dictated by 
the circumstances. For example, an oph- 
thalmologist is interested in a certain 
collection of symptoms and diseases, 
whereas an orthopedist is interested in 
another collection. 

Logical problem. By means of our sym- 
bolic language, each of the three afore- 
mentioned ingredients of medical diagno- 
sis can be expressed in terms of Boolean 
functions. The relationships between dis- 
eases and symptoms that comprise 
medical knowledge can be expressed 
as a Boolean function of the diseases 
and symptoms under consideration, say 

E(S(1), . .., S(n), D(1), . .., D(m)) 
Similarly, the symptoms presented by a 
patient can be expressed as a Boolean 
function of the symptoms alone, say 

G(S(l1),...,S(n)) 

Then the diagnosis itself can be ex- 
pressed as a Boolean function of the dis- 
eases alone, say 

f(D(1), . ..,D(m)) 
To illustrate these three functions E, 

G, and f, let us for simplicity limit our 
consideration to two diseases, D(1) and 
D(2), and two symptoms, S(1) and 
S(2). Let us first discuss E. Suppose the 
following statements were made in a di- 
agnostic textbook concerning the rela- 
tionships between D(1), D(2), S(1), 
and S(2): 

If a patient has disease 2, he 
must have symptom 1 D(2) - S(1) 

If a patient has disease 1 and 
not disease 2, then he must 
have symptom 2 D(1) * D(2) -e S(2) 

If a patient has disease 2 and 
not disease 1, then he can- 
not have symptom 2 D(1) ? D(2) -> S(2) 

If a patient has either or both 
of the symptoms, then he 
must have one or both of S(1) +S(2) -> 
the diseases D(1) + D(2) 

Since all of these relations are to hold 

according to medical knowledge, we 
have for E: 

E=[D(2) S(1)]. 
[D(1) ? D(2) - S(2)] ? 

[D(l) ?.D(2)-8 (2)]- 
S(1) +S(2) -D(1)+ D(2)] (1) 

To illustrate the G function is much 
simpler. A particular patient might pre- 
sent symptom 2 and not symptom 1; then 
we have 

G=S(1) .S(2) 
Note that symptoms the patient does not 
have are included as well as those the 
patient does have. If it is not known 
whether the patient does or does not 
have a symptom--for example, if the 
symptom is determined as the result of 
a laboratory test not yet accomplished, 
then this symptom does not appear ex- 
plicitly in the function G. Thus, if the 
patient has symptom 2 and it is not 
known whether or not he has symptom 
1, then G=S(2). 

Function f may be illustrated as fol- 
lows. If the patient has disease 1 and not 
disease 2, then 

/=D(1) .D(2) 
Of course, function f is computed when 
the functions E and G are known. For 
example, as we shall presently show, if 
E as illustrated above describes the med- 
ical knowledge concerning D (1), D(2), 
S (1), and S (2), and if a patient presents 

G=S(1) .S(2) 
then it turns out that 

f=D(l) .D(2) 
Although we shall discuss a specific 

example below, it is important to first 
state the logical problem of medical di- 
agnosis in more abstract terms. The log- 
ical aspect of the medical diagnosis prob- 
lem is to determine the diseases f such 
that if medical knowledge E is known, 
then: if the patient presents symptoms 
G, he has diseases f. In terms of our sym- 
bolic language, the problem is to deter- 
mine a Boolean function f that satisfies 
the following formula: 

E -> (G --f) (2) 
This is the fundamental formula of med- 
ical diagnosis. That this is truly the diag- 
nosis in an intuitive sense can be readily 
seen. For it is easy to show that the fun- 
damental formula can be equivalently 
written as 

E - (f -G) 
11 

•  remember we need to satisfy: 

•  in words: 

if the medical evidence is E, then: if 
the symptoms are G then the 
disease is f	  

deducing disease from symptoms 



the enumeration of all possible 
disease-symptom states 

logical operations are performed over 
this space	  

logical basis 



logical basis example 

two symptoms: S1 and S2 
one disease D 

S1	   0	   0	   0	   0	   1	   1	   1	   1	  

S2 0	   0	   1	   1	   0	   0	   1	   1	  

D 0	   1	   0	   1	   0	   1	   0	   1	  

all possible states -- but some of these 
are precluded by E 



diagnosis by elimination 

and it is not known whether he has S (1) 
or not-that is, C2 or C3, or 

G=S(1) .S(2) +S(1) S(2) 
In this case we consider C2, ?C13, and 
C33, whence the patient has C1 or C,3- 
that is, 

f=D(1) .D(2) +D(1). D(2) 
or the patient certainly has D(1) but it 
is not known whether he has D(2) or 
not. 

We have thus demonstrated how, from 
the reduced basis that embodies medical 
knowledge and from the symptom com- 
plexes presented by the patient, we can 
determine the possible disease complexes 
the patient may have, which is the med- 
ical diagnosis. 

Probabilistic Concepts 

Need for probabilities. In the previous 
section we considered statements such as, 
"If a patient has disease 2, he must have 
symptom 2." While such positive state- 
ments have a place when, for example, 
some laboratory tests are being discussed, 
it is also evident that in many cases, the 
statement would read, "If a patient has 
disease 2, then there is only a certain 
chance that he will have symptom 2- 
that is, say, approximately 75 out of 100 
patients will have symptom 2." Since 
"chance" or "probabilities" enter into 
"medical knowledge," then chance, or 
probabilities, enter into the diagnosis it- 
self. At present it may generally be said 
that specific probabilities are rarely 
known; medical diagnostic textbooks 
rarely give numerical values, although 
they may use words such as "frequently," 
"very often," and "almost always." How- 
ever, as is shown below, it is a relatively 
simple matter to collect such statistics. 
Since we are considering topics from an 
essentially academic point of view, we 
shall assume that the probabilities are 
known or can be easily obtained, and we 
shall discuss methods of utilizing such 
probabilities in the medical diagnosis. 
Actually, such a discussion makes clear 
in any particular circumstances precisely 
which statistics should be taken and pre- 
sents methods for rapidly collecting them 
in the most useful form. 

Total and conditional probabilities. 
The first step in discussing a probabil- 
istic analysis of medical diagnosis is to 
review some definitions and important 
properties of probabilities. The concept 
of total probability is concerned with 
the following question. Suppose we se- 
lect at random from our population of 
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patients one single patient; what is the 
chance, or total probability, that the pa- 
tient chosen has certain specified attri- 
butes f (x, y, ..., z) ? By definition, the 
total probability is the ratio of the 
number of patients that have these at- 
tributes to the total number of patients 
from which the random selection is 
made. If the total number of patients is 
N, and if N(f) is the number of these 
patients with attributes f, then the total 
probability that a patient has attributes 
f is: 

P(f) =N(f)/N (3) 
For example, the probability that a pa- 
tient has disease complex Cg becomes: 

P(Ci) =N(Ci)/N (4) 
The conditional probability is analogous 
to the total probability, where the selec- 
tion is made only from that subpopula- 
tion of patients that have the specified 

condition. The conditional probability, 
denoted by P(Glf), that from patients 
having condition or attributes f, a single 
patient selected at random will also have 
attributes G is defined as the ratio of the 
number of patients with both attributes 
G f to the number of patients having 
attributes f. LNote: In this notation the 
condition appears to the right, and the 
attribute of selection to the left, of the 
vertical bar: P(attributelcondition) .] 
Thus we can write: 

P(Glf) =P(G. )/P(f) (5) 
For example, the conditional probability 
that a patient with disease complex Ci 
has symptom complex Ck becomes: 

P(CklCi) =N(Ck. Ci)/N(Ci) (6) 
Probabilistic problem. The results of 

the logical analysis of medical diagnosis 
often leave a choice about the possible 
disease complexes that the patient may 

Fig. 4. Logical basis for S(1), S(2), D(1), and D(2). 

Fig. 5. Reduced basis that includes medical knowledge. 
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COC0c2c3 COCIC2C3 GC1C'c3 C?CC1C3 
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D(I) 0000 / 1 0000 0 III! 

D(2) 0000 0000 1111 1 I 

C C, C, C, 

•  two symptoms, two diseases 

patient has symptom 1 but not 
2 and disease 2 but not 1 



deductive diagnosis 

Table 1. Symbolic representation of com- 
binations of attributes. 

Interpre- Symbols Name tation 

Y Negation Not Y 
X . Y Logical X and Y 

product 
X + Y Logical sum X or Y 

(or both) 
X -> Y Implies If X then Y 

nation of symbols X + Y represents the 
combined statements: 

The patient has attribute x 
or attribute y, or both. 

where the plus sign (called logical sum) 
indicates "or"-that is, the "inclusive 
or." The sentence: 

If the patient has attribute x, 
then he has attribute y. 

is symbolized by X -> Y. 
All these symbols and their meanings 

are summarized in Table 1. But they 
can be most easily visualized by consid- 
ering, for example, the population of pa- 
tients illustrated in Fig. 1. The cross- 
hatched patients of Fig. la have attribute 
y-that is, they are those for whom Y 
holds. If we now consider a second at- 
tribute x for some of our patients (cross- 
hatched in the other direction), then Fig. 
1b indicates these patients for whom 
X Y holds. Similarly, Fig. l c indicates 
those patients for whom X + Y holds. In 
fact, with two attributes, our patients 
can be put into four classes, as indicated 
by CO, C1, C2, and C3 of Fig. ld. 

Figure 1 e illustrates a population of 
patients where the attributes x and y 
have the property that "if X then Y." 
Here, note that the patients for whom 
X -> Y holds are those of Co, C2 and 
C3 only. The situation C1 cannot occur 
(because C1 represents patients with X 
but not Y); hence, C1 has been crossed 
out. 

Of course, in general, more than two 
attributes are usually considered, and 
more complicated expressions can be 
formed by making combinations of 
attributes. Such expressions are called 
"Boolean functions" and are generally 
denoted in terms of the usual functional 
notation f(X, Y, . . ., Z). Similarly, for 
more than two attributes, we can classify 
the patients into more than four classes 
Ci. In fact, it is easy to see that for m 
attributes, there are 2m possible ways the 
patients can and cannot have the m at- 
tributes-that is, there are 2m of the 
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classes Ci, namely, Co, C1,..., C2m_. 
For our purposes, we need only intro- 

duce attributes that are symptoms and 
diseases. Let the symbol S (1) mean, 
"The patient has symptom 1," and simi- 
larly for S(2), and so forth. Let the sym- 
bol D(1) mean, "The patient has dis- 
ease 1," and similarly for D(2), and so 
forth. In general, a set of n symptoms, 

(1), S(2), . . ., S(n) 
and a set of m diseases, 

D(1), D(2), . . ., D(m) 
will be under consideration. Which 
symptoms and diseases are to be in- 
cluded in such sets is usually dictated by 
the circumstances. For example, an oph- 
thalmologist is interested in a certain 
collection of symptoms and diseases, 
whereas an orthopedist is interested in 
another collection. 

Logical problem. By means of our sym- 
bolic language, each of the three afore- 
mentioned ingredients of medical diagno- 
sis can be expressed in terms of Boolean 
functions. The relationships between dis- 
eases and symptoms that comprise 
medical knowledge can be expressed 
as a Boolean function of the diseases 
and symptoms under consideration, say 

E(S(1), . .., S(n), D(1), . .., D(m)) 
Similarly, the symptoms presented by a 
patient can be expressed as a Boolean 
function of the symptoms alone, say 

G(S(l1),...,S(n)) 

Then the diagnosis itself can be ex- 
pressed as a Boolean function of the dis- 
eases alone, say 

f(D(1), . ..,D(m)) 
To illustrate these three functions E, 

G, and f, let us for simplicity limit our 
consideration to two diseases, D(1) and 
D(2), and two symptoms, S(1) and 
S(2). Let us first discuss E. Suppose the 
following statements were made in a di- 
agnostic textbook concerning the rela- 
tionships between D(1), D(2), S(1), 
and S(2): 

If a patient has disease 2, he 
must have symptom 1 D(2) - S(1) 

If a patient has disease 1 and 
not disease 2, then he must 
have symptom 2 D(1) * D(2) -e S(2) 

If a patient has disease 2 and 
not disease 1, then he can- 
not have symptom 2 D(1) ? D(2) -> S(2) 

If a patient has either or both 
of the symptoms, then he 
must have one or both of S(1) +S(2) -> 
the diseases D(1) + D(2) 

Since all of these relations are to hold 

according to medical knowledge, we 
have for E: 

E=[D(2) S(1)]. 
[D(1) ? D(2) - S(2)] ? 

[D(l) ?.D(2)-8 (2)]- 
S(1) +S(2) -D(1)+ D(2)] (1) 

To illustrate the G function is much 
simpler. A particular patient might pre- 
sent symptom 2 and not symptom 1; then 
we have 

G=S(1) .S(2) 
Note that symptoms the patient does not 
have are included as well as those the 
patient does have. If it is not known 
whether the patient does or does not 
have a symptom--for example, if the 
symptom is determined as the result of 
a laboratory test not yet accomplished, 
then this symptom does not appear ex- 
plicitly in the function G. Thus, if the 
patient has symptom 2 and it is not 
known whether or not he has symptom 
1, then G=S(2). 

Function f may be illustrated as fol- 
lows. If the patient has disease 1 and not 
disease 2, then 

/=D(1) .D(2) 
Of course, function f is computed when 
the functions E and G are known. For 
example, as we shall presently show, if 
E as illustrated above describes the med- 
ical knowledge concerning D (1), D(2), 
S (1), and S (2), and if a patient presents 

G=S(1) .S(2) 
then it turns out that 

f=D(l) .D(2) 
Although we shall discuss a specific 

example below, it is important to first 
state the logical problem of medical di- 
agnosis in more abstract terms. The log- 
ical aspect of the medical diagnosis prob- 
lem is to determine the diseases f such 
that if medical knowledge E is known, 
then: if the patient presents symptoms 
G, he has diseases f. In terms of our sym- 
bolic language, the problem is to deter- 
mine a Boolean function f that satisfies 
the following formula: 

E -> (G --f) (2) 
This is the fundamental formula of med- 
ical diagnosis. That this is truly the diag- 
nosis in an intuitive sense can be readily 
seen. For it is easy to show that the fun- 
damental formula can be equivalently 
written as 

E - (f -G) 
11 

and it is not known whether he has S (1) 
or not-that is, C2 or C3, or 

G=S(1) .S(2) +S(1) S(2) 
In this case we consider C2, ?C13, and 
C33, whence the patient has C1 or C,3- 
that is, 

f=D(1) .D(2) +D(1). D(2) 
or the patient certainly has D(1) but it 
is not known whether he has D(2) or 
not. 

We have thus demonstrated how, from 
the reduced basis that embodies medical 
knowledge and from the symptom com- 
plexes presented by the patient, we can 
determine the possible disease complexes 
the patient may have, which is the med- 
ical diagnosis. 

Probabilistic Concepts 

Need for probabilities. In the previous 
section we considered statements such as, 
"If a patient has disease 2, he must have 
symptom 2." While such positive state- 
ments have a place when, for example, 
some laboratory tests are being discussed, 
it is also evident that in many cases, the 
statement would read, "If a patient has 
disease 2, then there is only a certain 
chance that he will have symptom 2- 
that is, say, approximately 75 out of 100 
patients will have symptom 2." Since 
"chance" or "probabilities" enter into 
"medical knowledge," then chance, or 
probabilities, enter into the diagnosis it- 
self. At present it may generally be said 
that specific probabilities are rarely 
known; medical diagnostic textbooks 
rarely give numerical values, although 
they may use words such as "frequently," 
"very often," and "almost always." How- 
ever, as is shown below, it is a relatively 
simple matter to collect such statistics. 
Since we are considering topics from an 
essentially academic point of view, we 
shall assume that the probabilities are 
known or can be easily obtained, and we 
shall discuss methods of utilizing such 
probabilities in the medical diagnosis. 
Actually, such a discussion makes clear 
in any particular circumstances precisely 
which statistics should be taken and pre- 
sents methods for rapidly collecting them 
in the most useful form. 

Total and conditional probabilities. 
The first step in discussing a probabil- 
istic analysis of medical diagnosis is to 
review some definitions and important 
properties of probabilities. The concept 
of total probability is concerned with 
the following question. Suppose we se- 
lect at random from our population of 
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patients one single patient; what is the 
chance, or total probability, that the pa- 
tient chosen has certain specified attri- 
butes f (x, y, ..., z) ? By definition, the 
total probability is the ratio of the 
number of patients that have these at- 
tributes to the total number of patients 
from which the random selection is 
made. If the total number of patients is 
N, and if N(f) is the number of these 
patients with attributes f, then the total 
probability that a patient has attributes 
f is: 

P(f) =N(f)/N (3) 
For example, the probability that a pa- 
tient has disease complex Cg becomes: 

P(Ci) =N(Ci)/N (4) 
The conditional probability is analogous 
to the total probability, where the selec- 
tion is made only from that subpopula- 
tion of patients that have the specified 

condition. The conditional probability, 
denoted by P(Glf), that from patients 
having condition or attributes f, a single 
patient selected at random will also have 
attributes G is defined as the ratio of the 
number of patients with both attributes 
G f to the number of patients having 
attributes f. LNote: In this notation the 
condition appears to the right, and the 
attribute of selection to the left, of the 
vertical bar: P(attributelcondition) .] 
Thus we can write: 

P(Glf) =P(G. )/P(f) (5) 
For example, the conditional probability 
that a patient with disease complex Ci 
has symptom complex Ck becomes: 

P(CklCi) =N(Ck. Ci)/N(Ci) (6) 
Probabilistic problem. The results of 

the logical analysis of medical diagnosis 
often leave a choice about the possible 
disease complexes that the patient may 

Fig. 4. Logical basis for S(1), S(2), D(1), and D(2). 

Fig. 5. Reduced basis that includes medical knowledge. 
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deductive diagnosis 

Table 1. Symbolic representation of com- 
binations of attributes. 

Interpre- Symbols Name tation 

Y Negation Not Y 
X . Y Logical X and Y 

product 
X + Y Logical sum X or Y 

(or both) 
X -> Y Implies If X then Y 

nation of symbols X + Y represents the 
combined statements: 

The patient has attribute x 
or attribute y, or both. 

where the plus sign (called logical sum) 
indicates "or"-that is, the "inclusive 
or." The sentence: 

If the patient has attribute x, 
then he has attribute y. 

is symbolized by X -> Y. 
All these symbols and their meanings 

are summarized in Table 1. But they 
can be most easily visualized by consid- 
ering, for example, the population of pa- 
tients illustrated in Fig. 1. The cross- 
hatched patients of Fig. la have attribute 
y-that is, they are those for whom Y 
holds. If we now consider a second at- 
tribute x for some of our patients (cross- 
hatched in the other direction), then Fig. 
1b indicates these patients for whom 
X Y holds. Similarly, Fig. l c indicates 
those patients for whom X + Y holds. In 
fact, with two attributes, our patients 
can be put into four classes, as indicated 
by CO, C1, C2, and C3 of Fig. ld. 

Figure 1 e illustrates a population of 
patients where the attributes x and y 
have the property that "if X then Y." 
Here, note that the patients for whom 
X -> Y holds are those of Co, C2 and 
C3 only. The situation C1 cannot occur 
(because C1 represents patients with X 
but not Y); hence, C1 has been crossed 
out. 

Of course, in general, more than two 
attributes are usually considered, and 
more complicated expressions can be 
formed by making combinations of 
attributes. Such expressions are called 
"Boolean functions" and are generally 
denoted in terms of the usual functional 
notation f(X, Y, . . ., Z). Similarly, for 
more than two attributes, we can classify 
the patients into more than four classes 
Ci. In fact, it is easy to see that for m 
attributes, there are 2m possible ways the 
patients can and cannot have the m at- 
tributes-that is, there are 2m of the 
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classes Ci, namely, Co, C1,..., C2m_. 
For our purposes, we need only intro- 

duce attributes that are symptoms and 
diseases. Let the symbol S (1) mean, 
"The patient has symptom 1," and simi- 
larly for S(2), and so forth. Let the sym- 
bol D(1) mean, "The patient has dis- 
ease 1," and similarly for D(2), and so 
forth. In general, a set of n symptoms, 

(1), S(2), . . ., S(n) 
and a set of m diseases, 

D(1), D(2), . . ., D(m) 
will be under consideration. Which 
symptoms and diseases are to be in- 
cluded in such sets is usually dictated by 
the circumstances. For example, an oph- 
thalmologist is interested in a certain 
collection of symptoms and diseases, 
whereas an orthopedist is interested in 
another collection. 

Logical problem. By means of our sym- 
bolic language, each of the three afore- 
mentioned ingredients of medical diagno- 
sis can be expressed in terms of Boolean 
functions. The relationships between dis- 
eases and symptoms that comprise 
medical knowledge can be expressed 
as a Boolean function of the diseases 
and symptoms under consideration, say 

E(S(1), . .., S(n), D(1), . .., D(m)) 
Similarly, the symptoms presented by a 
patient can be expressed as a Boolean 
function of the symptoms alone, say 

G(S(l1),...,S(n)) 

Then the diagnosis itself can be ex- 
pressed as a Boolean function of the dis- 
eases alone, say 

f(D(1), . ..,D(m)) 
To illustrate these three functions E, 

G, and f, let us for simplicity limit our 
consideration to two diseases, D(1) and 
D(2), and two symptoms, S(1) and 
S(2). Let us first discuss E. Suppose the 
following statements were made in a di- 
agnostic textbook concerning the rela- 
tionships between D(1), D(2), S(1), 
and S(2): 

If a patient has disease 2, he 
must have symptom 1 D(2) - S(1) 

If a patient has disease 1 and 
not disease 2, then he must 
have symptom 2 D(1) * D(2) -e S(2) 

If a patient has disease 2 and 
not disease 1, then he can- 
not have symptom 2 D(1) ? D(2) -> S(2) 

If a patient has either or both 
of the symptoms, then he 
must have one or both of S(1) +S(2) -> 
the diseases D(1) + D(2) 

Since all of these relations are to hold 

according to medical knowledge, we 
have for E: 

E=[D(2) S(1)]. 
[D(1) ? D(2) - S(2)] ? 

[D(l) ?.D(2)-8 (2)]- 
S(1) +S(2) -D(1)+ D(2)] (1) 

To illustrate the G function is much 
simpler. A particular patient might pre- 
sent symptom 2 and not symptom 1; then 
we have 

G=S(1) .S(2) 
Note that symptoms the patient does not 
have are included as well as those the 
patient does have. If it is not known 
whether the patient does or does not 
have a symptom--for example, if the 
symptom is determined as the result of 
a laboratory test not yet accomplished, 
then this symptom does not appear ex- 
plicitly in the function G. Thus, if the 
patient has symptom 2 and it is not 
known whether or not he has symptom 
1, then G=S(2). 

Function f may be illustrated as fol- 
lows. If the patient has disease 1 and not 
disease 2, then 

/=D(1) .D(2) 
Of course, function f is computed when 
the functions E and G are known. For 
example, as we shall presently show, if 
E as illustrated above describes the med- 
ical knowledge concerning D (1), D(2), 
S (1), and S (2), and if a patient presents 

G=S(1) .S(2) 
then it turns out that 

f=D(l) .D(2) 
Although we shall discuss a specific 

example below, it is important to first 
state the logical problem of medical di- 
agnosis in more abstract terms. The log- 
ical aspect of the medical diagnosis prob- 
lem is to determine the diseases f such 
that if medical knowledge E is known, 
then: if the patient presents symptoms 
G, he has diseases f. In terms of our sym- 
bolic language, the problem is to deter- 
mine a Boolean function f that satisfies 
the following formula: 

E -> (G --f) (2) 
This is the fundamental formula of med- 
ical diagnosis. That this is truly the diag- 
nosis in an intuitive sense can be readily 
seen. For it is easy to show that the fun- 
damental formula can be equivalently 
written as 

E - (f -G) 
11 

reduced basis (after applying all knowledge in E) 

and it is not known whether he has S (1) 
or not-that is, C2 or C3, or 

G=S(1) .S(2) +S(1) S(2) 
In this case we consider C2, ?C13, and 
C33, whence the patient has C1 or C,3- 
that is, 

f=D(1) .D(2) +D(1). D(2) 
or the patient certainly has D(1) but it 
is not known whether he has D(2) or 
not. 

We have thus demonstrated how, from 
the reduced basis that embodies medical 
knowledge and from the symptom com- 
plexes presented by the patient, we can 
determine the possible disease complexes 
the patient may have, which is the med- 
ical diagnosis. 

Probabilistic Concepts 

Need for probabilities. In the previous 
section we considered statements such as, 
"If a patient has disease 2, he must have 
symptom 2." While such positive state- 
ments have a place when, for example, 
some laboratory tests are being discussed, 
it is also evident that in many cases, the 
statement would read, "If a patient has 
disease 2, then there is only a certain 
chance that he will have symptom 2- 
that is, say, approximately 75 out of 100 
patients will have symptom 2." Since 
"chance" or "probabilities" enter into 
"medical knowledge," then chance, or 
probabilities, enter into the diagnosis it- 
self. At present it may generally be said 
that specific probabilities are rarely 
known; medical diagnostic textbooks 
rarely give numerical values, although 
they may use words such as "frequently," 
"very often," and "almost always." How- 
ever, as is shown below, it is a relatively 
simple matter to collect such statistics. 
Since we are considering topics from an 
essentially academic point of view, we 
shall assume that the probabilities are 
known or can be easily obtained, and we 
shall discuss methods of utilizing such 
probabilities in the medical diagnosis. 
Actually, such a discussion makes clear 
in any particular circumstances precisely 
which statistics should be taken and pre- 
sents methods for rapidly collecting them 
in the most useful form. 

Total and conditional probabilities. 
The first step in discussing a probabil- 
istic analysis of medical diagnosis is to 
review some definitions and important 
properties of probabilities. The concept 
of total probability is concerned with 
the following question. Suppose we se- 
lect at random from our population of 
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patients one single patient; what is the 
chance, or total probability, that the pa- 
tient chosen has certain specified attri- 
butes f (x, y, ..., z) ? By definition, the 
total probability is the ratio of the 
number of patients that have these at- 
tributes to the total number of patients 
from which the random selection is 
made. If the total number of patients is 
N, and if N(f) is the number of these 
patients with attributes f, then the total 
probability that a patient has attributes 
f is: 

P(f) =N(f)/N (3) 
For example, the probability that a pa- 
tient has disease complex Cg becomes: 

P(Ci) =N(Ci)/N (4) 
The conditional probability is analogous 
to the total probability, where the selec- 
tion is made only from that subpopula- 
tion of patients that have the specified 

condition. The conditional probability, 
denoted by P(Glf), that from patients 
having condition or attributes f, a single 
patient selected at random will also have 
attributes G is defined as the ratio of the 
number of patients with both attributes 
G f to the number of patients having 
attributes f. LNote: In this notation the 
condition appears to the right, and the 
attribute of selection to the left, of the 
vertical bar: P(attributelcondition) .] 
Thus we can write: 

P(Glf) =P(G. )/P(f) (5) 
For example, the conditional probability 
that a patient with disease complex Ci 
has symptom complex Ck becomes: 

P(CklCi) =N(Ck. Ci)/N(Ci) (6) 
Probabilistic problem. The results of 

the logical analysis of medical diagnosis 
often leave a choice about the possible 
disease complexes that the patient may 

Fig. 4. Logical basis for S(1), S(2), D(1), and D(2). 

Fig. 5. Reduced basis that includes medical knowledge. 
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• 	  recall	  that	  our	  pa6ent	  has	  symptoms	  S1	  and	  S2	  

• 	  using	  logical	  elimina6on,	  we	  can	  infer	  that	  the	  
pa6ent	  has	  D1D2	  

deductive diagnosis 



deductive diagnosis 

Table 1. Symbolic representation of com- 
binations of attributes. 

Interpre- Symbols Name tation 

Y Negation Not Y 
X . Y Logical X and Y 

product 
X + Y Logical sum X or Y 

(or both) 
X -> Y Implies If X then Y 

nation of symbols X + Y represents the 
combined statements: 

The patient has attribute x 
or attribute y, or both. 

where the plus sign (called logical sum) 
indicates "or"-that is, the "inclusive 
or." The sentence: 

If the patient has attribute x, 
then he has attribute y. 

is symbolized by X -> Y. 
All these symbols and their meanings 

are summarized in Table 1. But they 
can be most easily visualized by consid- 
ering, for example, the population of pa- 
tients illustrated in Fig. 1. The cross- 
hatched patients of Fig. la have attribute 
y-that is, they are those for whom Y 
holds. If we now consider a second at- 
tribute x for some of our patients (cross- 
hatched in the other direction), then Fig. 
1b indicates these patients for whom 
X Y holds. Similarly, Fig. l c indicates 
those patients for whom X + Y holds. In 
fact, with two attributes, our patients 
can be put into four classes, as indicated 
by CO, C1, C2, and C3 of Fig. ld. 

Figure 1 e illustrates a population of 
patients where the attributes x and y 
have the property that "if X then Y." 
Here, note that the patients for whom 
X -> Y holds are those of Co, C2 and 
C3 only. The situation C1 cannot occur 
(because C1 represents patients with X 
but not Y); hence, C1 has been crossed 
out. 

Of course, in general, more than two 
attributes are usually considered, and 
more complicated expressions can be 
formed by making combinations of 
attributes. Such expressions are called 
"Boolean functions" and are generally 
denoted in terms of the usual functional 
notation f(X, Y, . . ., Z). Similarly, for 
more than two attributes, we can classify 
the patients into more than four classes 
Ci. In fact, it is easy to see that for m 
attributes, there are 2m possible ways the 
patients can and cannot have the m at- 
tributes-that is, there are 2m of the 
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classes Ci, namely, Co, C1,..., C2m_. 
For our purposes, we need only intro- 

duce attributes that are symptoms and 
diseases. Let the symbol S (1) mean, 
"The patient has symptom 1," and simi- 
larly for S(2), and so forth. Let the sym- 
bol D(1) mean, "The patient has dis- 
ease 1," and similarly for D(2), and so 
forth. In general, a set of n symptoms, 

(1), S(2), . . ., S(n) 
and a set of m diseases, 

D(1), D(2), . . ., D(m) 
will be under consideration. Which 
symptoms and diseases are to be in- 
cluded in such sets is usually dictated by 
the circumstances. For example, an oph- 
thalmologist is interested in a certain 
collection of symptoms and diseases, 
whereas an orthopedist is interested in 
another collection. 

Logical problem. By means of our sym- 
bolic language, each of the three afore- 
mentioned ingredients of medical diagno- 
sis can be expressed in terms of Boolean 
functions. The relationships between dis- 
eases and symptoms that comprise 
medical knowledge can be expressed 
as a Boolean function of the diseases 
and symptoms under consideration, say 

E(S(1), . .., S(n), D(1), . .., D(m)) 
Similarly, the symptoms presented by a 
patient can be expressed as a Boolean 
function of the symptoms alone, say 

G(S(l1),...,S(n)) 

Then the diagnosis itself can be ex- 
pressed as a Boolean function of the dis- 
eases alone, say 

f(D(1), . ..,D(m)) 
To illustrate these three functions E, 

G, and f, let us for simplicity limit our 
consideration to two diseases, D(1) and 
D(2), and two symptoms, S(1) and 
S(2). Let us first discuss E. Suppose the 
following statements were made in a di- 
agnostic textbook concerning the rela- 
tionships between D(1), D(2), S(1), 
and S(2): 

If a patient has disease 2, he 
must have symptom 1 D(2) - S(1) 

If a patient has disease 1 and 
not disease 2, then he must 
have symptom 2 D(1) * D(2) -e S(2) 

If a patient has disease 2 and 
not disease 1, then he can- 
not have symptom 2 D(1) ? D(2) -> S(2) 

If a patient has either or both 
of the symptoms, then he 
must have one or both of S(1) +S(2) -> 
the diseases D(1) + D(2) 

Since all of these relations are to hold 

according to medical knowledge, we 
have for E: 

E=[D(2) S(1)]. 
[D(1) ? D(2) - S(2)] ? 

[D(l) ?.D(2)-8 (2)]- 
S(1) +S(2) -D(1)+ D(2)] (1) 

To illustrate the G function is much 
simpler. A particular patient might pre- 
sent symptom 2 and not symptom 1; then 
we have 

G=S(1) .S(2) 
Note that symptoms the patient does not 
have are included as well as those the 
patient does have. If it is not known 
whether the patient does or does not 
have a symptom--for example, if the 
symptom is determined as the result of 
a laboratory test not yet accomplished, 
then this symptom does not appear ex- 
plicitly in the function G. Thus, if the 
patient has symptom 2 and it is not 
known whether or not he has symptom 
1, then G=S(2). 

Function f may be illustrated as fol- 
lows. If the patient has disease 1 and not 
disease 2, then 

/=D(1) .D(2) 
Of course, function f is computed when 
the functions E and G are known. For 
example, as we shall presently show, if 
E as illustrated above describes the med- 
ical knowledge concerning D (1), D(2), 
S (1), and S (2), and if a patient presents 

G=S(1) .S(2) 
then it turns out that 

f=D(l) .D(2) 
Although we shall discuss a specific 

example below, it is important to first 
state the logical problem of medical di- 
agnosis in more abstract terms. The log- 
ical aspect of the medical diagnosis prob- 
lem is to determine the diseases f such 
that if medical knowledge E is known, 
then: if the patient presents symptoms 
G, he has diseases f. In terms of our sym- 
bolic language, the problem is to deter- 
mine a Boolean function f that satisfies 
the following formula: 

E -> (G --f) (2) 
This is the fundamental formula of med- 
ical diagnosis. That this is truly the diag- 
nosis in an intuitive sense can be readily 
seen. For it is easy to show that the fun- 
damental formula can be equivalently 
written as 

E - (f -G) 
11 

known: patient has S1, not S2 

and it is not known whether he has S (1) 
or not-that is, C2 or C3, or 

G=S(1) .S(2) +S(1) S(2) 
In this case we consider C2, ?C13, and 
C33, whence the patient has C1 or C,3- 
that is, 

f=D(1) .D(2) +D(1). D(2) 
or the patient certainly has D(1) but it 
is not known whether he has D(2) or 
not. 

We have thus demonstrated how, from 
the reduced basis that embodies medical 
knowledge and from the symptom com- 
plexes presented by the patient, we can 
determine the possible disease complexes 
the patient may have, which is the med- 
ical diagnosis. 

Probabilistic Concepts 

Need for probabilities. In the previous 
section we considered statements such as, 
"If a patient has disease 2, he must have 
symptom 2." While such positive state- 
ments have a place when, for example, 
some laboratory tests are being discussed, 
it is also evident that in many cases, the 
statement would read, "If a patient has 
disease 2, then there is only a certain 
chance that he will have symptom 2- 
that is, say, approximately 75 out of 100 
patients will have symptom 2." Since 
"chance" or "probabilities" enter into 
"medical knowledge," then chance, or 
probabilities, enter into the diagnosis it- 
self. At present it may generally be said 
that specific probabilities are rarely 
known; medical diagnostic textbooks 
rarely give numerical values, although 
they may use words such as "frequently," 
"very often," and "almost always." How- 
ever, as is shown below, it is a relatively 
simple matter to collect such statistics. 
Since we are considering topics from an 
essentially academic point of view, we 
shall assume that the probabilities are 
known or can be easily obtained, and we 
shall discuss methods of utilizing such 
probabilities in the medical diagnosis. 
Actually, such a discussion makes clear 
in any particular circumstances precisely 
which statistics should be taken and pre- 
sents methods for rapidly collecting them 
in the most useful form. 

Total and conditional probabilities. 
The first step in discussing a probabil- 
istic analysis of medical diagnosis is to 
review some definitions and important 
properties of probabilities. The concept 
of total probability is concerned with 
the following question. Suppose we se- 
lect at random from our population of 
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patients one single patient; what is the 
chance, or total probability, that the pa- 
tient chosen has certain specified attri- 
butes f (x, y, ..., z) ? By definition, the 
total probability is the ratio of the 
number of patients that have these at- 
tributes to the total number of patients 
from which the random selection is 
made. If the total number of patients is 
N, and if N(f) is the number of these 
patients with attributes f, then the total 
probability that a patient has attributes 
f is: 

P(f) =N(f)/N (3) 
For example, the probability that a pa- 
tient has disease complex Cg becomes: 

P(Ci) =N(Ci)/N (4) 
The conditional probability is analogous 
to the total probability, where the selec- 
tion is made only from that subpopula- 
tion of patients that have the specified 

condition. The conditional probability, 
denoted by P(Glf), that from patients 
having condition or attributes f, a single 
patient selected at random will also have 
attributes G is defined as the ratio of the 
number of patients with both attributes 
G f to the number of patients having 
attributes f. LNote: In this notation the 
condition appears to the right, and the 
attribute of selection to the left, of the 
vertical bar: P(attributelcondition) .] 
Thus we can write: 

P(Glf) =P(G. )/P(f) (5) 
For example, the conditional probability 
that a patient with disease complex Ci 
has symptom complex Ck becomes: 

P(CklCi) =N(Ck. Ci)/N(Ci) (6) 
Probabilistic problem. The results of 

the logical analysis of medical diagnosis 
often leave a choice about the possible 
disease complexes that the patient may 

Fig. 4. Logical basis for S(1), S(2), D(1), and D(2). 

Fig. 5. Reduced basis that includes medical knowledge. 
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it’s the only column consistent with 
symptoms and E! 



•  relies strictly on Boolean inference 

-  no room for uncertainty: want to say if a 
patient has S1, S2 then they have D1 with 
some probability  

-  solution: incorporate probabilistic reason 

-  similar to what we discussed in Lecture 2 

problems with this approach 



•  now assume E is given in the form P(Ck|Ci): 
probability of having symptoms given diseases 

•  turn this around with Bayes’ theorem to make 
our diagnosis f	  

probabilistic logical reasoning  

have. The problem now is: Which of 
these choices is most probable-that is, 
which of the disease complexes given by 
the logical diagnosis function f is the 
patient most likely to have. In terms of 
conditional probabilities, the probabilis- 
tic aspect of the diagnosis problem is to 
determine the probability that a patient 
has diseases f where it is known that the 
particular patient presents symptoms G, 
that is, the probabilistic aspect of med- 
ical diagnosis is to evaluate P(flG) for 
a particular patient. 

The data upon which the evaluation 
of P(/[G) is based must, of course, come 
from medical knowledge. Such medi- 
cal knowledge is generally also given in 
the form of conditional probabilities- 
namely, the probability that a patient 
having disease complex C, will have 
symptom complex Ck, or P(CkICi). The 
reason medical knowledge takes this 
form is because this conditional prob- 
ability is relatively independent of local 
environmental factors such as geography, 
season, and others, and depends primar- 
ily on the physiological-pathological as- 
pects of the disease complex itself. Thus 
the study of the disease processes as a 
cause for the resulting possible symptom 
complexes can be expressed as such con- 
ditional probabilities: of having a symp- 
tom complex on condition that the 
patient has the disease complex. It is 
interesting to note that this is also the 
reason most diagnostic textbooks discuss 
the symptoms associated with a disease, 
rather than the reverse, the diseases as- 
sociated with a symptom. 

The question that naturally arises at 
this point is: If medical knowledge is 
in the form P(CkjC4)--that is, prob- 
ability of having the symptoms given the 
patient having the diseases-then how 
can we make the diagnosis P(flG)--that 
is, the probability of having the disease 
given the patient having the symptoms? 
The answer lies in the well-known Bayes' 
formula (8) of probability. Let us first 
discuss the simpler case where f=Ci 
and G = Ck; then it can be shown that 

P(Ci)P(CkICi) P( Ci |Cud) = p(c)P( CklC) (7) 

where to under 2 indicates summation 

Table 3. 'Summary of values associated 
with treatment-disease combinations. 

T C2 C3 

T(1) 90/100 30/100 
T(2) 10/100 100/100 

over all possible disease complexes (that 
is, if there are m diseases under con- 
sideration, then o takes on values from 
0 through 2m- 1). The important part 
of Eq. 7 is the numerator of the right- 
hand side. It has two factors, P(CkJCi) 
and P(Ci). The former is just the rela- 
tion between Ck and C4 given by medi- 
cal knowledge, which we would certainly 
expect as a factor in the diagnosis. How- 
ever, observe the latter factor: it is the 
total probability that the patient has the 
disease complex in question, irrespective 
of any symptoms. This is the factor that 
takes account of the local aspects--geo- 
graphical location, seasonal influence, 
occurrence of epidemics, and so forth. 
This factor explains why a physician 
might tell a patient over the telephone: 
"Your symptoms of headache, mild 
fever, and so forth, indicate that you 
probably have Asian flu-it's around our 
community now, you know." And the 
physician is more than likely right; he is 
using the P(Ci) factor in making the 
diagnosis. 

In the more general case, the follow- 
ing adaptation of Bayes' formula can be 
made for our purposes: 

krG 
: P (Ci )P(Ck|Cd) 

P(flG) = kGC (8) 
2 5P(C,)P(CklCw,) 

Example of a simple computation. 
Table 2 gives hypothetical probabilities 
for our example that are consistent with 
our previous example of two diseases 
and two symptoms. These conditional 
probabilities and total probabilities were 
supposed to have been obtained from 
clinical statistical data and medical 
knowledge. We can immediately observe 
that the conditional probabilities corre- 
sponding to columns that were elimi- 
nated by means of the logical analysis 
are zero. This is because these columns 

represent unrelated disease-symptom 
combinations, according to medical 
knowledge, and hence there are no pa- 
tients having these disease-symptom com- 
plexes (see cross-hatched columns of 
Fig. 5). 

Now suppose a patient presented 
symptom complex 

G=S(l) .S(2) = C1 
Logical analysis shows that the diagnosis 
is 

f=D(1) .D(2) +D(1) .D(2) 
The problem now is: Which disease 
complex does the patient most likely 
have, 

C2D(l) .D(2) or C,D(l) .D (2) 
To solve this problem, we calculate both 
P(C2 I C1) and P(C3 ] C1) by means of 
Eq. 7 and Table 2, as follows: 

P( C,I C) =[P( C2)P(ClC2)]- 
[P(Co)P(C'lCo) + 

P(C1)P(CIC) + 
P(C2)P(C1lC,) + 

P(C3) + (C1jC3)] 
= [(25/1000) (1)] 

[(910/1000) (0)] + 
(50/1000) (0) + 

(25/1000)(1) + 
(15/1000) (2/3) 

= 25/(25 + 10) = 5/7 

Similarly, we have 

P(C3|C1) = [(15/1000) (2/3)] 
[(910/1000) (0) + 

(50/1000) (0) + 
(25/1000) (1) + 

(15/1000)(2/3)] 
= 10/(25 + 10) = 2/7 

Hence the chances are 5:2 that the pa- 
tient has disease 2 but not disease 1, 
rather than both disease 1 and disease 2. 

Next, suppose the patient presented 

G=S(1) ? S(2) = C3 

The logical analysis tells us that 

f=D(1) .D(2) +D(1) .D(2) 
That is, the patient has either 

Cl=D(1) .Db(2) orC3=D(1) .D(2) 
Determining the conditional probabili- 
ties P(CIjC3) and P(C3\C3) according 
to Table 2, we find: 

Table 2. Illustrative values of P(Ck|Ci) and P (Ci). 

P(C?ICo)l 1 P(C'ICo) =0 P(C2fCo) =0 P(C3ICo) =0 P(Co) =910/1000 
P(C?lC) =0 P(CICl) = 0 P(C2Cl) = 3/5 P(C3C1) =2/5 P(C1) = 50/1000 
P(C?C2) =0 P(CC2) = 1 P(C2C2)=0 P(C3C2)=0 P(C2-)= 25/1000 
P(C?IC3) =0 P(Cl C3) =2/3 P(C21C3) =0 P(C?lCs) = 1/3 P(C3) = 15/1000 

14 

P(C,[C) = 20/(20 + 5) = 4/5 
and 

P(C3alC) =5/(20+5) = 1/5 

Hence the chances are 4:1 that the pa- 
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•  evidence E provides the required conditional 
probabilities, presumably empirically gathered 

probabilistic logical reasoning 

have. The problem now is: Which of 
these choices is most probable-that is, 
which of the disease complexes given by 
the logical diagnosis function f is the 
patient most likely to have. In terms of 
conditional probabilities, the probabilis- 
tic aspect of the diagnosis problem is to 
determine the probability that a patient 
has diseases f where it is known that the 
particular patient presents symptoms G, 
that is, the probabilistic aspect of med- 
ical diagnosis is to evaluate P(flG) for 
a particular patient. 

The data upon which the evaluation 
of P(/[G) is based must, of course, come 
from medical knowledge. Such medi- 
cal knowledge is generally also given in 
the form of conditional probabilities- 
namely, the probability that a patient 
having disease complex C, will have 
symptom complex Ck, or P(CkICi). The 
reason medical knowledge takes this 
form is because this conditional prob- 
ability is relatively independent of local 
environmental factors such as geography, 
season, and others, and depends primar- 
ily on the physiological-pathological as- 
pects of the disease complex itself. Thus 
the study of the disease processes as a 
cause for the resulting possible symptom 
complexes can be expressed as such con- 
ditional probabilities: of having a symp- 
tom complex on condition that the 
patient has the disease complex. It is 
interesting to note that this is also the 
reason most diagnostic textbooks discuss 
the symptoms associated with a disease, 
rather than the reverse, the diseases as- 
sociated with a symptom. 

The question that naturally arises at 
this point is: If medical knowledge is 
in the form P(CkjC4)--that is, prob- 
ability of having the symptoms given the 
patient having the diseases-then how 
can we make the diagnosis P(flG)--that 
is, the probability of having the disease 
given the patient having the symptoms? 
The answer lies in the well-known Bayes' 
formula (8) of probability. Let us first 
discuss the simpler case where f=Ci 
and G = Ck; then it can be shown that 

P(Ci)P(CkICi) P( Ci |Cud) = p(c)P( CklC) (7) 

where to under 2 indicates summation 

Table 3. 'Summary of values associated 
with treatment-disease combinations. 

T C2 C3 

T(1) 90/100 30/100 
T(2) 10/100 100/100 

over all possible disease complexes (that 
is, if there are m diseases under con- 
sideration, then o takes on values from 
0 through 2m- 1). The important part 
of Eq. 7 is the numerator of the right- 
hand side. It has two factors, P(CkJCi) 
and P(Ci). The former is just the rela- 
tion between Ck and C4 given by medi- 
cal knowledge, which we would certainly 
expect as a factor in the diagnosis. How- 
ever, observe the latter factor: it is the 
total probability that the patient has the 
disease complex in question, irrespective 
of any symptoms. This is the factor that 
takes account of the local aspects--geo- 
graphical location, seasonal influence, 
occurrence of epidemics, and so forth. 
This factor explains why a physician 
might tell a patient over the telephone: 
"Your symptoms of headache, mild 
fever, and so forth, indicate that you 
probably have Asian flu-it's around our 
community now, you know." And the 
physician is more than likely right; he is 
using the P(Ci) factor in making the 
diagnosis. 

In the more general case, the follow- 
ing adaptation of Bayes' formula can be 
made for our purposes: 

krG 
: P (Ci )P(Ck|Cd) 

P(flG) = kGC (8) 
2 5P(C,)P(CklCw,) 

Example of a simple computation. 
Table 2 gives hypothetical probabilities 
for our example that are consistent with 
our previous example of two diseases 
and two symptoms. These conditional 
probabilities and total probabilities were 
supposed to have been obtained from 
clinical statistical data and medical 
knowledge. We can immediately observe 
that the conditional probabilities corre- 
sponding to columns that were elimi- 
nated by means of the logical analysis 
are zero. This is because these columns 

represent unrelated disease-symptom 
combinations, according to medical 
knowledge, and hence there are no pa- 
tients having these disease-symptom com- 
plexes (see cross-hatched columns of 
Fig. 5). 

Now suppose a patient presented 
symptom complex 

G=S(l) .S(2) = C1 
Logical analysis shows that the diagnosis 
is 

f=D(1) .D(2) +D(1) .D(2) 
The problem now is: Which disease 
complex does the patient most likely 
have, 

C2D(l) .D(2) or C,D(l) .D (2) 
To solve this problem, we calculate both 
P(C2 I C1) and P(C3 ] C1) by means of 
Eq. 7 and Table 2, as follows: 

P( C,I C) =[P( C2)P(ClC2)]- 
[P(Co)P(C'lCo) + 

P(C1)P(CIC) + 
P(C2)P(C1lC,) + 

P(C3) + (C1jC3)] 
= [(25/1000) (1)] 

[(910/1000) (0)] + 
(50/1000) (0) + 

(25/1000)(1) + 
(15/1000) (2/3) 

= 25/(25 + 10) = 5/7 

Similarly, we have 

P(C3|C1) = [(15/1000) (2/3)] 
[(910/1000) (0) + 

(50/1000) (0) + 
(25/1000) (1) + 

(15/1000)(2/3)] 
= 10/(25 + 10) = 2/7 

Hence the chances are 5:2 that the pa- 
tient has disease 2 but not disease 1, 
rather than both disease 1 and disease 2. 

Next, suppose the patient presented 

G=S(1) ? S(2) = C3 

The logical analysis tells us that 

f=D(1) .D(2) +D(1) .D(2) 
That is, the patient has either 

Cl=D(1) .Db(2) orC3=D(1) .D(2) 
Determining the conditional probabili- 
ties P(CIjC3) and P(C3\C3) according 
to Table 2, we find: 

Table 2. Illustrative values of P(Ck|Ci) and P (Ci). 

P(C?ICo)l 1 P(C'ICo) =0 P(C2fCo) =0 P(C3ICo) =0 P(Co) =910/1000 
P(C?lC) =0 P(CICl) = 0 P(C2Cl) = 3/5 P(C3C1) =2/5 P(C1) = 50/1000 
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P(C?IC3) =0 P(Cl C3) =2/3 P(C21C3) =0 P(C?lCs) = 1/3 P(C3) = 15/1000 
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P(C,[C) = 20/(20 + 5) = 4/5 
and 

P(C3alC) =5/(20+5) = 1/5 

Hence the chances are 4:1 that the pa- 
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•  note that 
-  probability of symptoms conditioned on disease  

 complexes  
-  probability of logically precluded complexes is 0 
-  we also know disease prevalence 

if we have m 

symptoms and n 

diseases we need 

O(2n+m) entries! 

(Ledley kept the 

example short for 

a reason … 



•  the punch-line: given probabilities, we can 
select between two competing logically 
permissible diagnoses by assessing which is 
more probable  
-  (see example in article for calculation; it’s 

 just plug & chug from the given formula) 

•  OK. but how to select treatments?  
-  utility theory! 

probabilistic logical reasoning 



•  medical evidence, E, either propositional or 
probabilistic (or mixed) is provided to our model  

•  given a set of symptoms, the admissible 
diagnoses (given E) are deduced using logic 

•  the diagnosis is taken as the most likely of these 

•  the treatment is selected to maximize utility     

putting it together 



•  Ledley & Lusted proposed deductive symbolic 
logic based approach 
-  the probabilistic version could be represented 
as a Bayes’ net 

•  the general framework is the same: the question 
is: how to encode the evidence E? 

relation to Bayes nets 



Ledley & Lusted as a really simple 
Bayes net 

S1	  

disease complexes 

S2	   S1S2S3	  

d1	  

S3	   S1S2	   …	  

d2	  

…	  

d1d2	  d1d2	  

•  too many parameters to estimate! 

•  … maybe for small networks  

symptom complexes 



DXplain 
•  comprises	  database	  of	  crude	  probabili6es	  of	  over	  4500	  
findings	  associated	  with	  2000	  different	  diseases	  

•  uses	  Bayesian	  reasoning	  

•  used	  by	  a	  number	  of	  hospitals	  and	  medical	  schools,	  
mostly	  for	  educa6onal	  purposes	  but	  also	  for	  clinical	  
consulta6on	  

•  hLp://dxplain.org/dxp/dxp.pl	  


