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Lecture 12: Using LP duality to approximate vertex
cover; Semi-Definite Programming for Max Cut and

3-coloring

1 LP duality and the primal-dual method

Every linear programming problem of the form:

minimize
∑n

j=1 cjxj

subject to
∑n

j=1 ai,jxi ≥ bi, i = 1, ...,m, j = 1, ..., n

∀xj, xj ≥ 0

has a corresponding dual problem of the following form:

maximize
∑m

i=1 biyi

subject to
∑m

i=1 ai,jyi ≥ cj, i = 1, ...,m, j = 1, ..., n

∀yi, yi ≥ 0.

Theorem 1.0.1 (LP duality) If x∗ = (x∗1, x
∗
2, ..., x

∗
n) is an optimal solution

of a linear program and y∗ = (y∗1, y
∗
2, ..., y

∗
m) is an optimal solution to its dual,

then
∑n

j=1 cjx
∗
j =

∑m
i=1 biy

∗
i .

Several problems discussed in the course, such as maximum network flow,
and many other common problems, such as minimax games, are special cases
of LP duality.
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2 Using LP duality to approximate vertex

cover

2.1 Vertex cover as an integer program

The vertex cover problem is a special case of the set cover problem. The sets
are edges of a graph, and the objective is to find the smallest set of vertices
that cover all edges, in other words, touch at least one of their endpoints.

More formally: given a graph G = (V, E), and a set of rational vertex
weights V → Q∗, choose a minimum-weight set of vertices such that for all
edges in E, at least one endpoint is at a chosen vertex.

Vertex cover can be formulated as an integer program. We set each xi

in the solution x = (x1, x2, ..., xn) equal to 1 if the corresponding vertex is
in the covering set, and to 0 if it is not. Thus for each edge st, we have the
constraint xs + xt ≥ 1 and we wish to minimize

∑
s∈v w(s)xs.

Since this problem is a special case of set cover, we know that there exists
a randomized O(logn)-approximation algorithm (see Lecture 8). We now
show a 2-approximation.

2.2 2-approximation

Let x and y be feasible solutions to the primal and dual respectively. Then
x and y are optimal if and only if both of the following complementary
slackness conditions hold:

1. Primal complementary slackness condition: for each 1 ≤ j ≤ n, either
xj = 0 or

∑m
i=1 ai,jyi = cj.

2. Dual complementary slackness condition: for each 1 ≤ i ≤ m, either
yi = 0 or

∑n
j=1 ai,jxj = bj.

To obtain the approximation, we will relax the dual condition, but bound
it; thus more feasible dual solutions will be feasible in the primal.
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Relaxed dual complementary slackness condition: for each 1 ≤ i ≤ m,
either yi = 0 or

∑n
j=1 ai,jxj = αbj where α > 1.

Claim 2.2.1 If x and y are primal and dual feasible solutions satisfying the
primal and relaxed dual complementary slackness conditions, then

∑n
j=1 cjxj ≤

α
∑n

i=1 biyi.

Proof 2.2.2
∑n

j=1 cjxj ≤
∑n

j=1(
∑m

i=1 ai,jyi)xj

by the primal slackness condition. Now∑n
j=1(

∑m
i=1 ai,jyi)xj =

∑m
j=1(

∑n
i=1 ai,jxj)yi ≤ α

∑m
i=1 biyi

by the relaxed dual slackness condition.

Definition 2.2.3 Let f be the frequency of the most covered element (the
number of times it is covered). For vertex cover, this value cannot be greater
than 2, since an edge can only touch two vertices.

The primal slackness condition for the vertex cover problem can be given
as ∀s ∈ V, xs 6= 0 → ∑

e ye∈E = w(v). The relaxed dual condition is
∀einE, ye 6= 0 → ∑

s xs ≤ α. Setting α = f ≤ 2, the relaxed dual con-
dition is always satisfied.

[...]

3 Semi-Definite Programming

A matrix A ∈ Rnxn is said to be positive semidefinite if for all vectors
x ∈ Rn, xTAx ≥ 0. A semidefinite program is an optimization problem of
the following form:

Maximize or minimize
∑

i,j cij(vi · vj)

subject to ∀k,
∑

i,j aijk(vi · vj) = bk where V is a matrix in Rnxn such
that x = VTV and v1, ..., vn are the columns of V.

We will assume without proof that semidefinite programming is in P
within an additive error of ε.
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3.1 Approximation for Max Cut Problem

3.1.1 Max Cut as Integer Program

Recall the max cut problem: given a graph G = (V, E) with edge weights
wij, divide the nodes into two sets so as to maximize the weight of the edges
in the cut between them.

We will use semidefinite programming to obtain a 0.878-approximation
for max cut. The basic idea will be to map each vertex to a vector in a unit
sphere, ensuring that vertices connected by edges have large angles between
them. Thus, cutting the sphere with a plane will produce a cut with high
weight.

First, note that max cut can be given by the following integer program:

maximize 1/2 ∗∑
i<j wij(1− yiyj)

subject to ∀yi : yi ∈ {−1, 1}.

We assign yi = 1 or yi = −1 based on the side of the cut on which each
vertex is located. For any pair of vertices, (1− yiyj) will be 0 if they are on
the same side of the cut, and 2 if they are on opposite sides, thus halving will
result in exactly wij being added to the sum whenever the edge ij is part of
the cut.

3.1.2 Semidefinite Relaxation

We now relax the problem to a semidefinite version. The program is as
follows:

maximize 1/2 ∗∑
i<j wij(1− viv̇j)

subject to ∀i : vi · vi = 1

where each vi is a vector in Rn. The previous integer program is just the
case when each vi is a one-dimensional vector of unit length.

Solving the semidefinite program lets us obtain an optimal set of vectors
vi. To obtain a cut from this set of vectors, we first choose a random vector
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r uniformly from the unit sphere in Rn. If r · vi ≥ 0 we set yi in the original
integer program to 1, otherwise we set it to -1. The expected weight of a cut
produced in this way is:

E[W (S)] =
∑

i<j wijP [yi 6= yj]

The probability that two vectors vi and vj have dot products with r of
opposite sign (i.e. they fall on opposite sides of it) is

P [yi 6= yj] = arccos vi · vj/π

Thus

E[W (S)] =
∑

i<j wij arccos vi · vj/π

The numerical value of

min0≤x≤1

1
π

arccos x
1
2
(1−x)

is ≥ 0.878.

Therefore E[W (S)] ≥ 0.878
∑

i<j wij
1
2
(1− vivj) ≥ 0.878 ∗OPT .

3.2 Approximation for 3-coloring

A graph G = (V, E) is 3-colorable if and only if

∃c : V → 1, 2, 3 such that c(x) 6= c(y) when ∃ an edge xy ∈ E. Ap-
proximation algorithms for 3-coloring take a 3-colorable graph as input and
return a c-coloring.

3.2.1 O(
√

n)-approximation (Widgerson)

An approximation algorithm that returns an O(sqrtn)-coloring is as follows:

While the maximum degree in a graph G is greater than some value δ,
select a vertex in G of degree greater than δ, and two-color its neighborhood
with two new colors. Once there are no more such vertices left, use δ + 1
colors to color the remaining graph.

Lemma 3.2.1 A graph with maximum degree δ can always be colored with

5



δ + 1 colors in polynomial time.

The algorithm is correct since we can always two-color the neighborhood
of any vertex, since the original graph G is 3-colorable. Each time a new
vertex is selected, at least n/δ vertices are colored. Thus the total number of

colors used is 2n
δ

+ δ + 1. If we set δ =
√

(n), we use 2
√

n +
√

n + 1 = O(
√

n)
colors.

3.2.2 Approximation using semidefinite programming

Similarly to the approach to max cut, we assign to each vertex a vector in
Rn and define the following semidefinite program:

minimize α

subject to vi · vj ≤ α∀(i, j) ∈ E; ∀i ∈ V, vi · vi = 1.

Once we have solved this program and made the assignment, the algo-
rithm is as follows:

1. Choose t = 2+ log∆ random hyperplanes where ∆ is the graph’s max-
imum degree.

2. Color each of the resulting 2t regions with a different color.

We noiw need to determine how many vertices sharing an edge may have
ended up in the same region.

[...]
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