
COMP170:

Prove that 3SAT is NP-complete. 3SAT = {〈φ〉|φ is a satisfiable 3cnf-formula}

Proof: To prove that 3SAT is NP-Complete, we will show that 3SAT ∈ NP and 3SAT is NP-Hard

Part 1 – Proof by construction: 3SAT ∈ NP.
To prove that 3SAT ∈ NP, we construct a deterministic polynomial-time verifier for 3SAT.

We now construct our verifier V for 3SAT. Note, let φ be a 3CNF-formula with k clauses such as
φ = (a1 ∨ b1 ∨ c1) ∧ ... ∧ (ak ∨ bk ∨ ck), and c is a mapping of variables to truth values: ∀xi ∈ φ,
c(xi) = True or False.

V on 〈φ, c〉:

1. For each of the clauses in φ:

(a) For each of the three variables (ai ∨ bi ∨ ci) in the clause, replace the variable xi with its
corresponding truth value as defined by c.

2. For each of the clauses in φ:

(a) Evaluate the clause to find its truth value. If it evaluates to false, REJECT. If it evaluates
to true, continue.

3. ACCEPT.

V runs in polynomial time:
Step 1 iterates over every clause in φ, of which there are k. Replacing each of the variables in the
clause in Step 1.a requires O(|c|) = O(3k) = O(k) time to look through the mapping. Therefore
Step 1 requires O(k2). Step 2 iterates over the k clauses again, and evaluating each of the clauses
takes time O(1). Therefore step 2 takes O(k).

Overall, the algorithm runs in O(k2) +O(k) = O(k2) time, which is polynomial.

Case Analysis:

Case 1: If 〈φ, c〉 ∈ 3SAT, then V accepts 〈φ, c〉: If 〈φ, c〉 ∈ 3SAT, then the candidate map-
ping c will assign variables in φ to truth values such that every clause in φ evaluates to true. So V
will not reject on any clause in Step 2. V will reach Step 3 and accept 〈φ, c〉.

Case 2: If 〈φ, c〉 6∈ 3SAT, then V rejects 〈φ, c〉: If 〈φ, c〉 6∈ 3SAT, then the candidate map-
ping c will assign variables in φ to truth values such that there exists at least one clause in φ that
evaluates to false. So V will reject 〈φ, c〉 in Step 2.

Therefore, V is a deterministic polynomial time verifier for 3SAT, and 3SAT ∈ NP



Part 2 – Proof by reduction: 3SAT is NP-hard.
To prove that 3SAT is NP-hard, we will show that SAT ≤p 3SAT.

f = On input 〈φ〉 where φ is a Boolean formula:

1. Construct φ′ that as follows: For each of the clauses ci in φ, we will replace it with one or
more clauses in φ′ as follows:

(a) If ci has one literal, call it l, where l is xi or xi for some i. Let z1 and z2 be two new
variables not already in φ or φ′. Add four clauses to φ′:

(l ∨ z1 ∨ z2) ∧ (l ∨ z1 ∨ z2) ∧ (l ∨ z1 ∨ z2) ∧ (l ∨ z1 ∨ z2),

(b) If ci has two literals, call them l1 and l2. Let z1 be a variable not in φ or φ′ already.
Add two clauses to φ′:

(l1 ∨ l2 ∨ z1) ∧ (l1 ∨ l2 ∨ z1)

(c) If ci has three literals: add c′i = ci to φ′.

(d) If ci has k > 3 literals, such that ci = l1 ∨ l2 ∨ ... ∨ ck. Let z1, z2, ...zk−3 be k − 3 new
variables. Add the following k − 2 clauses to φ′:

(l1 ∨ l2 ∨ z1)∧ (l3 ∨ z1 ∨ z2)∧ (l4 ∨ z2 ∨ z3)∧ ...∧ (lk−2 ∨ zk−4 ∨ zk−3)∧ (lk−1 ∨ lk ∨ zk−3)

2. Output 〈φ′〉

Show that f is a polynomial time function:
Let n be the number of clauses in φ and v the number of variables in φ. Step 1 iterates n times. At
each iteration, we replace the clause in φ with at most v − 3 clauses, each of which takes constant
time to create. Therefore Step 1 takes O(nv) time, which is polynomial.

Case Analysis:

Case 1: If φ ∈ SAT, then φ′ ∈ 3SAT. If φ ∈ SAT, then φ is satisfiable, and there exists
some assignment of variables in φ to truth values such that φ evaluates to true. We must show
that φ′ is satisfiable by showing that each of the clauses in φ′ is satisfiable. By construction, each
clause in φ′ originally came from a clause in φ. For each of the cases, we show that if the clause ci
was satisfiable in φ, the corresponding clause(s) in φ′ are satisfiable.

• If ci has one literal, l. The four new clauses in φ′: (l ∨ z1 ∨ z2), (l ∨ z1 ∨ z2), (l ∨ z1 ∨
z2), (l ∨ z1 ∨ z2). Since φ is satisfiable, l must be True in the satisfying assignment for φ,
so these clauses in φ′ are satisfiable and evaluates to l with the original assignment and any
assignment of z1, z2.

• If ci has two literals, l1 ∨ l2. The two new clauses in φ′ are (l1 ∨ l2 ∨ z1), (l1 ∨ l2 ∨ z1).
Since φ is satisfiable, l1 or l2 must be True in the satisfying assignment for φ, so these clauses
in φ′ are satisfiable, since the logical and of these clauses is equal to l1 ∨ l2 with the original
assignment in φ and any assignment of z1.



• If ci has three literals: The satisfying assignment for φ will make this clause evaluate to
true in φ′.

• If ci has k > 3 literals, ci = l1 ∨ l2 ∨ ... ∨ ck. The following k − 2 clauses to φ′:

(l1 ∨ l2 ∨ z1) ∧ (l3 ∨ z1 ∨ z2) ∧ (l4 ∨ z2 ∨ z3) ∧ ... ∧ (lk−2 ∨ zk−4 ∨ zk−3) ∧ (lk−1 ∨ lk ∨ zk−3)

Given the satisfying assignment in φ that makes the original clause evaluate to true, we can
find an assignment of the new variables zi such that the logical and of the k − 2 new clauses
evaluates to true.

Since we have found a satisfying assignment for φ′ and by construction φ′ is 3cnf, φ′ ∈ 3SAT

Case 2: If φ 6∈ SAT, then φ′ 6∈ 3SAT. If φ 6∈ SAT, then φ is not satisfiable and there is
no possible assignment of variables to truth values such that φ evaluates to true. Therefore every
possible assignment of variables to truth values in φ will make φ evaluate to false. We must show
that φ′ is not satisfiable by showing that it is not possible to find an assignment that satisfies all of
the clauses in φ′. By construction, each clause in φ′ originally came from a clause in φ. For each
of the cases, we show that the only way the new clauses are satisfiable is if the original clause were
satisfiable in φ.

• If ci has one literal, l. The four new clauses in φ′:(l∨ z1 ∨ z2)∧ (l∨ z1 ∨ z2)∧ (l∨ z1 ∨ z2)∧
(l ∨ z1 ∨ z2). This is only satisfiable when l is assigned to true.

• If ci has two literals l1 ∨ l2. The two new clauses in φ′ are (l1 ∨ l2 ∨ z1)∧ (l1 ∨ l2 ∨ z1). The
logical and of these clauses in φ′ are only satisfiable when l1 ∨ l2 is True.

• If ci has three literals. This clause evaluates to true only when the original clause in φ
evaluates to true.

• If ci has k > 3 literals, ci = l1 ∨ l2 ∨ ... ∨ ck. The following k − 2 clauses in φ′:

(l1 ∨ l2 ∨ z1) ∧ (l3 ∨ z1 ∨ z2) ∧ (l4 ∨ z2 ∨ z3) ∧ ... ∧ (lk−2 ∨ zk−4 ∨ zk−3) ∧ (lk−1 ∨ lk ∨ zk−3)

If the original clause is not satisfiable, then the logical and of these k − 2 clauses is not
satisfiable.

Since there is no satisfying assignment in φ, given any assignment of variables to truth values, there
must be at least one clause in φ that evaluates to False, so that the logical and of all the clauses
evaluates to False. Without loss of generality, we consider one such assignment, and the clause
ci that evaluates to False. In any of the above cases, the corresponding clauses in φ′ are also not
satisfiable. Therefore we can never find a satisfying assignment for φ′, and φ′ 6∈ 3SAT.
Therefore SAT ≤p 3SAT and 3SAT is NP-Hard.

Since we have shown that 3SAT ∈ NP and 3SAT is NP-Hard, 3SAT is NP-Complete. �


