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1 Introduction
Growth curves of plants and animals, human speech, gene expression signals, and medical images or
3-dimensional shapes of cancer tumors, are all real life examples of high dimensional multivariate data
referred to as functional data [80, 81, 26, 33]. Variability in these data sets could be representative of
respectively environmental or genetic variation of growth patterns for plants or animals, accent vari-
ation for pronunciation of words, genetic differentiation in cell tissues, and morphological variation of
cancer tumors. Effectively describing variation in these data set could lead respectively to better un-
derstanding of patterns of growth important in agriculture, to development of better voice recognition
tools, and to the discovery of better disease diagnosis tools.

Several statistical methods such as principal component analysis and analysis of variance are often
effective in analyzing variation in the data when the space of variation is linear [7]. However, describ-
ing variability is much more difficult when the data varies along nonlinear modes [80, 81, 26, 55].
Simple examples of nonlinear variation in functional data are horizontal shift of curves of common
shape [81, 55], frequency change of acoustic signals of common shape [53], or lighting change in im-
ages of the same object [86].

On one hand, current methods dealing with nonlinear variation in high dimensional data such
as principal curves [39], manifold learning methods [86], or kernel methods [10] are mainly concerned
with dimensionality reduction, not quantification of the variation. On the other hand, the rediscovered
measures of center and spread in manifolds, the Fréchet mean and Fréchet variance [70], used in shape
analysis [32, 11] and curve analysis [54, 53], are not robust measures and do not give a full description
of the variability. More precisely, as for the usual sample mean and variance, the sample Fréchet mean
and variance are not robust to outliers or skewness in the data. Although the usual Euclidean sample
variance is a matrix of dimension k when the data lies in a k dimensional Euclidean space, the Fréchet
variance is only a scalar, even when the data lies in a k dimensional manifold.

Data depth methods [83, 69, 68, 94, 95], such as half-space depth [49, 89] or simplicial depth [67],
are particularly attractive descriptions of the distribution of multivariate data because they are non-
parametric, robust and geometrically motivated. They use local geometry of the distribution to define
its global properties, such as contours. However, classical data depth definitions and methods are ill
suited for the description of multivariate distributions when these distributions lie in a non-convex or
a smaller dimensional manifold.

This project presents novel data depth functions that are capable of describing variability in multi-
variate data when the space of variation is a manifold or the result of nonlinear variation in the data.
These newly proposed statistical concepts show significant potential for quantifying properties of the
probability distribution, for reducing dimensionality, for decomposing variability and for inference. We
propose to estimate our measures of depth from the data using proximity graphs, which are graphs
that capture the geometry of the point set. The statistical challenges are: first, in proving that our intu-
itive definitions are meaningful quantification of variation for a large class of probability distributions,
and are equivalent to usual depth methods for convex Euclidean spaces; second, in characterizing the
distribution of our sample estimates and deriving the bias and efficiency of these estimates for small
samples. The computational challenges are: first, in creating new efficient and flexible algorithms to
estimate the proposed sample depth, especially for high dimensional data where existing algorithms
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and evaluation of complexity are currently scarce; second, in developing new and improved algorithms
for manifold learning and boundary detection for high dimensional data that are of independent in-
terest. This interdisciplinary project is data driven and arose from a common research interest of a
statistician, and two computer scientists. Partial progress has already been achieved, and successful
completion will not only advance the statistics and computer science fields but also bring fresh insights
to scientists analyzing real data.

This research will progress in several directions. The first stage will focus on characterization of the
class of distributions for which our definition coincides with other classical definitions of data depth
such as half-space depth, and simplicial depth. Practical methods of estimating this depth function
based on proximity graphs will be developed in the second stage. The third stage will focus on creating
statistical analysis and quantification methods, specifically methods detecting outliers or skewness in
a sample, for dimensionality reduction, for description of variation, and for inference. Our algorithms
will build on existing methods for manifold learning and representation of high-dimensional manifolds
and suggest new methods for partial manifold learning. As part of our research we will quantify
the required sampling conditions for the estimators to approximate the underlying distributions and
suggest additional methods that will improve the behavior of the suggested estimators. To finalize this
research, an experimental study will be conducted with varying constructions of graphs on point sets
and applied for analysis of real life data sets.

Intellectual merit derives from the development of these methodologies for the quantification of
variation of multivariate data on manifolds, through a successful interdisciplinary collaboration be-
tween statisticians and computer scientists. Broader Impacts are twofold: first, providing fresh
insights for data analysis through application of these statistical measures to real-world data sets;
second, training of future statisticians and computer scientists and promoting interdisciplinary collab-
oration between the two groups. To this effect, a graduate student seminar on the topic of this proposal
will be offered collaboratively at Tufts and Harvard, and results of this project will be integrated into
undergraduate classes.

Research Team: Principal Investigator Izem is an expert on functional data analysis, which is the
analysis of multivariate data of high dimension, such as sets of curves, images, and shapes. Her cur-
rent collaborations are with colleagues in Biology, Engineering, Economics, Astrophysics and Anthro-
pology working in developing novel statistical methods for analysis of variation in high dimensional
data such as growth curves, acoustic signals, and spatio-temporal data [55, 60, 56, 54, 53]. Principal
Investigator Souvaine and Co-Investigator Rafalin are experts in the field of computational geometry
and have a history of bringing their theoretical discoveries in geometry and algorithms to practical
fruition. In the last few years Souvaine and Rafalin have concentrated on the computational study
of data-depth, a statistical analysis method that is geometrical in nature and provides an attractive
alternative to classical statistics [78, 16, 73, 15, 75, 77, 76, 51]. Consultant Herrera provides an ex-
pertise in differential topology and Riemannian geometry [42, 44, 41, 43, 45, 47, 46]. Discussions at
the Radcliffe Institute for Advanced Study initiated this collaboration and preliminary results have
already been achieved

The structure of this document: Section 2 gives an overview of data depth methods and some
motivating examples of nonlinear variations in multivariate data. It shows how classical methods fail
to describe the variation and to represent the geometry of the sample distribution when these distri-
butions lie in non-convex subspaces or in curved surfaces or manifolds. Section 3 and 4 describe our
major contributions. In Section 3, more meaningful definitions of data depth which respect the geome-
try of distributions with nonlinear variation are presented. It also shows how the desirable properties
for data depth functions can be generalized for distributions with nonlinear variations. Section 4 de-
scribes a paradigm using proximity graph, to approximate these depth functions from a finite sample.
Section 5 describes the computational and experimental framework of this proposal. Sections 6, 7,
and 8 include summary of proposed research, incorporation of this research in graduate and under-
graduate training and results of prior support. Finally, the appendix (Section 9) defines the necessary
terminology in differential geometry.
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2 Motivation: Statistical Analysis of Nonlinear Variation
This section illustrates multivariate data with nonlinear variation by simple examples and shows that
classical data depth methods are ill suited for describing the distribution of these data. This failure
motivates our proposal of new definitions of data depth which respect the geometry of the space of
variation. The proposed methods are especially useful for describing and quantifying high dimensional
multivariate distributions.

In general, we say that variation in multivariate data is nonlinear if it lies in a Euclidean space
but varies along nonlinear directions or if it lies in a lower dimensional manifold. We start with an
overview of usual data depth methods in Subsection 2.1. Next we show two examples of multivariate
data with nonlinear variations: simple bivariate data in Subsection 2.2 and high dimensional data in
Subsection 2.3. We discuss why usual methods of data depth fail to describe the true variability in
both examples and propose more meaningful data depth concepts, which would better respect the ge-
ometry of the space of variation. Finally, we survey statistical methods applied to data with nonlinear
variations in Subsection 2.4.

2.1 Data Depth for Analysis of Data in Euclidean Space
Data depth is a statistical analysis method that assigns a numeric value to a point, corresponding to
its centrality relative to F , a probability distribution in Rd or relative to a given data cloud.
Figure 1 shows the depth contours formed by applying the half-space depth function to a set of 500
normally distributed data points. Depth contours [89] are nested regions of increasing depth that serve
as a topological map of the data. The jth depth contour consists of all those points in space of depth≥ j.
The half-space depth function [49, 89] (in the literature sometimes called location depth or Tukey depth)
is one of the most well studied depth functions both by the statistical and computational communities.
It is attractive as it attains all four desirable properties of depth functions (see Subsection 3.2).

Definition 2.1. The half-space depth of a point x relative to a set of points S = {X1, ..., Xn} is the
minimum number of points of S lying in any closed half-space determined by a line through x.

For a point x1 that is shallow in the set there is a half-plane passing through x1 that contains a
small number of points of S in its interior, while for a point x2 that lies in the center of the set, every
half-plane contains a relatively large number of points. Half-space depth contours in the sample case
are nested, connected, convex and compact [95, 24].

Figure 1: 20%, 40%, 60%, 80% and 100% contours approxi-
mated using the convex hull of the 20%, 40%, 60%, 80% and
100% deepest points for a data set consisting of 500 points,
normally distributed, width scaled by 5.

The concept of data depth [83, 69, 68] has been developed over the last decade as a method of non-
parametric multivariate data analysis. Other examples include simplicial depth [67], Mahalanobis
depth [71], Oja depth [74], projection depth [90] and the convex hull peeling depth [9, 27]. Data depth
is “robust against the possibility of one or several unannounced outliers that may occur in the data and
yield reasonable results even if several unannounced outliers occur in the data” [82]. In addition, data
depth enables one to quantify and compare statistical attributes of high dimensional data sets. “The
value of a depth function for a specific point may vary with the notion of data depth but for each notion
of depth a larger value always implies a deeper (or more central) point with respect to the probability
distribution” [69].

Statisticians have developed a systematic approach for defining quantitative distributional char-
acteristics and inference methods based on the concept of data depth [69]. This work also introduces
several simple graphs to display the characteristics of the distribution visually. They suggest a natu-
ral generalization of the quantiles by using level contours, as follows: The pth central region, Cp, is the
smallest region enclosed by depth contours to amass probability p and its boundary is denoted QF (p).

This methodology when applied to the sample case can be viewed as a multivariate generalization
of the univariate rank methods, where the ranking is center-outward and is induced by depth. Rank
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statistics are based on the ordering of observations, where the order reflects extremeness, contiguity,
variability or the effect of external contamination and provides parameter estimation method [9]. Other
methods of multivariate ranking exist [9, 48], but cannot be easily extended to distributions with non-
linear variations.

2.2 Example 1: Curve Shape Bivariate Distribution
We see in Figure 2(a) an example of a bivariate distribution where the space of variation resembles
the shape of a parabola or a banana. Although the data in this case lie in a two dimensional Euclidean
space, the distribution of the data is not along linear axes, and the space of variation is non-convex.
Figure 2(a) demonstrates why the classical concept of data depth does not give meaningful results for
distributions with non-linear variations. We would expect the deepest or most central points to lie
close to the medial axis of the banana. However, the half-space depth calculates the deepest points as
points that are close to the center of the convex hull of the shape, points that are on the inner boundary
of the banana. We define in Section 3 data depth measures which better respect the geometry of the
data. These data depth measures use the geodesic distance, the shorter length of paths between two
points along the support of the distribution, rather than the Euclidean distance, as measure of spread
in the data. We propose in Section 4 a method for estimating this revised depth from a sample. The
results of this new method are shown in Figure 2(b).

(a) (b)

Figure 2: Distribution following a banana shape. Left (a): The 30% deepest points computed according to the
half-space depth do not follow the medial axis of the data and rather, are close to the center of the convex hull of
the set. Right (b): The 30% deepest points computed according the the Delaunay-based proximity depth describe
better the geometry of the space of variation. These subplots were generated using the Depth Explorer software
[50, 51].

2.3 Example 2: Growth Curves
The growth curves in Figure 3 show the change of height over time for different genotypes of the
same species of plant4. It is an example of a large family of curves collected in the biological sciences,
called reaction norm curves, which measure the change of a trait as a function of the environment for
different genotypes (see [59] and [54] for other examples). Each growth curve represents a family and
the variation in these curves represents the genetic variation in the population. Data depth methods
applied to these curves would allow biologists to understand the genetic variation in the population,
in particular to define the center of the distribution (curve of highest depth) as well as rank all curves
with respect to this distribution.

This set of curves is one example of functional data of common shape. Although the height was
measured at 6 time points, the height varies continuously over time. Functional Data Analysis (FDA)
considers the infinite-dimensional curve, rather than the 6-dimensional vector, as the statistical entity
of interest. Earlier models described the growth curves in a logistic parametric form, such that

yij = fi(tj) + εi,j , and fi(t) =
Ki

1 + (Ki/Ni − 1) exp (−rit)
;

4Data kindly provided by John Stinchcombe, Biology Department at the University of Toronto, and Johanna Schmitt, Biology
Department at Brown University
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Figure 3: Growth curves, showing the change in height over
time for 49 plant genotypes. Each curve represents the mean
height of a genotype at 6 time points. The variation in this
data represents the genetic variation in the population.

where yij is the measured height of family i at time tj , fi(tj) is the value of the height function at time
tj and εi,j is the additive noise due to measurement error. The three parameters Ni, Ki and ri are
respectively the initial height, final height and growth rate of family i.

We could think of the distribution of these curves in different ways: first, since the height of the
plant was collected at 6 time points, as variation in a 6-dimensional space; second, as variation of
functional data in an infinite-dimensional space; third, as variation in the 3-dimensional parametric
space. More precisely, if the data is generated by the parametric logistic curves, variation in the growth
curves could be represented by variation in the population of the three parameters of growth rate r,
final height K and initial height N . Figures 4(a) and 4(b) show particular examples of logistic curves,
their 3-d space of variation (by considering only 3 measurements, so that we could visualize the space
of variation), and the corresponding parametric variation. Figure 4(a) (resp. Figure 4(b)) shows the
variation when the parameter r varies (resp. r and K vary), keeping K and N fixed (resp. N fixed).

We see in Figures 4(a) and 4(b) that variations in the parameters K and r result in nonlinear
variation in the height. Because of this nonlinearity, describing the distribution by classical data
depth methods would produce distinctly different answers for the three different ways of describing
data variation. Given that the parametrization of variation of the data is generally unknown and that
different parametrization could produce equivalent variation of the data, we focus here on data depth
methods on the original scale of the data rather than on any parametrization. An additional advantage
of this approach is that the dimensions in the original view of functional data are on comparable scales,
whereas the parameters may lie on different scales. For example, the dimensions in the original data
for logistic curves represent heights and lie on the same scale, but under parametrization, the initial
height N and final height K share a scale, but the growth rate r has a different scale.

Although the data in Figure 4 (a) lies in a one-dimensional curve, classical data depth methods
applied to this curve would find that all point have equal depth, so they would fail to identify a center
or spread of the distribution. For example, according to the half-space depth, for every data point we
could find a half-plane passing through that point that has zero points on one side, and thus the depth
of all points will be zero. We would like to define a data depth concept that would be invariant or con-
sistent with increasing dimensionality of the data. Moreover, we would like to define a correspondence
between the depth in the original data and a possible parametrization of the variation. For example,
the shades of gray in the second subplot in Figure 4(a) correspond to contours that we believe better
reflect the distribution in the data set.

2.4 Nonlinear Variation in Statistics
The novelty of the proposed work is that it builds both on statistical methods for describing nonlinear
variation and some existing algorithms for dimensionality reduction to proceed further in understand-
ing and quantifying variability in a more robust way. This subsection surveys statistical methods used
for describing variability in non-linear spaces of variation.

In FDA and image analysis, nonlinear variations of curves around a common shape, such as regis-
tration or horizontal shift, have been recognized for some time, see Chapter 5 in [81]. However, most
existing FDA methods of analysis of variance which account for nonlinearity in the data, have treated
nonlinearity somewhat as a nuisance. Although nonlinear variations are sometimes important vari-
ation in the data [56], these methods remove the nonlinear variation to estimate the common curve
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Figure 4: Two examples of high dimensional logistic curves variation. Curve space (left); space of
variation of this data shown in 3-d (middle), where coordinates of each point i represent the heights
(yi(t1), yi(t2), yi(t3)) at times t1, t2 and t3) and the parameter space (right). Subplot(a) left: logistic
curves with varying growth rate; middle: the space of variation is a one dimensional curve, the shades
of the curves from lighter to darker represent smaller to larger depth (for our ideal measure of depth)
for this sample; right: the parameters r generating the curves are equally spaced. Subplot (b) left: lo-
gistic curves with varying final height K and growth rate r; middle: the space of variation is supported
in a 2-d manifold; right: the parameter space generating the data, r versus K.

better, see [92, 93], and then apply conventional linear techniques [84, 81], they do not account for
nonlinear components in the quantification of variation.

Fréchet [70] conducted some of the earliest work on generalizing the concept of mean and variance
to distributions in manifolds rather than Euclidean spaces. These concepts were rediscovered for
analysis of nonlinear variation in curves [56, 54, 53], and statistical shape analysis [63, 64, 11, 32].
The Fréchet mean in the manifold coincides with the usual mean when the support of the distribution
is Euclidean with the usual metric. However, the Fréchet variance is a number, not a matrix, which
represents the total variation in the data, even when the data lie in a k (k ≥ 1) dimensional manifold.
Although the Fréchet variance addresses the problem of nonlinearity, it does not fully describe the
variation. As in Fréchet’s mean and variance, we propose to use a metric in the manifold to define
the depth of a point; the data depth methods proposed in Section 3, however, provide a more nuanced
understanding of the variability in the data.

Hastie and Stuetzle’s [39] pioneering, and highly cited [21, 22, 85], work on principal curves relies
on finding principal directions of variations that are nonlinear, as opposed to linear principal compo-
nent. Principal curves are the curves in the middle of the data which are formally defined as the curves
which satisfy the self-consistency principle. Many other manifold learning methods have been recently
developed, mostly in computer science, to analyze variation of data in a nonlinear manifold using lo-
cal geometric properties [86, 25, 20, 19, 23, 36, 18] and kernel methods [10]. The principal curve and
manifold learning tools have been mainly used for dimensionality reduction, and not for quantifica-
tion of variability along principal directions. As in manifold learning methods, the methodology we
propose will use proximity graphs to learn the geometry of the support. In addition, we address the
quantification of the variability using proximity graphs.

3 Depth Functions for Distributions with Nonlinear Variation
Our goal is to define medians and depth functions for data and distributions with nonlinear variation.
This method will make it possible to quantify statistical properties of the probability distribution,
useful for dimensionality reduction, variability decomposition and inference.

We propose two meaningful measures of data depth in Subsection 3.1. These definitions provide a
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measure of depth which respects the geometry of the distribution. We propose also general desirable
properties for data depth functions for distributions in Subsection 3.2. The method we propose to
approximate this depth function, from a sample, will be presented in Section 4. Readers not familiar
with differential geometry definitions of Riemannian manifold, Tangent space, geodesics and log map
are encouraged to read the Appendix for reference.

3.1 Depth Functions
We propose two different ways of defining depth in manifolds, they both respect the geometry of the
support of the distribution. The first definition links the depth measure in a manifold to the depth
measure in the tangent space, which is a Euclidean space. The second definition is related to the
concept of minimizing the L1 distance to define the median or point of highest depth. These depth
measures are broadly defined for a large class of distributions supported on a complete connected
Riemannian manifold or submanifold Ω. Our definitions of depth use geodesic distances d(x, y), or the
shortest distance of paths along the support Ω between two points x and y. 5 In particular, if Ω is Rk

(k ≤ d), or any convex set in Rk, then this distance is the usual Euclidean distance.

3.1.1 Definition 1: Generalized Depth in Manifolds as Depth in Tangent Space
This depth definition links any classical depth function, defined in Euclidean spaces, with definition
of depth in a manifold through the tangent spaces to the manifold and the log map (as defined in
Appendix).

Definition 3.1. The generalized [D] depth of a point x in the manifold is its [D] depth in its tangent
space TxΩ, where all other points in the manifold were transformed to the tangent space using the
isometry log map Logx and [D] is any depth function defined with respect to Euclidean space.

Since the tangent space TxΩ is a Euclidean space, any measure of depth [D] can be used in this
Euclidean space, such as half-space depth or simplicial depth.

If the support Ω is a convex subspace of a Euclidean space Rk, the log map at any point is the
identity function. So, the advantage of this data depth is that the measure coincides exactly with the
usual definition of depth in Euclidean spaces. On the other hand, if the support Ω is a non-convex or a
nonlinear manifold this depth measure respects the geometry of the manifold.

3.1.2 Definition 2: Depth in Manifolds Using L1 Medians
This depth definition links the L1−median in a Euclidean space with the L1−median in a manifold.
The depth of a point is then defined from center outward relative to the median.

Definition 3.2. Let F be a distribution supported in Ω such that
∫
Ω

d(x, y)dF (y) < ∞ for all x ∈ Ω. A
point m ∈ Ω is called a median of F if

∫
Ω

d(m, y)dF (y) ≤
∫
Ω

d(x, y)dF (y),∀x. Moreover, the generalized
L1 depth of a point x in the support is the ratio D(x) =

R
Ω d(y,m)dF (y)R
Ω d(x,y)dF (y)

.

Under this definition, the depth of a point decreases as we move away from a median along a geodesic.
This is a new definition of depth. We will investigate the conditions for which this definition will
coincide with other depth measures in convex Euclidean spaces.

3.2 Desirable Properties of Depth Functions
Desirable properties of depth functions and depth contours, as a tool to analyze and evaluate depth
functions, were suggested and often cited statistical papers [67, 94, 95, 40]. In particular, Serfling
and Zuo [94] formulated a general definition of desirable properties of depth functions to serve most
effectively as a tool providing center outward ordering of points (affine invariance; maximality at cen-
ter; monotonicity relative to deepest point; and vanishing at infinity). They evaluated several depth
functions according to these properties. As shown in [50] these desirable properties are meaningful
and give the expected results if the underlying distribution is unimodal and the ordering of the points
is center-outward.

5This distance is well defined for connected complete Riemannian manifolds or submanifolds, see Appendix 9.
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We will revise some of these properties, such as affine invariance, and monotonicity relative to
deepest point, to account for distributions in manifolds or non-convex spaces. Zuo and Serfling use
these properties to prove important convergence properties of depth contours. We plan to extend their
work, and prove comparable results for data with nonlinear variations.

Affine Invariance: A depth function is said to be affine invariant if its coordinate system can change
without affecting the relative geometry of the function, i.e. the geometry remains consistent with
rotation, scale, or translation of the axes. For such a function, the choice of scale of coordinate system
will not affect the relative depth between two points, nor the depth contours. Thus, for experimental
data with several dimensions/variables, even if the relative proportions between the dimensions are
not known, the output of the analysis will remain unchanged.

We consider that the relative scale is important and that some affine transformations can change
dramatically local properties related to scale, as shown in Figure 3.2. Instead of letting the data depth
be invariant to all affine transformations, we propose to modify this property as follows:
Invariance under expansion of the space: The data depth should be invariant to any transformation
of the distribution by H such that H : x ∈ Ω 7→ H(x) ∈ Υ and dΥ(H(x),H(y)) = α ∗ dΩ(x, y) for some
scalar α, where dΩ (resp. dΥ) is the geodesic distance in Ω (resp. Υ).

X1

X
2

Original scale

X1

X
2

Rescaled Data

Figure 5: Distribution following a banana shape after an
affine transformation that shrinks the variable X2 while leav-
ing the variable X1 the same. Left: original data set. Right:
data set after affine transformation. This transformation
does not preserve the relative scale and changed the local
properties of the distributions.

Maximality at Center: The maximality at center property states that for a distribution having a
uniquely defined center (e.g. a point of symmetry with respect to some notion of symmetry), the depth
function should attain maximum value at the center. By changing the definition of symmetry to account
for symmetry on a manifold, we consider the property of maximality at the center to remain desirable
for manifolds.

Monotonicity Relative to Deepest Point: For the monotonicity property to hold, as a point x moves
away from the ‘deepest point’ (the point at which the depth function attains maximum value) along
any fixed ray through the center, the depth at x should decrease monotonically.

This property clearly will not hold as stated for data from a distribution lying on a non-convex
support. Consider a two dimensional manifold which resembles a swiss roll (see [86, 25]). Then a
fixed ray through the center can cross this manifold several times, where consecutive cuts are not
necessarily cutting consecutive regions in the manifold

Rather than moving in a line from the deepest point to another point, we can move through the
geodesics between two points. The depth along this path should decrease monotonically as we move
away from the deepest point. We propose the following:
Monotonicity Relative to Deepest Point in a Manifold: For every geodesic path connecting a point x ∈ M
to the ‘deepest point’ (the point at which the depth function attains maximum value), the depth on the
path should decrease monotonically.

Vanishing at Infinity: According to the vanishing at infinity property the depth of a point x should
approach zero as ||x|| approaches ∞, where ||x|| is the Euclidean norm of x. In other words, the depth
of point x should approach zero as it moves away from the deepest point to infinity. This property is
desirable in order to ensure the boundedness of any depth contour. While this property can remain
unchanged it can be relaxed by using the geodesic distance instead of the Euclidean distance, i.e. the
depth of point x should approach zero as d(x, m) goes to infinity, where m is a point of highest depth.
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3.3 Proposed Future Research Related to Depth in Manifolds
We propose to prove formally:

1. That both proposed data depth measures satisfy our defined desirable properties.
2. For which distributions our depth definitions are equivalent to usual depth definitions–we expect

these definitions to be equivalent when the distribution is unimodal and its support is convex.
3. For which distributions in manifolds would both of our definitions coincide.
4. Convergence properties based on the desirable properties of depth functions.

4 Data Depth for Sample Sets
For most existing depth functions, as n goes to infinity, the depth value of a point x relative to a
finite sample converges almost surely to the comparable depth in the continuous case, relative to the
underlying model, where the probability distribution is in Rd: limn→∞Dn(x) = D(x), where D(x) is
the theoretical data depth of x (see Section 3) and Dn(x) is the estimate of the depth of x generated
from sample {X1, . . . , Xn, x} [24, 67]. Under certain conditions (for example elliptic distributions) and
for most well behaved depth functions the depth contours for the finite sample case track the contours
of the underlying model [40, 94, 95]

Our goal is to prove comparable results assuming that the underlying distribution is not linear. We
will suggest depth functions to estimate depth values and depth contours for non-linear distributions
from a finite sample S, that are based on the notion of proximity graphs. Proximity graphs, graphs
in which points that are close to each other under some definition of closeness are connected [57],
are the main technique used to capture the structure of a manifold Ω given a finite sample from Ω
[86, 20, 19, 23, 36, 18]. Thus, the use of proximity graphs as a tool for depth computation is a natural
extension of this approach. As part of this research we will define the required sampling conditions,
under which the estimators approximate the underlying distribution well. Intuitively, if the underlying
distribution lies on a manifold with a small feature size, then a better sampling is required in order
to guarantee that the depth values relative to the sample set track the depth values of the underlying
model.

Section 4.1 describes our suggested depth functions. Sections 4.2 and 4.3 provide background on
proximity graphs and the reasons that proximity graphs are attractive as a tool for studying high-
dimensional manifolds. Sections 4.4, 4.5 and 4.6 describe the main research directions: quantifying the
required sampling conditions to achieve meaningful approximations of the continuous case; providing
graphs for which the path length closely approximates geodesic distance; and suggesting algorithms
for detection of boundary points in high dimensional manifolds.

4.1 Definition of Depth Relative to a Sample Set
Definitions 4.1 and 4.2 are the sample version of the definitions in Sections 3.1 and 3.2 respectively, and
are achieved by estimating the geodesic distance by distance along graphs generated from the sample
S. Definition 4.3 is a definition based on an existing depth measure (the proximity graph depth), that
is easier to compute relative to the first two definitions and under certain conditions, approximates
them.
Definition 4.1. Sample Depth of a Manifold as Depth in Tangent Space: The sample [D] depth
of a point x with respect to a set S = {X1, . . . Xn, x} is the sample [D] depth of the point x with respect
to the set Logn,x(S) = {Logn,x(X1) . . . Logn,x(Xn)}, where [D] is any depth function defined in Euclidean
space, Logn,x is the estimated values of the log map at point x using estimates of the geodesic from the
sample S (see Appendix for more details on log map).

At each point of the sample x, the estimated values of the log map Logn,x(xi) can be found by
embedding the set S on a Euclidean space (estimated tangent space) using the matrix of geodesic
distances.
Definition 4.2. Generalized Sample Depth of a Manifolds Using L1 Medians: The generalized
median in a sample S = {X1, . . . Xn} is a point m ∈ S such that

∑
i dn(xi,m) ≤

∑
i dn(xi, x),∀x ∈ S. The

generalized sample L1 depth of a point x with respect to a set S = {X1, . . . Xn} is D(x) =
P

i dn(xi,m)P
i dn(xi,x) .
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Definition 4.3. The Sample [Proximity graph] Depth of a point x relative to a point set S =
{X1 . . . Xn} is the minimum path length in the [proximity graph] of S that must be traversed in or-
der to travel from x to any point on the boundary of S.

The proximity graph depth is a new class of depth functions [76, 77, 50], generalized from the
concept of Delaunay depth [37, 1]. We have shown experimentally [76, 77, 50], that unlike most existing
depth functions, the proximity graph depth can distinguish multimodal data sets. Note that in the
original definition the proximity graph depth was defined using the minimal number of edges in a
path from a point x to the boundary. However, in order to approximate the generalized depth function
for the continuous case we chose to use the path length rather than the path size. This will not add
to the complexity of computing the depth of a point, but will guarantee certain properties of the depth
function.

4.2 Proximity Graphs
Proximity graphs are graphs in which points close to each other by some definition of closeness are
connected [57]. Examples include the Delaunay triangulation [34], the family of β-skeletons [61] which
include as a special case the Gabriel graph [35] and the relative neighborhood graph [87], the k-
relative neighborhood graphs [57], rectangular influence graph [52], sphere of influence graph [88],
γ-neighborhood graphs [91], and others. See Figure 6 for examples of the Delaunay triangulation and
Gabriel graph of a set of points.
The Delaunay triangulation is one of the most commonly used proximity graphs and has many
application area. The Delaunay triangulation of a d-dimensional point set S is the simplicial decom-
position of the convex hull of S such that the d-sphere defined by the points of every simplex in the
decomposition contains no point r ∈ S [34]. In a closed Riemannian manifold, the Delaunay triangula-
tion of a set of sites exists and has properties similar to the Euclidean case, as long as the set of sites
is sufficiently dense [66, 38].

Figure 6: The Delaunay triangulation and Gabriel graph of a
distribution following a banana shape. The Delaunay triangu-
lation triangulates the region which is the convex hull of the
set while the Gabriel graph is more indicative of the shape of
the cloud. However, this may not be true for other point sets.
This figure demonstrates that the boundary of a shape cannot
be defined simply as the set of outer edges.

4.3 Manifold Learning
The manifold learning problem is the problem of computing a model of a k-dimensional manifold
Ω embedded in d-dimensional Euclidean space Rd only from a finite set S of sample points. The ap-
proximated manifold is usually represented as a triangulation or more generally simplicial complexes
[28]. 6 This problem has applications in fields such as speech recognition [13] and neural networks.
Most existing algorithms are based on the reconstruction of a proximity graph on the point set, and
refinement of the resulting structure.

In the general manifold learning problem the manifold can be a collection of manifolds, not neces-
sarily of the same dimension. In our problem, however, we assume that the probability distribution
lies on a connected manifold, and thus we can assume that we are dealing with only one manifold.

Special cases of the manifold learning problem in low dimensions are curve reconstruction [29, 3]
and surface reconstruction [4, 5, 6]. Shape reconstruction in the general case is a difficult problem,
and some progress have been achieved in the study of this problem only recently. Current algorithms
study restricted classes of non-linear manifolds and use varying types of proximity graphs to capture
the shape of the manifold.

6A triangulation is a partition of a geometric domain into simplicies that meet only at shared faces. A simplicial complex K
is a finite set of simplicies such that (i) if σ is a simplex of K and τ is a face of σ then τ is a simplex of K, and (ii) if σ and τ are
simplicies of K then σ

S
τ is either empty or a connected face of τ and σ.
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• ISOMAP[86] studies the class of non-linear manifolds which are isometric to a convex domain of
Euclidean space (like the swiss roll example). It uses two types of proximity graphs, either they
connect two points if they are at a distance of no more than some global threshold, or they use
the k nearest neighbor graph (a fixed number of nearest neighbors around each point). A variant
of this algorithm C-ISOMAP [20, 19] was later described to recover mappings of a larger class of
conformal embeddings provided that the original sampling density is reasonably uniform.

• CoconeShape [23] reconstructs a shape from a sample derived from a smooth manifold embedded
in some Euclidean space Rd and is based on computation of the Delaunay triangulation. An im-
provement of the algorithm [18] can produce a triangulation T interpolating S such that Ω and
the underlying space of T , denoted |T |, are homeomorphic and the Hausdorff distance between
Ω and |T | and the distance between their respective normal spaces are provably small. This al-
gorithm requires strict sampling conditions and although theoretically important, is impractical.
An algorithm based on the adaptive neighborhood graph [36] allows to approximate the geodesic
distances between the points in S provided a certain standard sampling condition is fulfilled.
However, this algorithm is not guaranteed to produce an approximation that is topologically
equivalent and geometrically close to a samples one.

To the best of our knowledge practical algorithms for high dimensional manifold reconstruction are
rare (ISOMAP and its relatives). There is need for more practical tools for manifold learning, with
guaranteed performance under certain conditions. Our application of data depth computation presents
a relaxed manifold learning problem, as we do not require the computed model to be geometrically close
to Ω, but rather require that the path lengths be a good approximation of the geodesic distances. We
plan to provide a practical implementation to solve this problem, based on the adaptive neighborhood
graph, or to suggest a new algorithm, with guaranteed performance.

4.4 Boundary and Boundary Detection
For elliptically symmetric distributions, the boundary of S is defined as the convex hull of S. However,
for data lying on a manifold, this definition needs to be modified. For example, consider a banana
shape, as in Figure 2, then the boundary of the banana consists of points that are not necessarily on
the convex hull of the shape.

The problem of detecting boundary points, although may seem straightforward, is not simple, es-
pecially in dimensions higher than 2: although in two dimensions we can trace the edges forming the
boundary of the shape (see for example Figure 6), in higher dimensions edges connecting pairs of points
form only the skeleton of the shape and they cannot define any boundary to it.

A well known technique for boundary detection in two and three dimensions is based on α-shapes
[29, 30], a family of polytopes derived from the Delaunay triangulation of the point set. A similar
notion was suggested by Veltkamp as γ-graphs for three dimensional point sets [91]. However, these
algorithms are based on construction of the Delaunay triangulation which is computationally ineffi-
cient for high-dimensions. As part of our research, we will suggest methods of extracting boundary
point, based on construction of a proximity graphs, which are more feasible to compute than Delau-
nay triangulations. A possible approach is to extend the α-shapes methods for other types of proximity
graphs. Note that we do not need to output the shape of the boundary, only boundary points. Therefore,
it might be possible to propose a more efficient algorithm than existing methods (as a comparison, algo-
rithms for computing the convex hull of a set of points have an exponential dependance on dimension,
while algorithm for computing only the extreme points have linear dependance).

4.5 Path Length to Approximate Geodesic Distance
The proximity graph depth will approximate the generalized depth function provided that the path
length between two points in the graph will approximate the geodesic distance. The dilation (or span-
ning ratio) of a graph defined on n points is the maximal ratio over all pairs of data points (x, y), of
the minimum graph distance between x and y, over the Euclidean distance between x and y. Not
all proximity graphs have bounded dilation: while Delaunay triangulation has bounded dilation of
approximately 2.42 [58], it has been shown that the family of β-skeletons have unbounded dilation
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[12, 31]. However, the algorithmic complexity of computing the Delaunay triangulation makes it im-
practical for use in higher dimensions. In addition, we require that the ratio is computed relative to
the geodesic path and not the Euclidean path.

Therefore, we will need to investigate the type of proximity graphs that have bounded dilation
for geodesic distances and what are the required sampling conditions to correctly approximate the
geodesic distance from the graph. One possible candidate is the adaptive neighborhood graph [36]
that allows to approximate the geodesic distances between the points in S provided a certain standard
sampling condition is fulfilled.

4.6 Sampling Conditions
Surface reconstruction algorithms assume that the input points satisfy a sampling condition. Assume
that the manifold Ω is compact and smooth. The medial axis of Ω is the closure of the set of points in
Rd that have more than one closet point in Ω. Local feature size for Ω ⊆ Rd is a continuous function
f : Ω → R where f(x) is the distance of x ∈ Ω to the medial axis of Ω. Intuitively, f measures how
complicated Ω is in the neighborhood of x.

Some algorithms for manifold learning require uniform sampling, however, relaxed sampling con-
ditions are possible. A sample S of Ω is an ε sample if for each x ∈ Ω there is a sample point p ∈ S
such that ||p − x|| ≤ εf(x) [3]. Dey et al. [23] showed that this condition is not always sufficient (for
applications of dimension detection) and suggested a stricter sampling condition: A sample S of Ω is
(ε, δ) sampling if for each x ∈ Ω there is a sample point p ∈ S such that ||p − x|| ≤ εf(x) and for any
p, q ∈ S ||p− q|| ≥ δf(p) and ε/δ is a constant. This sampling is very restricted, and is used in [18], but
can potentially be relaxed if the manifold dimension is known in advance.

We will investigate the sampling conditions required to guarantee a good approximation of the
depth values and depth contours.

4.7 Proposed Future Research Related to Depth from Sample
1. Find computationally tractable ways to generate proximity graphs with desirable properties.
2. Show that our sample data depth is a consistent estimate of the distribution data depth defined

in Section 3.
3. Derive the distribution of our data depth estimates, and estimate bias and variance for small

sample.
4. Study the effect of the sampling conditions on the quality of the results.
5. Suggest algorithms for detection of boundary points from a graph representing a manifold.

5 Experimentation and Computational Framework
The experimentation and computational aspects of this project span several directions. The first di-
rection is programming our suggested algorithms, specifically the algorithms for computation of depth
functions in the sample case, as suggested in Section 4. This work will require the translation of our
theoretical definitions to efficient code; the design of appropriate data structures that will be easily
extendable for large high dimensional data sets; and the testing of the correctness of the resulting pro-
grams, by designing appropriate data sets. The second direction is generation of data that will enable
to test and validate, through these simulations, our methods and the reliability of our code. The third
direction is to apply our algorithms to real life data to extract fresh insights.

We will begin by analyzing generated data sets in two and higher dimensions, using two main
techniques. In one approach we will define varying types of probability distributions, create samples
based on these distributions and compare the statistical attributes computed based on the sample set
to the statistical attributes of the original set. In the second approach we will generate data sets from
simple elliptical distribution and create data with nonlinear variations by transforming the original
data set. This can be done, for example by using a parabolic function to create a banana shape or by
defining parameters of variation and projecting the data using these parameters (see Figure 4). Our
goal is that the median and, in most cases also the depth contours, in the generated sets will coincide
with the median and the depth contours in the original set. For these generated sets the underlying
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distribution is not known. Second, we will apply the tested algorithms to real life data sets and try
to extract fresh insights from the data using our methods. Examples include growth curves shown in
Section 2, face data [86] and speech recognition data.

We expect that in the preliminary phases of this research most code will be written in MATLAB [72],
as it provides an easy platform to generate data sets and to quickly write and test code. Experimenting
with large high-dimensional data sets or real life data will require faster algorithms and will therefore
be coded in C++ or Java. We expect to use existing geometric algorithms as part of the LEDA [65] or
CGAL [17] libraries. These software libraries are in common use in the geometry community and allow
code to be built based on verified existing modules, shortening programming time, and improving the
quality and flexibility of the code.

6 Summary of Proposed Research
Our goal is to propose novel data depth functions that would extend data depth concepts to describe
variation of multivariate data (such as curves, images or shapes), when the space of variation is a
manifold or the result of nonlinear variation in the data. We propose to generate statistical tools and
efficient algorithms for the application of our method in data analysis.

As detailed in the preceding pages, the major tasks to pursue are as follows:
• Characterize the class of distributions F for which our definition coincides with other classical

definitions of data depth.
• Develop statistical analysis and quantification methods based on this definition.
• Suggest practical methods of estimating this depth function based on proximity graphs.
• Conduct an experimental study with varying constructions of point sets and apply it for analysis

of real life data sets.

In the course of our research we expect collaboration opportunities with other researchers at MIT,
Stanford and elsewhere.

7 Multidisciplinary Training
This project will impact training of future statisticians and computer scientists and will promote in-
terdisciplinary collaboration between the two groups. A graduate student seminar on the topic of this
proposal will be jointly offered by Principal Investigator Izem at Harvard and Principal Investigators
Souvaine and Rafalin at Tufts to encourage statisticians and computer scientists to collaborate and
share ideas and train graduate students in the area. Results of this project will be integrated into un-
dergraduate classes as well. We believe that many statistical concepts we propose, quantifying center
and spread of a distribution, are fairly intuitive and could be illustrated with simple toy examples in
an introductory undergraduate class in statistics or more advanced classes such as analysis of vari-
ance and multivariate analysis. PI Izem has taught several undergraduate courses in introductory
statistics and experimental design and has required students to conduct small research projects as
assignments for the class. The data depth concepts discussed in this proposal will serve as a basis
for some undergraduate research projects on data analysis or exploration. An exploratory computer-
science course that incorporates real life problems was designed by Souvaine and taught by Souvaine
and Rafalin and was successful in attracting undergraduate students to computer-science. The course
will be expanded to include the results of this research. Souvaine is the PI of an NSF CSEMS project
devoted to recruiting/retaining needy members of under-represented groups in computer science, en-
gineering and mathematics, a program that exposes these undergraduates to research results in their
first and second years.

8 Results of Prior Support
NSF grant CCF-0431027: “Impact of Computational Geometry on Depth-Based Statistics”
Period of support: August 15, 2004 - August 14, 2006 Amount: $ 170,402
Principal investigator: Diane L. Souvaine Postdoctoral Associate: Eynat Rafalin
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Data depth is a statistical analysis method for multivariate data that requires no prior assumptions
on the probability distribution of data and handles outliers. This ongoing project applies computational-
geometry techniques to develop more efficient tools for data-depth analysis, including combinatorial
and algorithmical results. Results to date include the following. A new depth measure, based on the
minimum path length along proximity graph edges to the convex hull of a point set was suggested and
evaluated theoretically and experimentally [50, 76, 77]. A novel approach for analyzing depth in multi-
modal data sets was presented including experimental results demonstrating that, unlike most depth
functions, the proximity graph depth can distinguish multimodal data sets. An interactive software
tool for the generation of data sets and visualization of the performance of multiple depth measures
was developed to provide experimental evaluation, recognize problems with the existing measures,
and to suggest modifications [50, 51]. Two competing notions of depth contours were identified and ef-
ficient algorithms for dynamic computation of both versions of half-space depth contours were provided
[15, 75]. A new definition of simplicial depth was proposed which remains valid a continuous proba-
bility field, but fixes flaws incurred by the current definition in the finite sample case. Tight bounds
on the value of the simplicial depth based on the half-space depth were proved, and the computational
complexity of the new definition was evaluated [14]. A novel approach for topologically sweeping the
complete graph, that is used to compute the simplicial depth median, was presented [79, 75].

9 Appendix - Geometry of the Support of a Distribution
This section includes the notation, terminology, and definitions we need in Section 3 to define data
depth functions for distributions F . Needed concepts are support of a distribution, Riemannian man-
ifold, and geodesic distance. Good resources for an introduction to differential geometry are [8], [62],
and [2].

Support of a distribution: The support Ω of a distribution F is the space in which the distribution
lives. For example, the support of the uniform distribution on a compact set K in Rd is the set K. On
the other hand, the support of the multivariate normal distribution in Rd is Rd. More formally, the
support Ω of a distribution F is the intersection of all closed sets in Rd with F measure 1. The data
depth function defined in Subsection 3.1 have distributions with support in smooth spaces in which
the shortest distance of paths, along the space, between two points is well defined. This condition is
satisfied if the support spaces are complete Riemannian manifolds, and the distances that interest us
will be geodesic distances.

k-dimensional differentiable manifold: A k-dimensional manifold is locally homeomorphic to Rk,
and we call the local homeomorphisms charts. For the manifold to be smooth, we need these charts to
be smooth and to patch up together smoothly as well ( to be C∞ related ). More formally, k-dimensional
differentiable manifold is a set M together with a family (Mi)i∈I of subsets such that: (i) M = ∪i∈IMi;
(ii) [Local homeomorphisms] For every i ∈ I, there is an injective map φi : Mi ∈ Rk so that φi(Mi) is
open in Rk and C∞; and (iii) [C∞ related charts] For Mi ∩Mj 6= ∅, φi(Mi ∩Mj) is open in Rk, and the
composition φjoφ

−1
i : φi(Mi ∩Mj) → φj(Mi ∩Mj) is C∞ for arbitrary i and j.

Each φi is called a chart, and (Mi, φi)i is called an atlas. In addition, we suppose that manifolds satisfy
the Haussdorf separation axiom (i.e. every two points p and q in M have disjoint open neighborhoods
Up and Uq in M ).

Tangent space: Given a manifold M in Rd, we can associate a linear subspace of Rd at each point p
of M called the tangent space. A tangent space TpM of M at p is the set of all tangent vectors of M at p.
A tangent vector at p can be thought of as a directional derivative, so that tangent vectors are tangents
to curves lying on the manifold. Formally, a tangent vector at p is an equivalence class of differentiable
curves or paths c : (−ε, ε) → M with c(0) = p, where c1 ∼ c2 ⇔ d

dt (φoc1)(0) = d
dt (φoc2)(0) for every chart

φ : M → R containing p. The following Theorem [62] gives the dimensionality of the tangent space
TpM (which is the same as the manifold M ) as well as a coordinate system in that linear subspace.

Theorem 9.1. The tangent space at p on a k-dimensional differentiable manifold is an k-dimensional
R-vector space and is spanned in appropriately chosen coordinates xi, . . . , xk in a given chart by

∂
∂x1 |p, . . . , ∂

∂xk |p, where ∂
∂xi |p(f) := ∂(foφ−1)

∂ui |φ(p),∀ differentiable functions f in a chart φ which contains p.
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For every tangent vector V at p, one has V =
∑n

i=1 V (xi) ∂
∂xi |p. A vector field in the manifold M is a func-

tion that smoothly assigns to each point p in M a tangent vector V in TpM .

Riemannian Geometry: Riemannian geometry will provide the context for an inner product in the
manifold. Note that in Rk, we can consider that the usual Euclidean distance is derived from the
definition of inner product, so that ||x|| =

√
< x, x >. Similarly, a Riemannian metric is defined with

respect to an inner product in the tangent space. Let L2(TpM ; R) = (TpM)∗ be the dual space of
TpM , i.e. the space of all bilinear forms from TpMxTpM to R. Let {dxi|p ⊗ dxj |p, i, j = 1, . . . , k} be
the dual basis in the dual space L2(TpM ; R), then a Riemannian metric g on M is an association from
g : p ∈ M 7→ gp ∈ L2(TpM ; R), where gp defines at every point p an inner product on the tangent space
TpM , i.e gp satisfies the following conditions: (i) Symmetry. gp(X, Y ) = gp(Y, X) for all X, Y ; (ii) gp is
positive definiteness. gp(X, X) > 0 for all X 6= 0; (iii) Differentiability. gp =

∑
i,j gi,j(p)dxi|p ⊗ dxj |p

where the coefficients gi,j are differentiable functions. The pair (M, g) is then called a Riemannian
manifold, and one refers to the Riemannian metric as the metric tensor.

Geodesics: In Euclidean spaces, the shortest path between two points is a straight line, and the
distance between the points is measured as the length of that straight line segment. In Section 3.1, we
define the distance between two points in the support of a distribution Ω as the distance of the shortest
path between two points along Ω. This quantity is guaranteed to exist and be well defined for complete
and connected Riemannian manifolds, and the shortest path is called geodesic. If c : [a, b] → M is a
differentiable curve on a Riemannian manifold M with endpoints c(a) = x and c(b) = y. The length of c

can be defined as L(c) =
∫ b

a
||c′(t)||dt where c′(t) is a vector in the tangent space Tc(t)M , reparameterized

proportional to arclength, and the norm is given by the Riemannian metric at c(t).
The idea of a global minimum of length leads to a definition of distance, not to be confused with the
Riemannian metric. It is defined as d(x, y) = inf{L(c) : c differentiable curve between x and y}. Any
differentiable path c with minimum length L(c) is called geodesic7. Geodesics are guaranteed to exist
for complete, connected Riemannian manifolds, as described in the Hopf-Rinow Theorem [62].

Exponential and log map: When the geodesic c exists in the interval [0, 1], such that c(0) = p and
c′(0) = v, the Riemannian exponential map at the point p of a manifold, denoted Expp : TpM → M , is
defined as Expp(v) = c(1). If M is a complete manifold, the exponential map is defined for all vectors
v ∈ TpM , and the mapping Expp is a diffeomorphism in some neighborhood U ⊂ TpM containing 0.
The inverse of the exponential map is called the log map and denoted by Logp : Expp(U) → TpM . The
Riemannian log map Logp is an isometry, it preserves the length of geodesic curves from p to other
points in the manifold.

7Geodesics may not be unique, in the case of the sphere, there are infinitely many geodesics between two points. On the other
hand, geodesics may not exist, for example for the plane without the origin (i.e. R2 − {(0, 0)}) there is no geodesic between the
two points (−1, 0) and (1, 0).
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