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Abstract. The computational geometry community has long recognized that
there are many important and challenging problems that lie at the interface
of geometry and statistics (e.g. [39, 5]). The relatively new notion of data
depth for non-parametric multivariate data analysis is inherently geometric
in nature, and therefore provides a fertile ground for expanded collaboration
between the two communities. New developments and increased emphasis
in the area of multivariate analysis heighten the need for new and efficient
computational tools and for an enhanced partnership between statisticians
and computational geometers.

Over a decade ago point-line duality and combinatorial and computa-
tional results on arrangements of lines contributed to the development of an
efficient algorithm for two-dimensional computation of the LMS regression
line [42, 17]. The same principles and refinements of them are being used to-
day for more efficient computation of data depth measures. These principles
will be reviewed and their application to statistical problems such as the LMS
regression line and the computation of the halfspace depth contours will be
presented. In addition, results of collaborations between computational ge-
ometers and statisticians on data-depth measures (such as halfspace depth
and simplicial depth) will be surveyed.

1. Introduction

The field of Computational Geometry deals with the systematic study of algorithms
and data structures for geometric objects [12]. Computational geometry usually
focuses at the outset on exact algorithms that are asymptotically fast. Yet once
exact algorithms have been obtained, refined, and are still slow, approximation al-
gorithms of provable performance are sought. The field emerged in the 1970’s with
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the work of Michael Shamos [40]. Even in these early days the computational ge-
ometry community has recognized that there are many important and challenging
problems that lie at the interface of geometry and statistics (e.g. [39, 5]).

The field is commonly related to problems in robotics, CAD/CAM and geo-
graphic information systems. However, any problem that can be represented using
geometric objects and operators can be viewed as a computational geometry prob-
lem, including the relatively new notion of data depth for non-parametric multi-
variate data analysis. Data depth is inherently geometric in nature, and therefore
provides a fertile ground for expanded collaboration between the two communities.

A data depth measures how deep (or central) a given point z € R? is rela-
tive to F, a probability distribution in R? or relative to a given data cloud. Some
examples of data depth functions are Halfspace Depth [19, 44], Majority Depth
[41], Simplicial Depth [25], Oja Depth [30], Convex Hull Peeling Depth [3, 14] and
Regression Depth [34]. The data depth concept provides center-outward orderings
of points in Euclidean space of any dimension and leads to a new non-parametric
multivariate statistical analysis in which no distributional assumptions are needed.
Most depth functions are defined in respect to a probability distribution F', con-
sidering {X1, .., X,,} random observations from F. The finite sample version of the
depth function is obtained by replacing F' by F,,, the empirical distribution of the
sample {X1,.., X, }. In general, computational geometers study the finite sample
case in which sets of points are investigated.

Over a decade ago, point-line duality and combinatorial and computational
results on arrangements of lines contributed to the development of efficient algo-
rithms for two-dimensional computation of the LMS regression line [42, 17]. The
same principles and refinements of them are being used today for more efficient
computation of data depth measures.

The technique of point-line duality, its application to LMS, and various sweep
techniques will be sketched in Section 2. More recent results for data-depth related
problems will be reviewed in Section 3 (including halfspace depth and simplicial
depth). Sections 4 and 5 will include suggestions for future collaboration and a
summary.

2. History

2.1. The Duality Transform [6, 13]

The structure of a collection of lines is more readily observed than the structure
implied by a set of points. This structure can be exploited to create efficient algo-
rithms. A set of points can be transformed into an arrangement of lines using a
duality transform that preserves key properties [6]. Many problems based on sets
of points have been solved efficiently by first transforming the points into a set of
lines, solving a related problem on the set of lines, and converting the answer to a
solution for the original problem. The transformation itself is conducted in linear
time, and consequently does not affect the total computational complexity of the
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FIGURE 1. The duality transform 7': The set of points and lines
on the left is transformed into the set on the right. The points
A=(1,2),B = (2,1),C = (3,0) and D = (4,—1) lying on the
linel : y = = + 3 are mapped to the lines T(A) : y = = + 2,
TB):y=2x+1, T(C):y=3zand T(D):y =4z —1, all
passing through the point (1,3), dual to the line /. The points
A,B,C,D are located above m : y = 2x + 2, as are their dual
lines, above point T'(m) : (2, —2). In addition, the vertical distance
between every point A, B,C, D to the line m is identical to the
vertical distance between their dual lines and the dual point T'(m).

solution. Different transformations apply to different problems. Here, we will focus
on a particular transform suitable for the statistical problems we treat. For more
details see [13].

The duality transform T (see Figure 1) maps a point P = (a,b) to a line
T(P) : y = ax + b. We need to define the image of a line I : y = cx + d under
transform T' consistently. Let us pick points @ = (g,¢cq + d), R = (r,cr + d) lying
online . T(Q) : y = gz + (cq + d) and T(R) : y = rz + (cr + d). Both of these
lines pass through the point (—¢,d). Every other point on ! will also be mapped
to a line passing through (—c, d). Consequently we say that T'() : (—c,d).

Note that the slope of [ is preserved in the x-coordinate of the image point. If
the slope of line I exceeds the slope of line k, then T'(1) lies to the left of T'(k). The
vertical distance of a point P = (a,b) to a line | : y = cx + d equals b — (ca + d).
In the dual, the vertical distance from the line T'(p) : y = ax + b to the point
T(l) = (—¢,d) is (—ac + b) — d, the same value. Hence, the transformation T'
preserves slope, vertical distance and the above/below relationship.
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For a vertical line | : x = m, T maps it to a pencil of parallel lines of slope m.
We assume that these parallel line intersect at a point oo, (this point is called an
improper point). For every direction m, there is an improper point co,,, associated
with it. Conversely, each line y = mx + a which passes through oo, gets mapped
to a point (—m, a) which lies on the line z = —m. Consequently, the image of the
improper point co,, under T is the vertical line z = —m.

The duality transform T can be extended to higher dimensions: in R® the
dual of the point P = (a,b,c) is the plane z = az + by + ¢.

2.2. Least Median of Squares Regression
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FIGURE 2. LMS regression: A set of points and its dual arrange-
ment (only some of the lines in the arrangement are drawn), and
the LMS slab and regression line. Line [ passes through points A
and B, and its dual point T'(l) is the intersection of lines T'(A)
and T(B). The slab created from line [ and the line parallel to
it passing through point C' contains 6 points. In the dual, the
vertical lines between T'(I) and the line T'(C) crosses 6 lines.

Consider the problem of fitting a line to a set of data points. The familiar
ordinary least squares (OLS) method minimizes the sum of the squares of the y-
distance between the fitted line and the data points (the residual). This method
has the disadvantage that a single corrupt point (outlier) can significantly perturb
the fitted line. The Least Median of Squares (LMS) Regression line [33] is the
line that minimizes the median of the squares of the residuals. This method has
a high breakdown point as up to 50% of the data points can be outliers, without
perturbing the fitted line.

It is easy to prove that the problem of finding the line ! that minimizes the
median residual is equivalent to the problem of finding the slab bounded by a pair
of parallel lines of minimum vertical separation that contain [ %] of the data points.
Furthermore, one bounding line L; must pass through two points and the other
line Ly through a point whose x-coordinates lies between those of L;’s points. To
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find the slab, one can check each pair of points (p,¢) and find a line [ parallel to
them, passing through some other point r, such that precisely [ 2] points lie in the
closed slab defined by pg and [. This can be solved naively using an O(n®) time
algorithm.

Mapping the set of points using the transform 7', the above problem becomes
one of looking for the intersection point of two lines T'(p) and T'(q) such that the
y-distance between this point and the line T'(r), which is [#] above or below, is
the shortest among all such distances. By sweeping (see Section 2.3) a line through
the arrangement dual to the set of points, one can check all intersection points and
lines such that the closed vertical segment from the point to the line intersects [ %]
lines and is as short as possible.

Souvaine and Steele [42] proposed an O(n?logn) time algorithm for comput-
ing the LMS line in R? using the duality concept described above. Their result was
improved by Edelsbrunner and Souvaine [17] to an O(n?) time algorithm, by using
a topological line sweep (see Section 2.3). A practical approximation algorithm for
2 and higher dimensions, using additional computational geometry concepts, was
recently presented by Mount et al. [28].

2.3. Line Sweep, Topological Line Sweep and Levels in an Arrangement

Vertical line sweep [4] is a classical technique in computational geometry. The
algorithm sweeps a vertical line across an arrangement of objects (points, lines,
segments, ..) from left to right, reporting all intersection points, in a series of
elementary steps. For an arrangement of n line segments consisting of k intersec-
tions points this technique achieves a time complexity of O((n + k)logn) and
requires O(n) space [7]. For an arrangement of n infinite lines that contains
k= @ = (O(n?) intersections, vertical line sweep could report all intersec-
tion pairs sorted in order of x-coordinate in ©(n?logn) time and O(n) space. If
one needs to report the intersection points of the lines according only to a partial
order related to the levels in the arrangement greater efficiency is possible using
topological sweep [16]. In topological line sweep, to report all the intersection points
of the lines, a topological line, which is monotonic in the y-direction but not neces-
sarily straight, and which intersects each of the n lines in the arrangement exactly
once, sweeps the arrangement, in a series of elementary steps, in O(n?) time and
O(n) space.

The kth level of an arrangement of lines is the set of points that lie on lines
and have at most k — 1 lines above them and at most n — k lines below them
(see Figure 3). Consider an arrangement that was created from a set of points,
using the duality transform T'. If a point T'(p), the image of line p, that lies on
line I = T(L), is in the kth level, then line p has at most k — 1 points above it
and at most n — k points below it. This property will be used in Section 3.1.1, to
compute halfspace depth contours.
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3. Current Applications

3.1. Halfspace Depth and Halfspace Depth Contours

The halfspace depth® of a point z relative to a set of points S = {X1,...,X,} is
the minimum number of points of S lying in any closed halfspace determined by
a line through = [19, 44].

Using the duality transform T', the set of point S maps to an arrangement of
lines T'(S). The number k of points of S above (resp. below) a line L through z,
equals the number of lines of T'(S) above (resp. below) the dual point T'(L). The
depth of a point z relative to S is the minimum number of points of S lying in any
closed halfspace determined by a line through = (above or below the line through
x). Consequently, the depth of a line T'(z), dual to the point z, relative to T'(S),
is the minimal number of lines of T'(S) above or below T'(z).

depth 1 D _T(B) T(A)

e
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/
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FIGURE 3. Levels in an arrangement and halfspace depth compu-
tation: The set of 7 points A — G on the left is transformed using
the duality transform T into the arrangement of lines T'(A)—T'(G)
on the right. The levels 1,2,6,7 are drawn in blue, green, yellow
and red, respectively. Any vertical line cutting the kth level will
pass through exactly k — 1 lines of the arrangement above it. The
intersection points on the 1st and 7th level are candidate points
for the first halfspace depth contour (as are the 2nd and 6th levels
for the second depth contour). Therefore transforming the inter-
section points on each level back to the primal plane (as lines) and
computing their intersection will result in that depth contour. The
1st and 2nd contours are drawn as grayed areas.

3.1.1. EFFICIENT COMPUTATION OF DEPTH CONTOURS USING DUALITY The
kth depth contour for a set of points S in R? is the boundary of the points of R?
with depth > k, according to the chosen depth function.

n the literature this is sometimes called location depth or Tukey depth.
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The kth depth contours for halfspace depth in R? can be constructed by
taking the intersection of all halfplanes containing k points of S. Specifically, the
significant halfplanes are the ones bounded by lines connecting pairs of points of
S. Every line L passing through a pair of points [, m is dualized to an intersection
point I of two lines T'(l), T (m). The vertical line through I in the dual intersects
every line of the arrangement, some above I and some below. The number of
lines intersected above (resp. below) I equals the number of points lying above
(resp. below) T~}(I) = L in the primal. The contour to which L contributes is
the minimum of these two numbers (this is also said to be the level of L, see
Section 2.3). Examining all intersection points in the arrangement of dual lines
will produce a list of halfplanes/intersections for each potential contour.

Miller et al. [27] presented an O(n?) time algorithm for computing all depth
contours for a planar data set, using the idea sketched above. The authors used
topological sweep (see Section 2.3) to examine all intersection points and to report
the level of each intersection point in optimal time and space.

Note that the duality concept and the algorithmic idea can be easily extended
to higher dimensions. For example, in R® the halfspace depth of a point z is the
minimum number of points of a given set S lying in any closed halfspace bounded
by a hyperplane (instead of a line, as in R?) through z.

3.1.2. OVERVIEW OF RELATED RESULTS The halfspace depth of a single point
can be computed in O(nlogn) time as shown by Rousseeuw and Ruts [38]. This
matches the lower bound that was recently proved by Aloupis et al. [1].

Algorithms for computing the deepest point relative to the data set (also
known as the Tukey median) were introduced by Rousseeuw and Ruts. In [38],
they give an O(n?logn) time implementation to compute a single contour. In [36],
the same technique is applied repeatedly to give an O(n?log? n) time implemen-
tation to compute the two-dimensional Tukey median. A fast implementation to
approximate the deepest location in high dimensions is given in [37, 43, 45]. Theo-
retical complexity results on two-dimensional depth contours, or k-hulls, have been
known for some time [11]. The best known theoretical result for computing the
2D Tukey median is an O(nlog® n) algorithm by Matousek [26], but its complex
structure makes it an impractical candidate for implementation. The improved
O(nlog" n) algorithm by Langerman and Steiger [24] uses parametric search, also
difficult to implement.

Rousseeuw and Ruts developed a program called ISODEPTH [38], that com-
putes the kth contour in O(n?logn) time and all contours in O(n?logn). Johnson,
Kwok and Ng gave a program called FDC to compute the k outermost depth con-
tours [21] which outperforms ISODEPTH for small ks. The ©(n?) time implemen-
tation by Miller et al. that was described above computes all the depth contours,
the depth of all the data points, and the Tukey median [27]. The implementation
was expanded by Rafalin et al. [31] to handle degenerate data sets, that contain
3 or more points on a line or points that share the same x-coordinate. A different
approach based on parallel arrangement construction by Fukuda and Rosta [32]
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allows to compute high dimensional depth contours. In addition, halfspace depth
contours can be computed for display in 2D using hardware assisted computation,
as suggested by Krishnan et al. [23].

Centerpoints, which are points of depth > n/(d+1) (by Helly’s theorem [15],
such points are guaranteed to exist), have been widely studied in the computational
geometry literature [10, 20, 26, 29].There are efficient algorithms for centerpoints
in R? by Matousek [26] and in linear time by Jadhav and Mukhopadhyay [20]. Naor
and Sharir [29] give an algorithm in R®. The best known time in high dimensions
is O(n?t1), but a faster approximation algorithm is given by Clarkson et al. [10].
The algorithms are difficult to implement.

3.2. Simplicial Depth

Simplicial depth was introduced by Liu in 1990 [25]: The simplicial depth of a
point 2 with respect to a data set S = {Xy,...,X,} is the fraction of the closed
simplices formed by d+1 points of S containing z, where I is the indicator function:

n \—1 .
SDriu(S;z) = (d+1) EI(wES[Xil,...Xid+1]) (see Figure 4(a)).

A simplex in R? is the boundary of the region defined by d + 1 vertices in
general position, and represents the simplest possible polytope in any dimension.
In one dimension, a simplex is simply a line segment; in 2 dimensions, it is a
triangle; and in 3 dimensions, a tetrahedron. Simplicial depth has been studied by
computational geometers since it was first introduced [22, 18]. The simplicial depth
is computationally more difficult in the finite sample case than some other depth
measures. Recently new results and concepts were discovered by computational
geometers, some discussed below.

3.2.1. A REVISED DEFINITION Several problems arise in the finite sample case
of simplicial depth under Liu’s definition. As suggested by Zuo and Serfling [46], a
depth function should attain maximum value at the center (the mazimality prop-
erty) and as a point x moves away from the deepest point along any fixed ray
through the center, the depth at x should decrease monotonically (monotonicity
property). However, the simplicial depth function for the finite sample case fails to
satisfy these properties [46] (see e.g. Figure 4(b)). In addition, the depth of points
on facets causes discontinuities in the depth function: The depth of all points on
the boundary of a cell is at least the depth of a point on the interior of the cell.
In most cases the depth values on the boundaries can be higher than the depth in
each of the adjacent cells (see e.g. Figure 4(b)).

Burr et al. [8] proposed a modification to the definition that corrects the
irregularity at boundaries of simplicies by making the depth of a point on the
boundary between two cells the average of the depth of the two cells and fixes the
counterexamples provided by Zuo and Serfling [46]:

Given a data set S = {X1,..., X, } in R?, the simplicial depth of a point z is the
average of the fraction of closed simplicies containing = and the fraction of open
simplicies containing z:

-1
SDprs(S;z) = %(dil) (Z I($€S[Xi17"'Xid+1]) + I(:ceint(S[X,-l,...Xid+1])))
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FiGure 4. (a) Computation of simplicial Depth, according to
Liu and according to Burr et al.. SDp;(z1) = SDprs(z1) = 1,
SDriy(w2) = 1, SDprs(22) = .5. SDriu(23) = SDprs(x3) = 0.
(b) Problems with simplicial depth: The total number of sim-
plicies is (3) = 10. The depth of the open regions is drawn
on the figure. SDri,(p) = (5)/10 = .6, for p = {A,B,C, D},
while SDr;,(E) = .8. For a point * on AE SDr;,(z) = .5,
violating the monotonicity property and causing discontinuities
in the depth function at edges. According to the revised defini-
tion SDpgrs(p) = .3, for p = {A,B,C,D}, SDprs(E) = .5 and
SDprs(x) = .35. (¢) A problem with the revised definition. The
data points A,B, and C all have depth (241 + 1 (%))/ (%) = 25
and the data point D, which is at the unique center of the data
set has depth (5° + 3 (%))/ (%) = £25.. For clarity reasons not all
cells are drawn.

where int refers to the open relative interior? of S[Xj,,...,X;,,,]. Equivalently,
this could be formulated as: SDprs(S;z) = p(S, ) + $0(S, z) where p(S, ) is
the number of simplicies with data points as vertices which contain z in their open
interior, and o(S, ) is the number of simplicies with data points as vertices which
contain z in their boundary.

The revised definition reduces to the original definition for continuous distri-
butions and for points lying in the interior of cells, and it maintains the ranking
order of data points. In addition, it can be calculated using the existing algorithms
(see Section 3.2.2), with slight modifications. However, it does not achieve all de-
sired properties in the sample case. Figure 4(c) shows an example where the data
set has a unique center, D, but it neither attains maximality at the center, nor
does it have monotonicity relative to the deepest point.

In addition, data points are still over-counted. For example data points in R?
are a vertex of (”;1) simplicies, whereas edges are counted only n — 2 times. This
implies that the weight A of a data point should be 1(n—2) = A(";") = A = -L5.
However, this factor isn’t enough: consider a data set of n points, where n — 1
points are evenly distributed angularly around one point. Then the depth of the

2See Edelsbrunner [15], page 401.
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center point should be at least as large as the depth of the n cells which use it as
a vertex; this is not guaranteed by the A factor. Thus the depth of a data point
in R? should be based both on the A factor and the geometry of the n — 1 other
data points.

3.2.2. OVERVIEW OF RELATED RESULTS The simplicial depth of a point in R2
can be computed in O(nlogn) time, as proposed independently by Gil et al. [18],
Khuller and Mitchell [22], and Rousseeuw and Ruts [35]. This bound matches the
lower bound, as proved by Gil et al. [18] and Aloupis et al. [1]. In 3 dimensions, Gil
et al. gave an O(n?) algorithm for computing the simplicial depth of z relative to
S [18] that was recently improved by Cheng and Ouyang [9]. Cheng and Ouyang
also give a generalization of this algorithm to R*, with a time complexity of O(n?).
Rousseeuw and Ruts proposed an O(n?) algorithm for R? [35], but some missing
details may not be resolvable [9]. For space higher than 4 dimensional, there are
no known algorithms faster than the straightforward O(n?*!) method (generate
all simplices and count the number of containments). The depth of all n points in
R? can be computed in O(n?) using the duality transform [18, 22]. The simplicial
median is the point with the highest simplicial depth. Aloupis et al [2] showed that
in 2 dimensions it can be computed in O(n*). Their method was slightly improved
by Burr et al. [8].

No known algorithm exists for the computation of simplicial depth contours,
apart from the straightforward one. Recently an approximation method, using
local information about the depth function (using a discretized version of the
gradient, the vector where simplicial depth of positions is increasing most rapidly)
was proposed by Burr et al. [8].

4. Future Work

Collaborations between computational geometers and statisticians on data-depth
measures have produced more efficient algorithms and implementations with sig-
nificant speedup. Some problems are solved in theory by algorithms with efficient
asymptotic running times (see Sections 3.1.2, 3.2.2) where, in practice, the hidden
constants make implementations infeasible, prompting the need for continued re-
search and implementable solutions. In addition, most of the algorithms and their
implementations work for the low dimensional case. High dimensional data sets
pose more interesting research questions. Exact computation of the depth func-
tions will probably never be efficient enough, as the complexity of the algorithm
is in most cases exponential in the dimension of the data. This calls for more
approximation algorithms, that can compute depth functions and depth contours
efficiently, with provable error bounds.
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5. Summary

The computational geometry community is thirsty for new and challenging open
problems with real applications; the statistical community clearly needs
improved computation speed in order to handle the large data sets of today.
Much is to be gained by increased collaboration and solutions that are not only
provably efficient but also effective in practice.
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