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Abstract

This thesisstudiesthe complexity of learning logical expressionsin the model of

Exact Learning from Membership and EquivalenceQueries. The focus is on Horn

expressionsin ¯rst order logic but results for propositional logic are also derived.

The thesis includesseveral contributions towards characterizing the complexity of

learning in thesecontexts.

First, a new algorithm for learning ¯rst order Horn expressionsis presented

and proved correct. The algorithm improves on previous work in two ways. It

can learn a larger classof expressionsthan previously known, and its query and

time complexity improve on previous algorithms. In particular the algorithm can

learn both the classof range-restrictedexpressions,and the classof constrained

expressions,which werepreviously consideredin the literature.

Second,the thesis includesseveral lower bound results and techniquesstudying

the optimal complexity of theselearning problems,thus trying to identify whether

it is possibleto improve over the complexity of our algorithm.

We study the VC Dimensionof Horn expressions,a tool that giveslower bounds

on query complexity in our model. Our results characterize exactly the VC Di-

mensionof Horn expressions,providing the best lower bound possibleusing this

technique. This technique leaves a gap to the upper bound provided by our al-

gorithm. Our analysis also highlights problematic aspects of measuring learning

complexity in ¯rst order logic that have beenignored in previouswork.

We study the Certi¯cate Size,a tool that characterizesthe query complexity of

learning in our model. Our results give certi¯cate constructions for several classes

ii



of important propositional expressions,including Horn CNF expressions.We also

show that any certi¯cate for a slight generalizationof Horn CNF expressions,the

classof renamableHorn CNF expressions,is of exponential size,thus showing that

this classis not e±ciently learnable.

Finally, we study the lattice structure induced by generality relations in ¯rst

order logic expressions,and derive someconclusionsfor learningcomplexity in more

restricted scenarios.
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Chapter 1

In tro duction

This thesisis concernedwith the problem of learning conceptsexpressedin ¯rst or-

der logic. First order logic is a highly expressive languagethat allows us to describe

complicated phenomenaconcisely. As an example, take the following imaginary

map of cities:
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To expressthe concept \ two cities are connected by a major highway" we just

needthe following ¯rst order rule: \for all cities x, y and z, if x is connectedto y
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and y is connectedto z, then x is connectedto z" which we formally write in the

languageof ¯rst order logic as:

8x8y8z connected(x; y) ^ connected(y; z) ! connected(x; z) (1.1)

From such a rule we can extract all the pairs of cities that are connected,just

by applying it repeatedly and assumingthat initially the connectedcities are those

adjacent in our map. If we were to usea propositional formalism to describe the

sameconceptwe would have to explicitly list the cities that are connectedin our

map, partially represented by the following table that contains 212 = 441 entries

for a map with 21 cities:

City 1 City 2 Conne cted? City 1 City 2 Conne cted?

Casablanca Ceuta YES Caracas Casablanca NO

Casablanca Abuja YES Casablanca Harare YES

Harare Abuja YES Harare Caracas NO

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

Notice also that if we were to change the map, the propositional description

would have to changein order to re°ect the changesmade. However, the ¯rst order

descriptionof the conceptremainsunchangedsinceit refersto the transitiv e nature

of connectednessand henceit appliesto every map imaginable.

In this work we study the complexity of learning ¯rst order Horn expressions

which are essentially sets of rules such as 1.1. We adopt a supervised learning

scenario that assumesthat there is a teacher (or oracle) available that answers

questions(or queries) posedby the learning algorithms. We assumethat there is a

set of ¯rst order rules known only to the teacher; the task of the learning algorithm

is to discover theserules (or a set of equivalent rules) by asking questionsto the

teacher. It is important to distinguish this learning scenariofrom the more passive

one where algorithms are just presented with a seriesof labeled examplesand no

active questionsare allowed.

Interest in learning conceptsexpressedin logic is not new. In fact, during the

last two decadesthe machine learning community has producedan impressive list
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of results related to learning di®erent types of logic formalisms, both theoretical

and empirical. For example,learning algorithms for decisiontrees or rule systems

have beendevelopedand applied to numerousreal-world problemsvery successfully

(Mitc hell, 1997).

Inductiv e Logic Programming

In the context of learning in ¯rst order logic, Plotkin (1970) introducesin his pio-

neeringwork an algorithm for computing the least generalgeneralizationof a pair

of clauses(w.r.t. a generalizationrelation known assubsumption| seeSection2.3

for details). This algorithm was later incorporated into a whole theory of inductive

learning in ¯rst order clausallogic (Plotkin, 1971). The notion of least generalgen-

eralization and subsumptionis still central to ¯rst order learning, and in particular,

central to our learning algorithm in Chapter 5. Another exampleof early work in

¯rst order logic learning is that of Shapiro (1983), where he formalizesthe model

inference problemthat is the problemof inferring a ¯rst order theory that is capable

of explaining someobserved facts. Basedon his theory, hedevelopsthe model infer-

ence systemand appliesit to the problem of debugginglogic programs. Other early

examplesof theoretical studiesof the complexity of learning in ¯rst order logic are

(Valiant, 1985;Haussler,1989). Learning ¯rst order logic is currently studied under

the name of Inductive Logic Programming (ILP). Work in ILP rangesfrom appli-

cations, the development of systemsand algorithms, to theoretical studies. While

the work presented in this thesis is purely theoretical, it is of interest to follow the

evolution of machine learning systemsdeveloped within the ILP community.

ILP systemscanbe viewedasalgorithms that perform a search guidedby exam-

plesor queries(or both) over the lattice formedby ¯rst order clausesand their sub-

sumption relation | seeSection2.3 for details. Early ILP systemssuch asCIGOL

(Muggleton and Buntine, 1988)or GOLEM (Muggleton and Feng,1992)perform a

bottom-up search, i.e. they producehypothesesthat are increasinglymore general,

starting with the most speci¯c hypothesis. All thesesystemssu®erfrom very high

4



computational costs, and top-down systemswere developed to improve on their

e±ciency. Systemssuch as FOIL (Quinlan, 1990), PROGOL (Muggleton, 1995)

and ICL (De Raedt and Van Laer, 1995)usea greedycovering method where the

systemadds one clauseat a time to the hypothesisand each clauseis constructed

by a generalto speci¯c re¯nement search. LogAn-H (Khardon, 2000),basedon the

algorithm in (Khardon, 1999b),is the ¯rst bottom-up systemintroducedafter some

time.

While most of ILP systemsare basedon examples,someof the early systems

learn from queries: MIS (Shapiro, 1983), MARVIN (Sammut and Banerji, 1986),

CIGOL (Muggleton and Buntine, 1988),CLINT (De Raedt and Bruynooghe,1992)

and alsothe more recent LogAn-H (Khardon, 2000). Someof thesesystemsrequire

the presenceof an expert to answer the questionsposedby the system. This is

for example the caseof MIS (Shapiro, 1983) where the system is integrated in

a programming development and debuggingenvironment. In the caseof MIS it

seemsnatural that the expert (the programmer) is available during the process.

However, this is quite rare and query-basedsystemsusually simulate the answers

to the queriesusingexamples.This is easyin the caseof equivalencequeries,which

askwhether a given hypothesisis correct or not. Herethe hypothesiscan be tested

againsta set of examplesand if a discrepancyis found then the answer to the query

is Nowhereasif no discrepancyis found the answer shouldbe Yes. It is well known

that if the setof examplesis largeenough,then good guaranteesabout the accuracy

of the hypothesiscan be obtained (Angluin, 1988). Membershipqueriesare usually

harder to simulate and a more ad-hoc solution has to be found for every system.

This is in fact what LogAn-H (Khardon, 2000)doesin its \batc h" mode, sothat no

interaction from the user is required and the systemjust runs using a databaseof

labeled examples.Query-basedlearning algorithms can also be usedwithin larger

systemsthat somehow are able to experiment with the hypothesesprovided by the

systems.This is the caseof the experiments of Reddy and Tadepalli (1999) in the

context of planning. In this system,they can test the hypothesesgeneratedby their
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learning algorithm (Reddy and Tadepalli, 1997)by simulating the planning process

using the hypothesisoutput by the learning algorithm. The sameidea applies to

the work of Bryant and Muggleton (2000) and alsoMuggleton et al. (1999),whose

aim is to automate the scienti¯c discovery processby having a machine learning

algorithm proposinghypothesesand a robot testing the hypothesesby performing

someexperiments.

Complexit y of learning in ¯rst order logic

Unfortunately, Cohen (1995) shows that e±cient learning algorithms do not exist

even for very simple classesof ¯rst order concepts. Thesenegative results apply

to the PAC learning model (Valiant, 1984), where examplesare drawn according

to someunknown distribution and algorithms have no control over which exam-

ples they are allowed to see. To overcomethis, we relax the problem by allowing

algorithms to actively select examples. More precisely, we consider the stronger

model of exact learning from membership and equivalencequeries(Angluin, 1988).

Informally, in an equivalencequery, the learning algorithm suggestsa hypothesis

and an oracleanswersYesor Nodependingon whether the hypothesisis (logically)

equivalent to the target conceptor not. In a membership query, the learning algo-

rithm presents an exampleand an oraclereturns Yes if it is a member of the target

concept,otherwiseit returns No. The model of exact learning from membershipand

equivalencequerieshas beenstudied extensively, mostly in the context of learning

in propositional logic. Indeed, someproblems that are provably hard in the PAC

model1 (or still open) becometractable when queries are allowed. Examples of

this are propositional Horn expressions(Angluin, Frazier, and Pitt, 1992; Frazier

and Pitt, 1993), read once formulas (Angluin, Hellerstein, and Karpinski, 1993),

k-term DNF formulas for ¯xed k (Angluin, 1987a), regular sets (Angluin, 1987b)

and monotoneDNF formulas (Angluin, 1988;Valiant, 1984),amongothers.

1Hardnessresults in the PAC model are commonly proved assumingplausible conditions such
as P 6= N P or RP 6= N P or assumingthat certain cryptographic problems are hard.
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As we have mentioned, early studies of learning in relational domains using

queriescan be found in Shapiro (1983), Valiant (1985) and Haussler(1989). Re-

cently, algorithms have beendeveloped in the model of exact learning from queries

capableof identifying expressive subsetsof ¯rst order Horn expressions.Someof

thesealgorithms usemorepowerful typesof queriesthat partially revealsomeof the

syntactic structure of the target conceptssuch as subsumptionqueries (Arim ura,

1997; Rao and Sattar, 1998) or derivation order queries (Reddy and Tadepalli,

1998). Other algorithms, including our own in Chapter 5 (Reddy and Tadepalli,

1997; Khardon, 1999a;Khardon, 1999b; Arias and Khardon, 2002) use the stan-

dard membership and equivalencequeriesonly. All of these algorithms resemble

the propositional learning algorithms of Angluin, Frazier, and Pitt (1992) and Fra-

zier and Pitt (1993). In fact, they can all be viewed as a generalizationof these

algorithms to the ¯rst order setting. Naturally, the operations of the propositional

algorithm needto be lifted to ¯rst order logic. This is doneby usingvariants of the

least general generalization or lgg of Plotkin (1970) or by using direct products of

¯rst order interpretations and other appropriate operations.

Results

One of the main contributions of this thesis is in presenting a learning algorithm

for an important class of ¯rst order Horn expressions(Chapter 5). This result

improveson earlier work by learning a larger subsetof ¯rst order Horn expressions

with provably fewer queries. The learning algorithm usesequivalencequeries to

test whether its incrementally constructedhypothesesare equivalent to the target

concept,and usesa variant of the least generalgeneralization(Plotkin, 1970)and

membership queriesto update incorrect hypotheses.

To quantify the complexity of our learningalgorithm, weuseparametersthat are

basedon the syntactic components usedto describe the target concept. Important

parametersare the number of clauses,the maximum number of variablesin a clause

v (in our example clause1.1, v = 3 due to variables x, y and z), the maximum
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number of terms in a clause t (in our example clause1.1, t = 3 also since the

variablesare the only terms), and the maximum number of literals in a clausel (in

our exampleclause1.1, l = 3 due to two atoms in the antecedent and one in the

consequent). The useof such syntax-basedparametersis commonin ILP, however,

there has never been a theoretical justi¯cation for this. Chapter 4 introducesa

seriesof parametersthat quantify the complexity of ¯rst order expressions.It also

includes two fundamentally di®erent ways of computing the size of an expression:

TreeSizeand DAGSize. TreeSizeis consideredthe standard notion of sizefor ¯rst

order expressionand counts essentially the number of symbols neededto write

down a ¯rst order expressionin its usual string form. DAGSize is basedon a more

e±cient encoding of the expressionsthat avoids repetitions of multiple occurrences

of identical terms. Chapter 4 providesa framework that characterizesunder which

circumstancesit is justi¯ed to use one set of parametersor another. It relates

DAGSizeto the threeparametersc;l ; t andshowsthat no combination of parameters

can relate to TreeSize. From this we conclude that it is su±cient to take into

account the three parametersc, l and t if one wants an algorithm that is e±cient

w.r.t. DAGSize.

The complexity of our algorithm in Chapter 5 is exponential in the number

of variables. This contrasts with the algorithms of (Arim ura, 1997; Reddy and

Tadepalli, 1998; Rao and Sattar, 1998) whosecomplexity is only polynomial in

this crucial parameter. However, as we mentioned earlier, these algorithms use

very powerful queries. It is thus interesting to investigatewhether this exponential

dependenceis necessary, or in other words, whether onecan ¯nd better algorithms

if only membership and equivalencequeriesare available.

Chapter 6 takesa ¯rst step in this direction by studying the VC Dimensionof

¯rst order Horn expressions.The VC Dimensionof a classis known to give a lower

bound for the number of queriesneededto learn the classwhen using membership

and equivalencequeries(Maassand Tur¶an, 1992). In Chapter 6 we show that the

VC Dimensionof ¯rst order Horn expressionsis not exponential in the number of
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variables(it is polynomial in all the relevant parameters)and henceit leavesa gap

to the exponential upper bound provided by the learning algorithm. The remainder

of this thesis is concernedwith closingthis gap.

After the introduction of the model of exact learning from queries (Angluin,

1988) there has beengreat e®ort put into characterizing learnability when certain

types of queries are available by meansof combinatorial quantitativ e character-

izations of the concept classesto be learnt. A summary of these combinatorial

characterizations can be found in (Angluin, 2001). Particularly relevant to this

work is the notion of certi¯c ate size, which is directly related to the number of

queriesneededto learn from membership and equivalencequeries(Hellerstein et

al., 1996;Hegedus,1995). Chapter 7 studiesthe certi¯cate sizeof variousclassesof

propositional expressions,including propositional Horn expressions.Constructions

of certi¯cates of polynomial size are given for unate CNF/DNF and Horn CNF;

thesecanbe viewed asalternative proofsof their learnability. Somematching lower

bounds for certi¯cate size are also given. Chapter 7 shows also that renamable

Horn CNF, a slight generalizationof propositional Horn CNF, has certi¯cates of

exponential size. This implies that there is no polynomial algorithm that learns

this slightly more generalclassand solvesan open questionof Feigelson(1998).

Finally, Chapter 8 studiessomeproperties of the subsumption lattice over ¯rst

order clauses.We ¯rst show that subsumption chains of exponential length exist;

this fact is then used to show the impossibility of e±ciently learning ¯rst order

Horn clausesin the restricted model whereonly membership queriesare available.

Then we show that a pair of clausescan have an exponential number of pairings (a

pairing is a variant of the lgg usedby our learning algorithm to generalizeclauses).

This meansthat there are casesin which the learning algorithm in Chapter 5 must

make an exponential number of queries,thus showing that our analysisis tight.

In summary, the thesis provides a new algorithm and complexity upper and

lower bounds for the problem of learning ¯rst order Horn expressions.Chapter 9

includesfurther discussionof the results and directions for further work.
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Chapter 2

Logic Review

In this chapter we review the standard de¯nitions and results of logic and that are

used in this thesis. We do not attempt to give a comprehensive review of logic;

readersunfamiliar with mathematical logic can refer to standard textbooks e.g.

(Lloyd, 1987;Chang and Keisler, 1990).

2.1 Prop ositional logic

2.1.1 Syntax

Expressionsin propositional logic (alsocalledformulas) arebuilt usinga non-empty,

¯nite set of propositional variables V = f v1; : : ; vng with n 2 N+ , the logical con-

nectives :̀ ' (negation), `̂ ' (conjunction), `_ ' (disjunction), !̀ ' (implication), and

two punctuation symbols `(' and `)' used to resolve ambiguities with the logical

connectives. An exampleof a well-formed formula is `(v1 ^ : v3) _ (v2 ^ v3 ! v4)'.

Of particular importance are formulas that are in Disjunctive Normal Form or

DNF which is a disjunction of conjunctions, and its dual the Conjunctive Normal

Form or CNF which is a conjunction of disjunctions. The formula above has as

DNF representation `(v1 ^ : v3) _ : v2 _ : v3 _ v4' and asCNF representation `(v1 _

: v2 _ : v3 _ v4) ^ (: v3 _ : v2 _ : v3 _ v4)'.

10



In propositional logic, a conjunction of literals such as`v1 ^ : v3' is calleda term.

A disjunction such as :̀ v3 _ : v2 _ : v3 _ v4' is called a clause. A clausewhich has

at most onepositive variable is calleda Horn clause. Examplesof Horn clausesare

:̀ v3 _ : v2 _ : v3 _ v4' and also :̀ v3 _ : v2 _ : v3'. A Horn clauseis usually denoted

by an implication `A ! a', whereA is a conjunction of positive variablesand a is

a positive variable. A is commonly referred to as the antecedent of the clauseand

a as its consequent. In the Horn clause`A ! a', the variables in A are negative,

and a is the (at most one) positive variable. Both A and a can be empty. As an

example,the Horn clause :̀ v3 _ : v2 _ v4' is written as`v3 ^ v2 ! v4', and the Horn

clause :̀ v3' is written as `v3 ! '. A Horn CNF formula is a conjunction of Horn

clauses.

We note that there are many conventions concerningthe priorities of the logical

connectivesand the usageof the parenthesesthat we do not describe here.

We also note that in this section we have written formulas in quotes ` ' to

distinguish them from regular text. From now on we stop doing this, and hope that

notation and context are enoughto make this distinction.

2.1.2 Semantics

An assignment assignsa truth value (we use `0' and `1') to each propositional

variable in V = f v1; : : ; vng. It is typically denoted by a string in f 0; 1gn . For

example,assumingn = 5, the assignment 00110assignsv1 to 0, v2 to 0, v3 to 1, v4

to 1, and v5 to 0.

Given an assignment x and a formula f , we can evaluatethe truth or falsity of

f under x in the following way: ¯rst substitute every occurrenceof a variable in f

by its corresponding truth value given by x, and then recursively apply the rules

dictated by the classicaltruth tables of the logical connectives to obtain its ¯nal

value. We say that an assignment x satis¯es a formula f , noting this by x j= f , if

the formula f evaluatesto 1 under x. Otherwise,we say that x falsi¯es the formula

f and denotethis x 6j= f .
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Given two formulas f 1 and f 2, we say that f 1 logically implies f 2 and denotethis

f 1 j= f 2 i® for every assignment x 2 f 0; 1gn if x j= f 1 then x j= f 2. Two formulas

f 1; f 2 are logically equivalent (denoted f 1 ´ f 2) i® f 1 j= f 2 and f 2 j= f 1.

A boolean function g : f 0; 1gn ! f 0; 1g assignsto every assignment in f 0; 1gn

a value from f 0; 1g. Notice that each propositional formula f representsa boolean

function g in the natural way: for any assignment x 2 f 0; 1gn : g(x) = 1 if f j= x and

g(x) = 0 if f 6j= x. Di®erent formulas can represent the samebooleanfunction: e.g.

the formulas`(v1^ : v3)_ : v2_ : v3_v4' and `(v1_ : v2_ : v3_v4)^ (: v3_ : v2_ : v3_v4)'

represent the sameboolean function. Clearly, two formulas representing the same

booleanfunction must beequivalent. Wesometimesabuseour notation and identify

formulaswith their represented booleanfunctions. I shouldbeclearfrom the context

which onewe refer to in each case.

2.2 First order logic

2.2.1 Syntax

A signatureS consistsof a set P of predicatesymbols (with associated arities) and

a set F of function symbols (with associated arities). Syntactically, there is not

much di®erencebetweenfunction and predicate symbols, with the exception that

predicatesymbols cannot be nested;the main distinction betweenthem is given by

their semantics (seeSection 2.2.2). Given a signature S and a non-empty set of

variablesV we construct ¯rst order terms1 as follows:

² a variable in V is a ¯rst order term

² if f 2 F is a function symbol of arity a (denoted by f =a), and t1; : : ; ta are

¯rst order terms, then f (t1; : : ; ta) is alsoa ¯rst order term; wecall theseterms

functional terms

1Terms in propositional logic are entirely di®erent from terms in ¯rst order logic!
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Typically, we usex; y; z; : : to denotevariables,f ; g; h; : : to denotefunction sym-

bols. Constants (special function symbols that havearity 0) aredenotedby a;b;c;: :

and 1; 2; 3; : :

If p 2 P is a predicatesymbol of arity a (denotedby p=a) and t1; : : ; ta are ¯rst

order terms, then p(t1; : : ; ta) is an atom. We also considera special type of atom:

the inequality (t1 6= t2), wheret1; t2 are ¯rst order terms.

Atoms can be combined using the logical connectives :̀ ' (negation), `̂ ' (con-

junction), `_ ' (disjunction), !̀ ' (implication), and the two punctuation symbols `('

and `) of propositional logic into ¯rst order formulas (equivalently, we refer to ¯rst

order formulas by ¯rst order expressions). Additionally , ¯rst order logic has the

quanti¯ers for all `8' and exists `9' which allow to quantify variablesuniversally or

existentially to form formulasof the sort `8v Á' or `9v Á', wherev is a variable and Á

is an arbitrary formula. A literal is an atom p(t1; : : ; ta) or its negation: p(t1; : : ; ta).

We have seenhow to build complexformulas or expressionsgiven a set of vari-

ables, a signature S, the logical connectives and the quanti¯ers. The set of ¯rst

order expressionsbuilt from S is denotedby F OS. When we want to make explicit

that a formula is in F OS, we refer to it as a S-formula or S-expression.

Notice that if a signature S contains predicate symbols of arity 0 only or no

function symbols and variables are allowed, then S-expressionsare propositional

formulas. Hence,propositional logic is a special caseof ¯rst order logic.

In this work we only consider formulas that are in prenex normal form (the

expressionsare `Q1v1 : : Qnvn Á' where Qi are quanti¯ers and the formula Á is

quanti¯er-free). Moreover, we consider universally quanti¯ed expressionswhich

areexpressionsthat are in prenexnormal form and do not contain existential quan-

ti¯ers.

Given a ¯rst order expressionE 2 F OS, we de¯ne the following sets

² Vars(E) is the set of variablesappearing in E

² Terms(E) is the set of ¯rst order terms appearing in E, including subterms.

13



² AtomsP (E) is the set of atoms that can be built from the terms in Terms(E)

and predicatesymbols in P.

Example 1 SupposeP = f p=2; q=1g and r is a predicateof arity 1.

² Vars(f (x; g(y))) = f x; yg

² Terms(f (x; g(a))) = f x; a;g(a); f (x; g(a))g

² AtomsP (r (f (1))) = f p(1; 1); p(1; f (1)); p(f (1); 1); p(f (1); f (1)); q(1); q(f (1))g

The de¯nition of Vars, Terms and AtomsP can be extendedto setsof expres-

sionsby taking the union of the result of each individual expression.For example,

Terms(f E1; E2; E3g) = Terms(E1) [ Terms(E2) [ Terms(E3).

A ¯rst order clauseis a universallyquanti¯ed disjunction of literals. For example

the expressioǹ 8x8y8z : add(x; y; z) _ add(y; x; z)' is a clause.Moreover, it is ¯rst

order Horn since it contains at most one positive literal. Since all variables are

universally quanti¯ed, we do not need to write the quanti¯ers and usually write

clausesutilizing the !̀ ' notation as `add(x; y; z) ! add(y; x; z)'. We also useset

notation to denote a clause. In this case, the clause above can be denoted by

f: add(x; y; z); add(y; x; z)g. Finally, a ¯rst order Horn expressionis a conjunction

of universally quanti¯ed ¯rst order Horn clauses.

De¯nition 1 A ¯rst order Horn clauses ! b is range restricted if Terms(b) µ

Terms(s). A ¯rst order Horn clauses ! b is constrained if Terms(s) µ Terms(b).

For example,the clausep(x) ! p(f (x)) is constrainedbut not rangerestricted.

On the other hand, the clause: add(x; 0; succ(x)) is range restricted but not con-

strained.

De¯nition 2 A Horn clauseis non-trivial if it is not a tautology.

De¯nition 3 Let ineq(s) be the set of all possibleinequalities between¯rst order

terms appearing in s. A ¯rst order Horn clauses ! b is fully inequated if its
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antecedent contains all the possibleinequalities betweenpairs of ¯rst order terms

in it, i.e., if ineq(s [ f bg) µ s.

As an example, let s be the set f p(x; y); q(f (y))g containing the ¯rst order

terms f x; y; f (y)g. Then ineq(s) = f x 6= y; x 6= f (y); y 6= f (y)g also written as

(x 6= y 6= f (y)) for short.

De¯nition 4 A meta-clauseis a setof Horn clausesthat sharethe sameantecedent.

A meta-clauseis denoted by [s;c] where s and c are sets of atoms. Formally,

[s;c]
def
=

V
b2 c(s ! b).

Meta-clausesprovide a compact way to represent setsof clauseswith the same

antecedent and are extensively usedin Chapter 5 of this thesis.

De¯nition 5 A range restricted ¯rst order Horn expression is a conjunction of

rangerestricted ¯rst order Horn clauses.Similarly, constrained Horn expression is

a conjunction of constrained¯rst order Horn clauses.Finally, a fully inequated ¯rst

order Horn expression is a conjunction of fully inequated¯rst order Horn clauses.

2.2.2 Semantics

Given a signatureS, an S-interpretation (alsocalledS-model or S-structure) is the

¯rst order analogueof the assignment. The elements of an S-interpretation I are:

² a countable set D called domain whoseelements are referredto as objects

² for each f =a 2 F , I de¯nes a function mapping f I : D a ! D . Notice

that function mappings assigna domain object to each constant: aI = o.

The function mappingsguide how ¯rst order terms are evaluated to domain

objects

² for each p=a 2 P, I includes a subset of f P(o1; : : ; oa) j oi 2 D; 1 · i · ag.

This is called the extensionof predicate p and it lists which of the instances

of the predicateP are true in I
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Now we brie°y explain how ¯rst order S-formulas are evaluated given an S-

structure. Given an S-structure with domain D and a ¯rst order expressionE, a

variable assignment(w.r.t. S) is an assignment to each variable in E of an object

in D.

Given an S-structure with domain D, a ¯rst order expressionE and a variable

assignment V w.r.t. S, a term assignment(w.r.t. S and V) is de¯ned as:

² Each variable in E is given its assignment accordingto V.

² Each constant is E given its assignment accordingto S.

² If t0
1; : : ; t0

a are the term assignments of t1; : : ; ta and f 0 is the assignment of

the a-ary function symbol f , then f 0(t0
1; : : ; t0

a) 2 D is the term assignment of

f (t1; : : ; ta).

Let I be an S-interpretation with domain D, let V a variable assignment, and

E a ¯rst order formula. Then the truth value of E can be given as follows:

² If E is an atom p(t1; : : ; ta), then the truth value is 1 i® p(t0
1; : : ; t0

a) is in I 's

extensionfor p, where t0
1; : : ; t0

a are the term assignments for t1; : : ; ta w.r.t. I

and V.

² If E is an inequality t1 6= t2, then its truth value is 1 i® the term assignments

for t1; t2 are the sameobject t0 in D.

² If E is of the form : E1, E1 ^ E2, E1 _ E2 or E1 ! E2, then the truth value

is given by the usual truth table for : ; ^ ; _ and ! .

² If E is of the form 9x E 0, then the truth value is 1 i® there exists an object

d 2 D such that E 0 has truth value 1 w.r.t. I and V [ f x 7! dg.

² If E is of the form 8x E 0, then the truth value of the formula is 1 i® for all

d 2 D, E 0 has truth value 1 w.r.t. I and V [ f x 7! dg.
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If an interpretation I makesan expressionT evaluate to 1, then we say that I

satis¯es T and denotethis by I j= T. In this case,we alsosay that I is a model of

T. If T evaluates to 0 under I , then we say that I falsi¯es T and denote this by

I 6j= T. A ¯rst order expressionT1 entails or logically implies another expression

T2 (denoted T1 j= T2) if every model of T1 is also a model of T2. Two expressions

T1; T2 are logically equivalent (denotedT1 ´ T2) i® T1 j= T2 and T2 j= T1.

2.2.3 Deduction

A substitution is a mapping from variables into ¯rst order terms. We denotesub-

stitutions as sets of ordered pairs f x1 7! t1; : : ; xn 7! tng where x i are variables

and t i are ¯rst order terms for all i = 1: : n. We usually refer to substitutions by

the Greek letter µ and variations of it. Substitutions can be applied to ¯rst order

terms, atoms, setsof atoms, and any ¯rst order expressionin general. The e®ect

of applying a substitution µ = f x1 7! t1; : : ; xn 7! tng to a ¯rst order expression

E, denotedasE ¢µ, is to (simultaneously) replacethe free variablesx i that appear

in E by the corresponding terms t i . Notice that if E doesnot contain any of the

variables in the domain of µ, then applying µ to E leaves E unchanged. We say

that E ¢¾is an instance of the expressionE.

De¯nition 6 A substitution µ is non-unifying w.r.t a ¯rst order expressionsE if

for every pair of distinct ¯rst order terms t; t0 2 Terms(E) we have that t ¢µ 6= t0¢µ.

We can prove the following:

Lemma 1 Let µ (and subscripted variations of it) be substitutions, let S and s be

two setsof atoms,b a singleatom, and µN a non-unifying substitution w.r.t. s[ f bg.

Then,

1. If b2 s, then b¢µ 2 s ¢µ.

2. If b62s, then b¢µN 62s ¢µN .
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3. If b2 S n s, then b¢µ 2 S ¢µ n s ¢µ unlessb¢µ 2 s ¢µ.

4. If b2 S n s, then b¢µN 2 S ¢µN n s ¢µN .

5. If µ = (µ1 ¢µ2) and t ¢µ 6= t0¢µ, then t ¢µ1 6= t0¢µ1.

6. If T j= s ! b, then T j= s ¢µ ! b¢µ.

Pro of. We prove someof the properties, the rest are immediate. For Property 2,

supposethat b 62s. The substitution µN is non-unifying w.r.t. s [ f bg, therefore,

distinct terms in b remain distinct after applying µN . Thereforewe can reverseµN ,

and we concludethat if b¢µN 2 s¢µN then b2 s. Hence,b¢µN 62s¢µN . Notice that

this is not necessarilytrue if the substitution involved is unifying. As an example,

let s = f p(a)g, b = p(x), and µ = f x 7! ag. Then, b¢µ = p(a) and s ¢µ = s sinces

doesnot contain x. Clearly, b62s but b¢µ 2 s ¢µ. This is becauseµ hasuni¯ed the

terms x; a of s [ f bg. Properties 2 and 3 imply Property 4. For Property 5, notice

that if t ¢µ1 = t0¢µ1, then µ cannot distinguish the terms t and t0. ¥

The propertiesstated in the previouslemmaare repeatedlyusedthroughout the

proof of the algorithm Learn-Closed-Horn in Chapter 5, although this is not

always explicitly stated. Next, we describe a soundand completededuction rule for

¯rst order Horn expressions.

De¯nition 7 A derivation of a clauseC = A ! a from a Horn expressionT is a

¯nite directed acyclic graph G with the following properties. Nodesin G are atoms

possibly containing variables. The node a is the unique node of out-degreezero.

For each node b in G, let Pred(b) be the set of nodesb0 in G with edgesfrom b0 to b.

Then, for every node b in G, either b 2 A or Pred(b) ! b is an instanceof a clause

in T. A derivation G of C from T is minimal if no proper subgraphof G is also a

derivation of C from T.

De¯nition 8 Let C; D be two arbitrary ¯rst order clauses.We say that a clause

C subsumesa clauseD and denotethis by C ¹ D if there is a substitution µ such

that C ¢µ µ D.
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Theorem 2 Let T be any Horn expressionand C be a non-trivial Horn clause. If

T j= C, then there is a minimal derivation of C from T.

Pro of. First, we show that if we apply a substitution µ to all the nodes in a

derivation graph G0 (re-de¯ning its edgesaccordingly) of someclauseD from T

then the resulting derivation graph which we denoteG0¢µ is a derivation graph of

D ¢µ from T: considerany nodeb0 in G0. If Pred(b0) ! b0 is an instanceof a clausein

T, then Pred(b0)¢µ ! b0¢µ is too. If b0 2 Antecedent(D), then b0¢µ 2 Antecedent(D ¢µ)

as well. This coversall the nodesb0¢µ in G ¢µ so we are done.

The SubsumptionTheorem for SLD-derivation (Nienhuys-Chengand De Wolf,

1997) guarantees that there is a SLD-derivation of C from T. Brie°y, a SLD-

derivation is a linear derivation R0 ! R1 ! : : ! Rk = C0 where C0 is such that

C0 subsumesC, R0 is a clausein T, and each Ri for 1 · i · k is obtained by

resolving someclauseCi in T with the previous Ri ¡ 1 using the consequent of Ci

and a selectedatom in the antecedent of Ri ¡ 1 as the literals resolved upon.

Now we show how to transform any SLD-derivation of Rk = C0 from T into a

derivation graph of C0 from T by induction on the depth of the SLD-derivation k. If

k = 0 then the SLD-derivation consistsof just the clauseC0 in T. In this case,our

derivation graph has as nodes all the literals in C0 and edges(l; Consequent(C0))

for each literal l 2 Antecedent(C0). Clearly this is a derivation graph for C0 from T.

For the induction step(k > 0), supposewehavea derivation graph Gk¡ 1 of Rk¡ 1

from T. Weshow how to extendit to a derivation graph Gk of Rk from T. Let Ck be

the clausein T that results in Rk by resolvingit with Rk¡ 1; let ¾be the substitution

that uni¯es the consequent of Ck and the selectedatom l̂ in the antecedent of

Rk¡ 1. ResolvingConsequent(Ck) with l̂ 2 Antecedent(Rk¡ 1) results in the clause

Rk = (Antecedent(Rk¡ 1) n f l̂g [ Antecedent(Ck )) ¢¾! Consequent(Rk¡ 1) ¢¾. To

obtain our desiredderivation graph Gk , considerGk¡ 1 ¢¾ and add the literals in

Antecedent(Ck ) ¢¾ as new nodes. Add the edges(l ¢¾; l̂ ¢¾) for each literal l 2

Antecedent(Ck). Let the resulting graph be our Gk . Now, we claim that Gk is

a derivation graph for Rk from T; it su±ces to guarantee that the new/modi¯ed
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nodessatisfy the conditions of a derivation graph. First, the node l̂ ¢¾satis¯es that

Pred(l̂ ¢¾) ! l̂ ¢¾ is an instance of a clausein T, in particular it is an instance

of Ck 2 T sincewe addededgesfrom all the literals in the antecedent of Ck ¢¾to

l̂ ¢¾ which is precisely the consequent of Ck ¢¾. We have added new nodes l ¢¾

for each l 2 Antecedent(Ck). Clearly, thesenodesappear in the antecedent of Rk

which contains Antecedent(Ck) ¢¾.

Finally, to obtain the derivation graph of C from T, we just apply the substi-

tution µ, where µ is the substitution s.t. C0 ¢µ µ C to the derivation graph of

Rk = C0 from T. By our remark above this is a valid derivation graph for C0 ¢µ

which is also a valid derivation graph for C sinceC0¢µ µ C and, more concretely,

Antecedent(C0) ¢µ µ Antecedent(C). ¥

De¯nition 9 Let T be a ¯rst order Horn expression.Then T is closed if for any

non-trivial clauseC such that T j= C it holds that all minimal derivations of C

from T use¯rst order terms appearing in C only.

Lemma 3 Rangerestricted Horn expressionsand constrained Horn expressionsare

closed.

Pro of. Rangerestricted Horn expressions:if b0 appearsin any derivation of T j=

s ! b, whereT is a rangerestricted Horn expressionand s is a set of atoms, then

obviously, T j= s ! b0. T is rangerestricted and thereforeb0 is madeout of terms

in s only. Thus, b0 2 AtomsP (s) µ AtomsP (s ! b).

Constrained Horn expressions:considerany minimal derivation of s ! b from

a constrained Horn expressionT. If b0 appears in the derivation, then, since T

is constrained,b0 must be made out of terms in b only. Thus, b0 2 AtomsP (b) µ

AtomsP (s ! b). ¥
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2.3 The subsumption lattice

In this sectionwe describe how the subsumptionrelation inducesa lattice over the

set of ¯rst order clauses.This establishesa clearnotion of generality amongclauses

and it is very useful in visualizing the generalizationoperator that is used in the

learning algorithm of Chapter 5.

2.3.1 Subsumption as a generalit y relation

We recall the de¯nition of subsumption: we say that a clauseC subsumesa clause

D and denote this by C ¹ D if there is a substitution µ such that C ¢µ µ D.

Moreover, they are subsume-equivalent, denotedC » D, if C ¹ D and D ¹ C. C

strictly or properly subsumesD, denotedC Á D, if C ¹ D but D 6¹ C.

De¯nition 10 A relation ¹ imposesa quasi-order on a set S if ¹ is re°exive and

transitiv e w.r.t. the elements in S.

De¯nition 11 A relation ¹ imposesa partial-order on a set S if ¹ is re°exive,

anti-symmetric and transitiv e w.r.t. the elements in S.

Theorem 4 If C ¹ D then, C j= D.

Pro of. The Subsumption Theorem for SLD-derivation in (Nienhuys-Chengand

De Wolf, 1997) guarantees that there is a SLD-derivation of D from C. By (the

proof of) Theorem2, we know how to convert the SLD-derivation into a derivation

graph of D from C. Soundnessof derivation graphs (directly derived from the

soundnessof forward chaining) shows that C j= D. ¥

Becauseof Theorem 4, we interpret ¹ as a generality relation betweenclauses.

The relation ¹ is re°exive and transitiv e, and thereforeit imposesa quasi-orderon

the set of ¯rst order clauses. However, this is not a partial order since ¹ is not

anti-symmetric: there exist clausesC1; C2 that are subsume-equivalent but are not

identical, e.g.,C1 = f p(x; y); p(y; x); p(x; x)g and C2 = f p(x; x)g.
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Clausesthat can be obtained by renaming variables are consideredidentical.

E.g., the clausesC3 = f p(x; y); p(y; z)g and C4 = f p(x1; x); p(x; z3)g are variable

renamings, also called syntactic variants. Notice that in this casethe variable

renaming is given by f x $ x1; y $ x; z $ z3g.

The subsumptionrelation ¹ and the set of ¯rst order clausesinduce a lattice2.

This is an important conceptsincegeneralizingor specializinga clausecan be seen

as moving up or down in the subsumptionlattice.

2.3.2 Least general generalization as least upp er bound

In the subsumptionlattice, the least upper bound or lub of a pair of clausesC1; C2

is de¯ned asa clausewhich is more generalthan both C1 and C2, and which is the

least generalsuch clause(w.r.t. subsumption). This is preciselycomputed by the

least general generalization or lgg proposedby Plotkin (1970).

De¯nition 12 A pair of literals are compatible if they usethe samepredicatesym-

bol (and hencesamearity) and have the samesign. A pair of ¯rst order terms are

compatible if they agreeon their leftmost function symbol (and henceon their arity

as well).

The algorithm computing the lgg is as follows:

2Strictly speaking, the relation ¹ is a quasi-orderand not a partial-order, so that (Clauses; ¹ )
doesnot induce a lattice in the standard set-theoretic sense.However, we relax the de¯nition of
lattice to work for quasi-orderswhich is enoughfor our purposes.
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lgg (C1; C2)

1 if C1, C2 are clauses

2 then S Ã ;

3 for each pair of compatible literals l1 2 C1 and l2 2 C2

4 do S Ã S [ lgg (l1; l2)

5 return S

6 if C1, C2 are compatible literals

7 then if C1 = p(t1 : : tn ), C2 = p(t0
1 : : t0

n ) are compatible positive literals

8 then return p(lgg (t1; t0
1) : : lgg (tn ; t0

n ))

9 else =¤ C1 = : p(t1 : : tn ) and C2 = : p(t0
1 : : t0

n ) ¤ =

10 return : p(lgg (t1; t0
1) : : lgg (tn ; t0

n ))

11 if C1, C2 are ¯rst order terms

12 then if C1 = f (t1 : : tn ), C2 = f (t0
1 : : t0

n ) are compatible terms

13 then return f (lgg (t1; t0
1) : : lgg (tn ; t0

n ))

14 else return a new variable x

This procedureis designedto be initially called with two clausesas arguments;

in the subsequent recursive calls the arguments areeither compatible literals of ¯rst

order terms.

It is important to note that whenever the lgg returns a new variable (step 14 in

lgg ) the algorithm storesthe fact that the pair C1; C2 hasbeenmapped to x into

what we call the lgg table. If this pair of terms comeup again, they are mapped

to the samevariable. More formally, the lgg table producedby the computation of

lgg(C1; C2) is a mapping from Terms(C1) £ Terms(C2) into the new set of terms

Terms(lgg(C1; C2)). We denotethe lgg tablesassetsof orderedtriplets of the form

[ t1 - t2 => t3] , meaningthat t1 and t2 are mapped to t3 = lgg(t1; t2).

Example 2 Let C1 = f p(a; f (b)); p(g(a;x); c); q(a)g and C2 = f p(z; f (2)); q(z)g.

Their pairs of compatible literals are

f p(a; f (b)) ¡ p(z; f (2)); p(g(a;x); c) ¡ p(z; f (2)); q(a) ¡ q(z)g:
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Their lgg is lgg(C1; C2) = f p(X ; f (Y)); p(Z; V); q(X )g. The lgg table produced

during the computation of lgg(C1; C2) is

[ a - z => X ] (from p(a; f (b)) with p(z; f (2)))

[ b - 2 => Y ] (from p(a; f (b)) with p(z; f (2)))

[ f (b) - f (2) => f (Y) ] (from p(a; f (b)) with p(z; f (2)))

[ g(a;x) - z => Z ] (from p(g(a;x); c) with p(z; f (2)))

[ c - f (2) => V ] (from p(g(a;x); c) with p(z; f (2)))

The number of literals in the lgg of two clausescan be as large as the product

of the number of literals in each clauseif all the literals involved are compatible. In

Chapter 5 we introducethe notion of a pairing which is a special subsetof the lgg

that avoids the explosionin sizeof the lgg. Pairings area key aspect of our learning

algorithm of Section5.1. Notice that a pairing is more generalthan the lgg sinceit

is a subsetof the lgg; a pairing is thereforea generalizationof the original pair of

clauses,just not the minimal one.
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Chapter 3

Learning From Queries

In this chapter we formalizeour learning model. This involvesformally de¯ning the

following: examples,concepts,typesof queriesavailable to the learning algorithms,

and criterion of successof a learning algorithm.

Fix a signature S = (P; F ); considerF OS, the set of ¯rst order S-expressions.

We distinguish two di®erent learning settings: learning from interpretations and

learning from entailment.

Learning from in terpretations. In this setting, examplesare ¯rst order S-

interpretations. That is, interpretations must de¯ne a function mapping of the

correctarity for every function symbol in F , and their extensionmust contain atoms

built from predicatesin P with the correct arity only. The universeof examples

(all S-structures) is noted by I S.

A concept is a subsetof I S, i.e., a set of S-interpretations. A conceptC µ I S is

represented by a ¯rst order expressionE if I j= E , I 2 C, whereI 2 I S. Notice

that not all possiblesubsetsof I S can be represented by ¯rst order expressions.

In this thesis we consider conceptsthat can be represented by ¯rst order Horn

expressions.
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Learning from entailmen t. In this setting, examplesare ¯rst order S-clauses.

The universeof examplesis noted by CS.

A concept is a subsetof CS, i.e. a set of ¯rst order clauses.A conceptC µ CS is

represented by a ¯rst order expressionE if E j= c , c 2 C, wherec 2 CS. In this

thesiswe considerconceptsthat can be represented by ¯rst order Horn expressions.

Moreover, we restrict the universeof examplesto Horn clausesonly.

Parameterizing concept classes. In both cases(learning from interpretations

and learning from entailment) we useT to refer to conceptclasses.In this thesis,

concept classesare de¯ned by restricting the types of ¯rst order expressionsthat

are allowed. When the concept classis restricted to ¯rst order Horn expressions,

we denotethe conceptclassby H instead. We note that throughout this thesiswe

somehow blur the distinction betweena classof conceptsand the set of ¯rst order

expressionsrepresenting the class.

Supposethat the function

Size: F OS ¡ ! N+

assignsto every ¯rst order expressiona positive integer. Then, Size(C), whereC is

a conceptin someconceptclassT , is de¯ned as

Size(C) = min f Size(R) j R 2 F OS and R represents Cg:

That is, the sizeof a conceptis the sizeof the minimal ¯rst order expressionrepre-

senting it. Given a positive integer m, we de¯ne T Size· m asthe set of conceptsrep-

resented by expressionsof sizeat most m, i.e., T Size· m = f C 2 T j Size(C) · mg.

When it is clear from the context what sizewe are referring to, we can write T · m .

In Chapter 4 we study various notions of sizesfor ¯rst order expressionsin detail.
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3.1 Queries

Assumethat the target concepthas been¯xed, and that it is represented by some

¯rst order expressionT. The query typeswe considerwere introducedby Angluin

(1988) and are:

In terpretation membership query . Given a ¯rst order interpretation I 2 I S,

the query MQ(I ) returns Yes if I j= T or Nootherwise. The input to the query in

this caseis I .

In terpretation equiv alence query . Given a ¯rst order expressionH , the query

EQ(H ) returns Yes if H ´ T, otherwise it returns a counterexampleI 2 I S such

that I j= H and I 6j= T or vice versa. That is, in caseH 6´ T, the query returns an

exampleproving this fact. The input to the query in this caseis H .

Entailmen t membership query . Given a ¯rst order clausec 2 CS, the query

EntMQ (c) returns Yes if T j= c or No otherwise. The input to the query in this

caseis c.

Entailmen t equiv alence query . Given a ¯rst order expressionH , the query

EntEQ(¢) returns Yesif H ´ T, otherwiseit returns a counterexampleC 2 CS such

that H j= C and T 6j= C or vice versa. That is, in caseH 6´ T, the query returns

an exampleproving this fact. The input to the query in this caseis H .

3.2 Computational complexit y of queries

For completenesswe include a partial survey of the computational power that is

required from the oraclesresponding to the queriesmade by the algorithms. It is

well known that if wedo not restrict the expressionsinvolved,oraclesarerequiredto

solveundecidableproblems! In our case,however, the useof closedHorn expressions

makes all the queries decidable. Next, we list someof the problems (and their
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computational complexity) associated with answering membership and equivalence

queriesthat are of particular relevance to us. We assumethat the inputs to our

queriesare both the target conceptand the input to the query per se1. We assume

that all the inputs to the queriesas well as the target conceptare ¯nite.

On mo del checking. Checking whether I j= C whereI is a ¯nite interpretation

and C a clauseis in generala decidableproblem | one can exhaustively apply

the rules of semantic satis¯abilit y for ¯rst order expressions(seeSection 2.2) and

exploreall combinations possible.However, this might be an expensive procedure.

In fact, Vardi (1982) showed that the complexity of this problem is exponential

in the size of C. Papadimitriou and Yannakakis (1997) re¯ned this result and

showed that the exponential dependenceis in the number of variables in C rather

than its total size. They show this by reducing Clique to the problem of deciding

I j= C, whereC is a rangerestricted function free Horn clause. Hence,answering

interpretation membership queries,even for extremely simple target expressions,is

at least NP-hard.

On single-clause implication. Schmidt-Schauss (1988) shows that checking

whether C j= D is undecidableif C and D are arbitrary clauses.More concretely,

deciding C j= D is semi-decidablein the sensethat if the answer is Yes then we

can always ¯nd a proof witnessing this fact. On the other hand, if the answer is

Nowe might never know. Marcinkowski and Pacholski (1995)strengthenthis result

by proving that C j= D remains semi-decidable,even if C and D are Horn. On

the other hand, if C and D are datalog clauses2, the problem becomesdecidable;in

particular, Gottlob and Papadimitriou (2003)show that the problem is EXPTIME-

complete. In Section5.1 we prove Theorem 14 stating that if closedHorn clauses

1This is what in the database theory is called \combined complexity" as opposed to \data
complexity" and \expression complexity" where one assumesthat the target concept is ¯xed, or
that the input to the query is ¯xed, respectively. These complexities are quantitativ ely di®erent
as many results in databasetheory show.

2Datalog expressionsare those containing terms that are either constants or variables.
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are involved, the problem is decidable.Moreover, it is decidablewith a polynomial

number of subsumptiontests (assumingconstant arity).

On subsumption. Unfortunately, subsumption between Horn clausesis NP-

complete(Kietz and LÄubbe, 1994). However, Arimura (1997) shows that the sub-

sumption problemif the Horn clausesareconstrainedis solvablein polynomial time;

this is not hard to seesince the only mapping from variables into terms one has

to consider is the one dictated by the consequents of the clauses. It follows then

from Theorem14 in Section5.1 that the implication problem for constrainedHorn

expressionsis solvable in polynomial time as well. Finally, Khardon (1999b)shows

that the implication problem for range restricted Horn clausesis decidablewithin

exponential time. This result is implied by Theorem14.

Theseresults suggestthat our models are too demanding: where can we ¯nd

oraclesto answer these rather di±cult questions? Despite this, algorithms that

learn from querieshave beenproved useful in practice in various ways. First, they

give huge insights into the structure of the classesthat the algorithms learn, thus

allowing to exploit this structure in perhapsmorepractical scenarios.Second,some

queriescan be simulated easily: for example, equivalencequeriescan always be

well approximated by using a polynomial-sizedset of labeled examples(Angluin,

1988). In fact, equivalencequeriescanbeseenasa usefulabstraction of the learning

scenariowhere labeled examplesare available. Usually membership queriesare a

little harder to simulate, however, ad-hoc methods can be engineeredin many cases

to simulate these. Examplesof successfulquery-basedsystemsare (Shapiro, 1983;

De Raedt and Bruynooghe,1992;Reddy and Tadepalli, 1999;Khardon, 2000).

3.3 Mo dels of learnabilit y

In this thesiswe usethe model of exact learning from equivalenceand membership

queries. Other models using di®erent types of queries,or models restricting the
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possiblequeries to membership queriesonly or equivalencequeriesonly are also

possible.All theseare reviewed in (Angluin, 1988;Angluin, 2001).

The following de¯nitions assumethat wehavea notion of sizefor both ¯rst order

expressionsand examples.In casethat examplesare interpretations in I S (learning

from interpretations), the size of an interpretation is de¯ned as the number of

elements in its domain. When examplesare clauses(learning from entailment),

then we usethe samenotion of sizeas for ¯rst order expressions(seeChapter 4).

Given someexpressionT in someconceptclassT , a learning algorithm for T

is required to output a hypothesis logically equivalent to T after asking a ¯nite

number of membership and equivalencequeries. We usetwo complexity measures

to parameterizethe \goodness"of such a learning algorithm: the query complexity

and the standard time complexity.

De¯nition 13 The query complexity of a learning algorithm A at any stagein a

run is the sum of the sizesof the (i ) inputs to equivalencequeries,and (ii ) inputs

to membership queriesmadeup to that stage. Notice that (i ) refersto the sizeof

¯rst order expressions,and (ii ) refersto the sizeof examples.

De¯nition 14 The time complexity of a learning algorithm is de¯ned in the stan-

dard way, with queriestaking just 1 time step, regardlessof the sizesof the inputs

to the queries.Nonetheless,if the algorithm makesan equivalencequery with a very

big hypothesis,its sizeis somehow accounted for in the time spent to construct it.

Finally, we de¯ne e±cient learnability of a conceptclass:

De¯nition 15 A classT is polynomial query-learnable (polynomial time-learnable,

resp.) if there exists a learning algorithm A and a two-variable polynomial p(¢; ¢)

such that, for any positive integerm, and for any unknown target conceptT 2 T · m

all of the following hold:

(i ) A usesmembership queriesand equivalencequerieswith hypothesesrepre-

senting conceptsin T
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(ii ) A terminates and outputs an expressionh representing the target T

(iii ) at any stage, if n is the size of the longest counterexample received so far

in responseto an equivalencequery, the query complexity (time complexity,

resp.) of A at that stagedoesnot exceedp(n; m).
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Chapter 4

Complexit y of First Order

Expressions

In this chapter we introduce di®erent ways of quantifying the representation or

description complexity of ¯rst order expressions(commonly referred to simply as

size). Having a clearideaof what the di®erent possiblenotionsof sizeareand of how

they interact seemscrucial, sincethe main de¯nitions of query and time complexity

depend on the sizesthat oneuses,and hencea®ectthe learning model directly. We

relate thesedi®erent descriptionsizesusingthe notion of polynomial relation, which

captures precisely those situations for which we can use interchangeablydi®erent

sizeswithout changing the learning model.

4.1 Complexit y measures

In this sectionwe introduceall the complexity measuresusedthroughout this doc-

ument. We illustrate them using the following expressionE:

(8X add(zero;X ; X )) ^ (8X 8Y 8Z add(X ; Y; Z ) ! add(succ(X ); Y; succ(Z )))
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StringSize (¢): as its name suggests,StringSize counts the number of syntactic

symbols usedto write down the input expression,ignoring spaces.Predicate and

function symbols which usemore than oneletter contribute just 1. In our example,

StringSize(E) = 44.

WSize (¢): similar to StringSize, WSize counts the number of syntactic symbols

in the input expression,however, it doesnot count commas,parenthesesor spaces.

Function symbol occurrencescontribute 2 (and henceits name | W comesfrom

\w eighted") and other symbol occurrencescontribute just 1 to the total WSize. In

our example,WSize(E) = 27.

TreeSize (¢): this sizemeasurecounts the number of nodesin a tree constructed

recursively in the following manner. If the expressionis a quanti¯ed expression,

then put the quanti¯er in the root (labeledwith the quanti¯er, FORALLor EXISTS),

the quanti¯ed variable as its left child and the rest of the expressionas the right

child. If the expressionis a conjunct, then add aschildren to the root (labeledwith

AND) all its conjuncts. Disjuncts are treated analogously, having ORasthe root and

the disjuncts as children. For implications the root is labeled with IMPLIESand

the left child is the antecedent and the right child the consequent. With a negation

the node is labeled with NOTand the only child is the rest of the expression.For

atomic formulas, the root is labeledwith the predicatesymbol and the children are

its arguments. If the expressionis a variable, then the root is a leaf labeled with

the variable name. For functional terms, the root is the outermost function symbol

and the children are its arguments. In our example, TreeSize(E) = 24, and the

associated tree is:
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DA GSize (¢): counts the number of nodes in a DAG constructed by identifying

identical subtrees in the tree constructed as explained above. We assumethat

expressionsare standardized apart, that is, we avoid re-useof variable namesthat

belong to scopes of di®erent quanti¯ers. This converts our expressionE into the

equivalent E 0:

(8X 0 add(zero;X 0; X 0)) ^ (8X 8Y 8Z add(X ; Y; Z ) ! add(succ(X ); Y; succ(Z )))

In the example,the only repetition of termsareof variablesX ; Y; Z; X 0which appear

3 times each. We save 4£ (3 ¡ 1) = 8, henceDAGSize(E 0) = TreeSize(E) ¡ 8 = 16.

NT erms (¢): if the input expressionis a CNF expression,NTerms counts the

maximum number of distinct terms (including sub-terms) appearing in any clause

of the input expression.If the input expressionE 0 is not a CNF, then NTerms(E')

is exactly jTerms(E 0)j. In the example,NTerms(E) = 5, corresponding to term set

in the secondclausef X ; Y; Z; succ(X ); succ(Z )g. Throughout this document, we

denotethis parameterby t.

WT erms (¢): similar to the previously de¯ned NTerms, with the only di®erence

that functional terms are given twice as much weight as variables. In our example

WTerms(E) = 7, corresponding to f X ; Y; Z; succ(X ); succ(Z )g.
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NV ariables (¢): if the input expressionis a CNF expression,NVariables counts

the maximum number of distinct variables appearing in any clauseof the input

expression.If the input expressionE 0 is not a CNF, then NVariables(E 0) is exactly

jVars(E)j. In the example,NVariables(E) = 3, corresponding to variable set in the

secondclausef X ; Y; Zg. We denotethis parameterby v.

Depth (¢): the maximum depth of any functional term appearing in the input

expression. In the example, Depth(E) = 2 corresponding to the deepest term

succ(X ) (or succ(Z )). We denotethis parameterby d.

NLiter als (¢): if the input expressionis a CNF expression,NLiterals equalsthe

maximum number of literals in any clause of the input expression. Otherwise,

it just counts the number of literals in the input expression. In the example,

NLiterals(E) = 2 from the secondclause.We denotethis parameterby l.

NPr edic ates (¢): the number of distinct predicatesymbolsappearingin the input

expression. In the example, NPredicates(E) = 1 corresponding to f add=3g. We

denotethis parameterby p.

NF unctions (¢): the number of distinct function symbols appearing in the input

expression.In the example,NFunctions(E) = 2 corresponding to f zero=0; succ=1g.

We denotethis parameterby f .

A rity (¢): the largest arity of any predicate and function symbols appearing in

the input expression.In the example,Arity (E) = 3 corresponding to the predicate

add=3. We denotethis parameterby a.

NClauses (¢): only de¯ned for CNF expressions,NClausesequalsthe number of

clausesin it. In our example,NClauses(E) = 2. We denotethis parameterby c.
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Size of meta-clauses

When quantifying the complexity of a meta-clause,we adopt a di®erent approach:

De¯nition 16 Let Sizebeany complexity measureon ¯rst orderexpressions.Then

Size([s;c]) is de¯ned as the pair (Size(s); Size(c)).

Accordingly, we say that the meta-clause[s2; c2] is morecomplexthan the meta-

clause[s1; c1], denoted by Size([s1; c1]) · Size([s2; c2]), if Size(s1) < Size(s2) or

(Size(s1) = Size(s2) and Size(c1) · Size(c2)). Also, Size([s1; c1]) < Size([s2; c2]), if

Size(s1) < Size(s2) or (Size(s1) = Size(s2) and Size(c1) < Size(c2)).

4.2 Relating complexit y measures

De¯nition 17 Let C be a classof ¯rst order expressions.Let k and j be positive

integers. Let C = f C1; : : ; Ckg be a list of complexity measureson expressions

in C, and let D = f D1; : : ; D j g be an alternative list of complexity measureson

expressionsin C. We say that C and D are polynomially related w.r.t. C if there

exist polynomials p1; : : ; pk of arity j and polynomials q1; : : ; qj of arity k such that

for every E 2 C:

(i) for all i = 1; : : ; k: Ci (E) · pi (D1(E); : : ; D j (E)), and

(ii) for all i = 1; : : ; j : D i (E) · qi (C1(E); : : ; Ck(E)).

Lemma 5 The polynomial relation between setsof complexitymeasuresis re°exive,

transitive, and symmetric. ¥

In the remainderof this section,weinvestigatewhich setsof complexity measures

are polynomially related and which are not. Our main motivation in studying this

problemcomesfrom the discrepancyobservedbetweenthe complexity measureused

in the formal de¯nitions of learnability (usually denoted by Size, without further

explanation), and the complexity measuresactually usedby the algorithm develop-

ersin the literature (which usecombinations of the following: NTerms, NVariables,
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Depth, NLiterals, NPredicates, NFunctions, Arity , and NClauses). Here, we ex-

plore which of TreeSize, DAGSize StringSize and WSize are polynomially related

to the set of alternative measuresM = f NTerms, NVariables, Depth, NLiterals,

NPredicates, NFunctions, Arity , NClausesg:

4.2.1 Relating StringSize and WSize

Lemma 6 StringSize is polynomially related to TreeSize.

Pro of. Let E be an arbitrary ¯rst order expression. Clearly, TreeSize(E) ·

StringSize(E) since each node in the tree of E is counted by StringSize. To see

that StringSize(E) · p1(TreeSize(E)) for somepolynomial p1, notice that the only

syntactic objects that StringSizecounts but TreeSizedoesnot are parenthesesand

commas. First we account for the parenthesesand commasdue to function and

predicate symbol applications. To each of the nodes in the tree of the arbitrary

expressionE we can chargea cost of 3 in the following way: if the node represents

an atom or functional term, the root is charged an extra unit for the predicate

symbol and the opening parenthesis, its children are charged with an extra unit

for the commas, and the rightmost child for the ending parenthesis. The total

of 3 comesfrom the fact that a child might be a functional term itself. Finally,

we account for the parenthesesdue to expressiongrouping. To do this, we note

that every time we useparenthesesto group a subexpression,we are in fact \using

up" someatom in the expressionsince otherwise it does not make senseto add

parentheses.There are a maximum of TreeSize(E) atoms,sowe can charge2 extra

units of cost to each atom in the tree (for opening and closingparentheses).Thus,

StringSize(E) · 5TreeSize(E). ¥

Lemma 7 WSize is polynomially related to TreeSize.

Pro of. Let E be an arbitrary ¯rst order expression. Clearly, TreeSize(E) ·

WSize(E) since each node in the tree of E is certainly counted by WSize, in
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somecaseseven twice. To seethat WSize(E) · p1(TreeSize(E)) for somepoly-

nomial p1, notice that the only di®erencebetween TreeSizeand WSize is that in

WSize functional terms contribute 2 each instead of just 1 as in TreeSize. Thus,

WSize(E) · 2TreeSize(E). ¥

Sincethe relation is symmetric and transitiv e, everything we say from now on

about TreeSizeis valid for StringSizeas well as for WSize.

4.2.2 Relating TreeSize

The questionnow is whetherwecan¯nd a combination of the alternativeparameters

in M that is polynomially related to TreeSize. Supposethat E is a ¯rst-order Horn

expressions.t.

NTerms(E) = t NVariables(E) = v Depth(E) = d

NLiterals(E) = l NPredicates(E) = p NFunctions(E) = f

Arity (E) = a NClauses(E) = c

Observe that any term appearing in E has size at most O(ad). Hence, any

atomic formula hassizeat most 1+ O(ad+1 ) = O(ad+1 ) (1 for the predicatesymbol,

ad+1 for the arguments). Hence, any Horn clause can have size no more than

1+ 2v + lO(ad+1 ) = O(v + lad+1 ) (1 for the implication symbol in the clause,2v for

the quanti¯ers and quanti¯ed variables,and O(ad+1 ) for each atom in the clause).

Finally

TreeSize(E) = O(cv + clad+1 ):

On the other hand, it is clear that all the parametersabove are bounded by

TreeSize(E). The next theoremshows that the conversedoesnot hold:

Theorem 8 TreeSizeis not polynomially bounded by any combination of parame-

ters that includesNTerms for classesover signatureswith at least one constant and

one function symbol of arity at least 2.
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Pro of. We needto ¯nd someexpressionE such that its TreeSizeis exponential in

NTerms. Let E = p(t1), wheret1 is a completetree of degreea with internal nodes

labeledwith function symbol f and leaveslabeledwith constant 1:

p(

d timesz }| {
f (: : f (f (f (

a timesz }| {
1; : : ; 1); : : ; f (1; : : ; 1)); : : ; f (f (1; : : ; 1); : : ; f (1; : : ; 1))) : :))

The following ¯gure represents t1 when a = 2, d = 3:
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The complexity measuresfor E are:

NTerms(E) = d NVariables(E) = 0 Depth(E) = d

NLiterals(E) = 1 NPredicates(E) = 1 NFunctions(E) = 2

Arity (E) = a NClauses(E) = 1 TreeSize(E) = £( ad)

Henceno polynomial combination of the available complexity measuresupper

boundsTreeSize(E). ¥

This is a surprising fact that hasnot beennoticed in previouswork working with

theseparameters.No polynomial combination of the parametersabove can replace

TreeSize.

Lemma 9 If we do not allow function symbols of arity greater than 1, then the set

of parametersf NClauses; NLiterals; Depthg is polynomially related to TreeSize.

Pro of. Follows from the fact that in this caseTreeSize= O(clad). ¥

On the other hand, exponential lower boundsin terms of arity havebeenderived

when ignoring NLiterals. Theseessentially re°ect the following fact:
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Lemma 10 If the number of literals is ignored then TreeSizeand DAGSizeare not

polynomially bounded by Arity

Pro of. Let p be a predicate of arity a. Let f 1; : : ; tg be a set of t distinct terms

built e.g. by oneconstant and oneunary function. Let P be the set of all di®erent

p() atoms built from theseterms; jPj = ta. Let p̂ be a particular element in P. Let

E be the expressionE = P n f p̂g ! p̂. The complexity of E is given by:

NTerms(E) = t NVariables(E) = 0 Depth(E) = t

NLiterals(E) = ta NPredicates(E) = 1 NFunctions(E) = 2

Arity (E) = a NClauses(E) = 1

TreeSize(E) = ­( ta) DAGSize(E) = ­( ta)

Hence,the tree sizeis exponential in the arity when l is ignored. ¥

4.2.3 Relating DA GSize

As in the caseof TreeSize, DAGSizealsogivesan upper bound for all the alternative

parametersin M . This time the relation in the other direction is alsopolynomial.

Notice that a DAG encodes terms in a smarter way, since multiple occurrences

of a term are only counted once. Hence, t terms in a clausecontribute £( t) to

the DAGSize only. An atomic formula contributes only 1 since its arguments are

encoded with the terms already. Hence,every clausehassizeat most O(v + t + l) =

O(t + l) and

c + l + t · DAGSize(E) = O(ct + cl):

Theorem 11 The set of parameters f NTerms; NLiterals; NClausesg is polynomi-

ally related to DAGSize w.r.t. the classof ¯rst order Horn expressions. ¥

Notice that the theorem is true for any values of the other parameters. The

previous claim shows DAGSize can be exponential in arity but as the theorem

shows in such a caseoneof c;l ; t must be large aswell. It is alsointeresting to note

that several resultson learningwith queries,including ours in Chapter 5, giveupper
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boundsin terms of ta and other parameters(Arim ura, 1997;Reddy and Tadepalli,

1998;Rao and Sattar, 1998). While l · p¢ta theseboundsdo not directly relate to

DAGSizeor TreeSize.

4.3 Relating complexit y measures and learning

mo dels

In this section we show that the notion of polynomial relation among complexity

measurescaptures exactly the situations in which one can substitute the related

complexity measureswithout changing the learning model (Lemma 12). For sim-

plicit y we assumethat both examplesand hypothesesare drawn from the same

class,as it is, for example,in the caseof learning from entailment. The result for

the generalcasefollows along similar lines.

Lemma 12 Let C be a class of ¯rst-or der expressions. Let C1; : : ; Ck be a set of

complexity measures that is polynomially related to Size w.r.t. the classC, where

Size is somenotion of sizefor the expressionsin C. Let p1(¢); : : ; pk(¢) and q(¢; : : ; ¢)

be the polynomials witnessingtheir polynomial relation.

Supposethat A is a learning algorithm for C with querycomplexity (w.r.t. alter-

native complexitymeasuresC1; : : ; Ck) bounded by polynomialssi (c1; : : ; ck ; c0
1; : : ; c0

k)

for i = 1; : : ; k, where c1; : : ; ck bound the complexity measures C1; : : ; Ck for target

conceptsand c0
1; : : ; c0

k boundsthe complexitymeasuresfor counterexamplesreceived.

Then, A is a learning algorithm for C.

Pro of. Notice that items (i) and (ii) from the de¯nition of learnability hold trivially

sincewe have assumedthat A is a learning algorithm for C working in the same

model. We show that item (iii) holds. Namely, there is a polynomial r (¢; ¢) s.t. at

any stage,if n is the sizeof the longestcounterexamplereceived so far in response

to an equivalencequery, the query complexity of A at that stagedoesnot exceed

r (n; m).
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In the following, f (args) stands for f 1(args); : : ; f k(args). We de¯ne r (n; m)

as q(s(p(m); p(n))). Observe that all the functions s1; : : ; sk , p1; : : ; pk and q are

polynomials and hencer is a polynomial, too. It is left to show that r bounds the

query complexity for A .

Notice that c 2 Cm implies that c 2 Cp(m) becausep1(m); : : ; pk(m) bound the

complexity measuresin C1; : : ; Ck . By hypothesis,the query complexity (for com-

plexity measuresC1; : : ; Ck) of A is bounded by s(p(m); p(n)). Hence, the query

complexity of A is boundedby q(s(p(m); p(n))). ¥

Remark 1 Note that werequirepolynomial boundsin both directionsto guarantee

learnability. This is neededfor learningwith queriesand for proper PAC learnability

(where hypothesisclassis the sameas concept class),whereasa one sided bound

su±ces for PAC predictabilit y.

It is useful to highlight what can go wrong if this doesnot hold. In the ¯gure

below we can seethree terms: t1 has TreeSizeexponential in the depth while its

DAGSizeis just linear; t2 hasboth TreeSizeand DAGSizeexponential in the depth;

¯nally t3 has both TreeSizeand DAGSize linear in the depth. Now, if one has an

algorithm that learnsw.r.t. TreeSizethen when learning an expressionincluding t1

the algorithm is allowed to include t2 in a query but this is not possiblefor learning

w.r.t. DAGSize sincet1 is just polynomial in the depth whereast2 is exponential.

On the other hand, if onehas an algorithm that learnsw.r.t. DAGSize then when

learning an expressionincluding t3 the algorithm can uset1 in its query. If we try

to usethis algorithm to learn w.r.t. TreeSizethis query is too large.
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TreeSize(t1) = £(2 d)

DAGSize(t1) = £( d)

TreeSize(t2) = £(2 d)

DAGSize(t2) = £(2 d)

TreeSize(t3) = £( d)

DAGSize(t3) = £( d)
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Chapter 5

Learning Closed Horn Expressions

Herewepresent oneof our main results: an algorithm that learnsthe classof Closed

Horn Expressions. The learning algorithm described in this section generalizes

the learning algorithm for the classof propositional Horn expressions(Frazier and

Pitt, 1993) to ¯rst order Horn expressionsand it inherits its high-level structure.

Roughly speaking, our algorithm, like theirs, constructs hypothesesbottom-up |

from speci¯c to general | starting with the most speci¯c hypothesis (the empty

one)and further generalizingit by either addingnewclausesor generalizingexisting

ones.

After every update of the hypothesis,the algorithm checks whether the current

hypothesis is equivalent to the target expressionby using the equivalencequery

oracle. If the answer is Yes, then the algorithm quits and returns the current

hypothesiswhich is guaranteed to be correct. Otherwise, the algorithm usesthe

counterexamplegiven by the oracleas part of the answer to further generalizethe

current hypothesis. This generalizationoccurs through two important mechanisms

in the algorithm: minimization and pairing.

Minimization. Upon receipt of a counterexample from the equivalencequery,

this counterexample,which is a clause,is generalizedby substituting complexterms

by fresh variables and/or removing atoms from its antecedent while the clauseis
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still a counterexample | this can be checked with the membership query oracle.

This operation is called minimization becausethe size of the clausethat is being

minimized is reduced.

Pairing. After the counterexample is minimized, the algorithm tries to combine

it with existing clausesin the current hypothesisby constructing a pairing between

them and checking whether the result is implied by the target | again, we use

the membership query oracle to check this. A pairing is an operation basedon

the least general generalization or lgg (Plotkin, 1970; Plotkin, 1971); given two

clausesit constructs a third clausewhich is strictly more generalthan the original

ones. If the result of pairing a clausein the hypothesiswith the counterexampleis

correct | i.e. implied by the target | then the clauseparticipating in the pairing

is replacedby the result of the pairing. If there is no successfulpairing between

the counterexampleand someclausein the hypothesis,then the counterexampleis

appendedto the current hypothesis.

Finally, the algorithm usesmeta-clausesinstead of standard clauses. Meta-

clausesprovide a compact way of representing setsof clausesthat sharethe same

antecedent. This allows a more e±cient manipulation of the hypotheses,thus sav-

ing time and queries. This idea was used already by Angluin, Frazier, and Pitt

(1992) to improve the complexity of their learning algorithm of propositional Horn

Expressions.

5.1 The learning algorithm

Beforedescribingthe learningalgorithm, we introducesomeusefulde¯nitions. Sup-

posethat the classC is closed.Supposethat H; T 2 C. Then we de¯ne:

² Cons-Closure(T; [s;c]) = [s; f b2 AtomsP (s [ c) n s j T j= s ! bg]

² Ant -Closure(H; [s;c]) = [f b2 AtomsP (s [ c) j H j= s ! bg; c]
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² rhs(T; [s;c]) = f b2 cj T j= s ! bg

Example 3 Let T = f p(x; y) ! q(x); q(x) ! r (x)g and H = f p(x; x) ! r (x)g.

Then,

² Cons-Closure(T; [f p(a;a)g; f q(b)g]) = [f p(a;a)g; f q(a); r (a)g]

² Ant -Closure(H; [f p(a;a)g; f q(b)g]) = [f p(a;a); r (a)g; f q(b)g]

² rhs(T; [f p(a;a)g; f q(b)g]) = [f p(a;a)g; fg ]

The algorithm hasto computeCons-Closure and rhs for the casewhen T is the

target expressiononly. Although it does not know what the target expressionT

is, it can use the EntMQ oracle to check, for appropriate atoms b, if T j= s ! b.

Hence,the following algorithms compute theseoperations:

Cons-Closure ([s;c])

1 CONS Ã f b2 AtomsP (s [ c) n s j EntMQ (s ! b) = Yesg

2 return [s;CONS]

rhs ([s;c])

1 CONS Ã f b2 cj EntMQ (s ! b) = Yesg

2 return CONS

Notice that, in general,the set Ant -Closure(H; [s;c]) is not computable if H is

not closed.However, in our case,weshow that wecancomputeit with a polynomial

number of subsumptiontestsby simpleforward chaining. This is dueto the fact that

we only check for atomsin the polynomially boundedset AtomsP (s[ c) aspotential

consequents. We incrementally construct the set of atoms in the antecedent (AN T

in the following algorithm), starting with the initial antecedent s.
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Ant-Closure (H; [s;c])

1 ANT Ã s

2 rep eat for every atom b in AtomsP (s [ c) n AN T

3 if clauseANT ! b is subsumedby a clauseC 2 H

4 then ANT Ã ANT [f bg

5 until no more atoms are addedto ANT

6 return [ANT ; c]

Lemma 13 The algorithms Cons-Closure ([s;c]), Ant-Closure (H; [s;c]), and

rhs ([s;c]) computeCons-Closure(T; [s;c]), Ant -Closure(H; [s;c]), and rhs(T; [s;c])

respectively, where EntMQ is a membership entailment oracle for sometarget ex-

pressionT.

Pro of. The correctnessof the algorithms Cons-Closure and rhs follows triv-

ially from the assumptionthat the oracle is always correct. For the correctnessof

Ant-Closure , take any atom b 2 Ant -Closure(H; [s;c]). By Theorem 2, there

is a derivation of s ! b from H . Moreover, H is closedand so is the derivation.

Algorithm Ant-Closure searchesthrough all possibleclosedderivations system-

atically, therefore it eventually reachesthe node b in the corresponding derivation,

and b is included in the set ANT . Soundnessof forward chaining guaranteesthat

atoms not in Ant -Closure(H; [s;c]) are never addedto the set ANT . ¥

As a consequence,we obtain:

Theorem 14 The problemof checking whetherT j= C, where T is a closed Horn

expressionand C is a closed Horn clause,is decidable. ¥

Sincesubsumption can be solved in polynomial time for constrainedHorn ex-

pressions(Arim ura, 1997),we obtain the following:

Theorem 15 The problemof checking whetherT j= C, where T is a constrained

Horn expression and C is a constrained Horn clause, is decidable in polynomial

time. ¥
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The situation with rangerestricted Horn expressionsis di®erent. For this type

of clausesVardi (1982) and Papadimitriou and Yannakakis (1997) show that the

implication problem is NP-hard:

Theorem 16 The problem of checking whether T j= C, where T is a range re-

stricted Horn expressionand C is a rangerestricted Horn clause,is NP-hard. ¥

We ¯nally present our learning algorithm.

Learn-Closed-Horn

1 S Ã [ ]; H Ã ;

2 while EntEQ(H ) returns (No; A ! a)

3 do [sx ; cx ] Ã Minimize(H; A ! a)

4 Find the ¯rst [si ; ci ] 2 S s.t. [s;c] 2 Basic-Pairings([sx ; cx ]; [si ; ci ])

satis¯es (i ) rhs ([s;c]) 6= ; and (ii ) WSize([s;c]) < WSize([si ; ci ])

5 if such an [si ; ci ] is found

6 then replaceit by the meta-clause[s; rhs ([s;c])]

7 else append [sx ; cx ] to S

8 H Ã
V

[s;c]2 S f s ! bj b2 cg

9 return H

It remainsto describe how to computethe operations Minimize(H; A ! a) and

Basic-Pairings([sx ; cx ]; [si ; ci ]).

5.1.1 Minimizing the counterexample

The minimization proceduretransforms a counterexampleclauseA ! a as gener-

ated by the equivalencequery oracleinto a more generalmeta-clausecounterexam-

ple [sx ; cx ]. The following procedureimplements Minimize(H; A ! a):
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Minimize (H; A ! a)

1 [sx ; cx ] Ã Cons-Closure (Ant-Closure (H; [A; f ag]))

2 for every functional term t in sx [ cx , in decreasingorder of size

do Let [s0
x ; c0

x ] be the meta-clauseobtained from [sx ; cx ] after

substituting all occurrencesof the term t by a new variable x t

if rhs (s0
x ; c0

x ) 6= ;

then [sx ; cx ] Ã [s0
x ; rhs (s0

x ; c0
x )]

3 for every term t in sx [ cx , in increasingorder of size

do Let [s0
x ; c0

x ] be the meta-clauseobtained after removing

from [sx ; cx ] all thoseatoms containing t

if rhs (s0
x ; c0

x ) 6= ;

then [sx ; cx ] Ã [s0
x ; rhs (s0

x ; c0
x )]

4 return [sx ; cx ]

Example 4 This exampleillustrates the behavior of the minimization procedure.

Parenthesesare omitted; function f is unary. Suppose T consistsof the single

clausep(a; f x) ! q(x), and the algorithm hasreceivedascounterexamplethe clause

p(a; f 1); q(2); r (1) ! q(1). After step 1 of the minimization procedure, the coun-

terexample is transformed into the (equivalent) meta-clause[p(a; f 1); q(2); r (1) !

q(1)]. The next table shows the execution of the following loops in lines 2 and 3.

The leftmost column shows the actual counterexample[sx ; cx ] asit is beinggeneral-

ized. The middle column shows the term that is being generalizedto a variable or

that is being dropped. The rightmost column shows the resulting clauseafter the

generalization[s0
x ; c0

x ], with the implied atoms framed in a box.
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[sx ; cx ] After generalizing term

[p(a; f 1); q(2); r (1) ! q(1)] f 1 7! X [p(a;X ); q(2); r (1) ! q(1)]

[p(a; f 1); q(2); r (1) ! q(1)] 1 7! X [p(a; f X ); q(2); r (X ) ! q(X) ]

[p(a; f X ); q(2); r (X ) ! q(X )] 2 7! Y [p(a; f X ); q(Y); r (X ) ! q(X) ]

[p(a; f X ); q(Y); r (X ) ! q(X )] a 7! Z [p(Z; f X ); q(Y); r (X ) ! q(X )]

[sx ; cx ] After dropping term

[p(a; f X ); q(Y); r (X ) ! q(X )] X [q(Y) ! ]

[p(a; f X ); q(Y); r (X ) ! q(X )] Y [p(a; f X ); r (X ) ! q(X) ]

[p(a; f X ); r (X ) ! q(X )] a [r (X ) ! q(X )]

[p(a; f X ); r (X ) ! q(X )] f X [r (X ) ! q(X )]

[p(a; f X ); r (X ) ! q(X )]

Notice that the minimized counterexample is very similar to the target clause.

In fact, it is the casethat every minimized counterexamplecontains as a subseta

syntactic variant of one of the target clauses(Lemma 28). However, it may still

contain extra atoms that the minimization procedureis unable to get rid of | like

r (X ) in Example 4 | thesehave to disappear in someother way: pairing.

5.1.2 Pairing two meta-clauses

A crucial processin the algorithm is how two counterexamplesare combined into

a new one, hopefully yielding a better approximation of sometarget clause. The

operation proposedhereusespairings of clauses,basedon the lgg.

We have two meta-clauses,[sx ; cx ] and [si ; ci ] that needto be combined. To do

so,we generatea seriesof matchings betweenthe terms of sx [ cx and si [ ci ; each

of thesematchings producesa candidate to re¯ne the sequenceS.

De¯nition 18 A matching betweentwo setsof terms Tx and Ti is a set¾µ Tx £ Ti

that includesall the terms in oneof the participating sets,i.e.: j¾j = min (jTx j ; jTi j).

De¯nition 19 A matching ¾is 1-1 if terms are not re-used.Formally:
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² For all tx 2 Tx it holds that jf t0j (tx ; t0) 2 ¾gj · 1, and

² For all t i 2 Ti it holds that jf t0j (t0; t i ) 2 ¾gj · 1.

Example 5 Let Tx = f a;bg and Ti = f 1; 2; f (1)g. Notice that pairs are not de-

noted by the usual notation (a;b) but by a ¡ b. The possible1-1 matchings are:

¾1 = f a ¡ 1; b¡ 2g ¾3 = f a ¡ 2; b¡ 1g ¾5 = f a ¡ f (1); b¡ 1g

¾2 = f a ¡ 1; b¡ f (1)g ¾4 = f a ¡ 2; b¡ f (1)g ¾6 = f a ¡ f (1); b¡ 2g

De¯nition 20 An extended matching is an ordinary matching with an extra ele-

ment addedto every entry of the matching. This extra element contains the lgg of

every pair in the matching. The lggs are simultaneous,that is, they sharethe same

table.

De¯nition 21 An extended matching ¾ is legal if every subterm of some term

appearing as the lgg of someentry, also appearsas the lgg of someother entry of

¾. An ordinary matching is legal if its extensionis.

Example 6 Parenthesesare omitted as functions f and g are unary. Let ¾1 be

f a ¡ c;f a ¡ b;f f a ¡ f b;gf f a ¡ gf f cg and ¾2 = f a ¡ c;f a ¡ b;f f a ¡ f bg. The

matching ¾1 is not legal, sincethe term f X is not present in its extensioncolumn

and it is a subterm of gf f X , which is present. The matching ¾2 is legal.

Extended ¾1 Extended ¾2

[a - c => X] [a - c => X]

[fa - b => Y] [fa - b => Y]

[ffa - fb => fY] [ffa - fb => fY]

[gffa - gffc => gffX]

Our algorithm considersyet a more restricted type of matching.

De¯nition 22 A basic matching ¾ is a 1-1, legal matching between two sets Tx

and Ti . This operation is asymmetricand the order in which the arguments is given
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is relevant. It is only de¯ned if jTx j · jTi j, whereTx is the ¯rst argument and Ti the

second.It restricts how the functional structure of the terms is matched. Formally,

if entry f (t1; : : ; tn ) ¡ t 2 ¾, then t = f (r1; : : ; rn ) and t i ¡ r i 2 ¾for all i = 1; : : ; n.

As we show below, a basicmatching mapsall variablesin Tx to terms in Ti and

then adds the remaining entries following the functional structure of the terms in

Tx . Thereforean entry x ¡ f (y) might be included in a basicpairing but an entry

f (y) ¡ x cannot. The following procedureshows how to construct basicmatchings

betweensetsof terms Tx and Ti .

Basic-Ma tchings (Tx ; Ti )

1 Match every variable in Tx to a di®erent term in Ti . Every possibility

potentially yields a basicmatching betweenTx and Ti

2 Completeall potential basicmatchings by adding the functional terms in Tx

to the basicmatchings as follows:

for every potential basicmatching createdin step 1

do Considerall functional terms in Tx in an upwards fashion,

beginningwith simpler terms:

for every term f (t1; : : ; tn ) in Tx such that all

t i ¡ r i (with i = 1; : : ; n) appear in the basicmatching already

do Add a new entry f (t1; : : ; tn ) ¡ f (r1; : : ; rn )

if f (r1; : : ; rn ) doesnot appear in Ti

or the term f (r1; : : ; rn ) hasbeenusedalready

then discard the matching

Example 7 Let Tx = f a;x; f xg and Ti = f a;1; 2; f 1g. No parenthesesfor func-

tions are written. The algorithm starts by matching variables in Tx to terms in

Ti . Then, it matchesfunctional terms in Tx using the constraints described in the

procedureabove. This computation is described in the table below.
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Terms Matching 1 Matching 2 Matching 3 Matching 4

x x ¡ a x ¡ 1 x ¡ 2 x ¡ f 1

a NO! a ¡ a a ¡ a a ¡ a a ¡ a

f x DISCARDED f x ¡ f 1 NO! f x ¡ f 2 NO! f x ¡ f f 1

DISCARDED OK DISCARDED DISCARDED

The table is interpreted as follows. In the ¯rst column we have the terms in

Tx in the order consideredby our algorithm. In the columns thereafter, we have

all potential matchings. The last row indicates which of the matchings has been

discarded.The entries on top of the \OK" matchings contain the matching's pairs.

Notice that we have only 1 basic matching betweenthe set of terms f a;x; f xg

and f a;1; 2; f 1g. Comparethis with the 24 di®erent 1-1 matchings that would be

consideredby previous algorithms. This di®erencegrows with the complexity of

the functional structure in the examples.

Lemma 17 BasicMa tchings (Tx ; Ti ) ¯nds all basic matchings.

Pro of. First, we show that every matching constructedby the procedureis basic.

It is 1-1 becauseafter step 1 the matchings are 1-1, and the new pairs added in

step 2 are checked not to be included in the matchings already. It is legal because

only terms which have all of its subtermsincluded in the matching are added. It is

basicbecausefunctional structure is respectedwhen adding a new pair.

Second,we show that every basic matching is found by the procedure. First

notice that matchings including the combination of a pair (functional term in Tx ,

variable in Ti ) is not permitted, sincesubtermsof the functional term in Tx have

to be included in the matching and they would not have any possiblelegal term to

be matched to becausea variable has no subterms. Therefore, the only possibility

involving variables is (variable in Tx , term in Ti ). All theseare found in step 1 of

the procedureand appropriately completedin step 2. ¥

One of the key points of our algorithm lies in reducingthe number of matchings

that needto be checked by ruling out someof the candidatematchings that do not
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satisfy the restrictions imposed. By doing so we avoid testing too many pairings

and henceavoid making unnecessarycalls to the oracles.Oneof the restrictions has

already beenmentioned, it consistsin consideringbasic pairings only, as opposed

to consideringevery possiblematching. Let t be an upper bound on the number of

terms in Tx and Ti , and let v be an upper bound on the number of variablesin Tx

and Ti . There are t t possibledistinct matchings but only tv distinct basic pairings:

we only combine variables of Tx with terms in Ti . The other restriction on the

candidatematching consistsin the fact that every oneof its entries must appear in

the original lgg table, as we are going to seeshortly.

Given two meta-clauses[sx ; cx ] and [si ; ci ], the idea is to ¯rst compute the set

of basicmatchings asgiven by Basic-Ma tchings (Terms(sx [ cx ); Terms(si [ ci )).

Each of thesebasicmatchingscomputeddeterminesthen a distinct pairing between

the meta-clauses[sx ; cx ] and [si ; ci ].

Pairing is an operation that takestwo meta-clausesand a matching betweenits

terms and producesanother meta-clause. We say that the pairing is induced by

the matching it is fed as input. A legal pairing is a pairing for which the inducing

matching is legal; a basic pairing is one for which the inducing matching is basic.

The antecedent s of the pairing is computed as the lgg of sx and si restricted

to the matching ¾inducing it; we denotethis by lggj¾(sx ; si ). An atom is included

in the pairing only if all of its top-level terms appear as entries in the extended

matching. This restriction is quite strong in the sensethat, for example,if an atom

p(f (x)) appearsin both sx and si then their lgg p(f (x)) is not included unlessthe

entry [f(x) - f(x) => f(x)] appears in the matching. In case[x - x => x]

appearsbut [f(x) - f(x) => f(x)] does not, the atom p(f (x)) is ignored. We

only considermatchings that are subsetsof the lgg table.

The consequent c of the pairing is computedasthe union of the setslggj¾(sx ; ci ),

lggj¾(cx ; si ) and lggj¾(cx ; ci ). Note that in the consequent all the possiblelggsof pairs

among f sx ; cxg and f si ; ci g are included except lggj¾(sx ; si ), which constitutes the

antecedent.
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When computing any of the lggs, the sametable is used. That is, the same

pair of terms is bound to the sameexpressionin any of the four possiblelggs that

are computed in a pairing. The pairing between[sx ; cx ] and [si ; ci ] induced by ¾is

computedas follows:

Pairing (¾; [sx ; cx ]; [si ; ci ])

1 s Ã lggj¾(sx ; si )

2 c Ã lggj¾(sx ; ci ) [ lggj¾(cx ; si ) [ lggj¾(cx ; ci )

3 return [s;c]

Finally, wedescribe the algorithm that computesBasic-Pairings([sx ; cx ]; [si ; ci ]),

the set of basicpairings betweentwo meta-clauses[sx ; cx ] and [si ; ci ]:

Basic-P airings ([sx ; cx ]; [si ; ci ])

1 PAIRINGS = ;

2 for each ¾2 Basic-Ma tchings (Terms(sx [ cx ); Terms(si [ ci ))

3 do if ¾µ lgg-table(sx [ cx ; si [ ci )

4 then PAIRINGS Ã PAIRINGS [f Pairing (¾; [sx ; cx ]; [si ; ci ])g

5 return PAIRINGS

Example 8 The table below describes two examples. Both exampleshave the

sameterms as in Example 7, so there is only one basic matching. Ex. 8.1 shows

how to compute a pairing. Ex. 8.2 shows that a basicmatching may be rejected if

it doesnot agreewith the lgg table (entries [x - 1 => X] and [fx - f1 => fX]

do not appear in the lgg table).
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Example8.1 Example8.2

sx f p(a; f x)g f p(a; f x)g

si f p(a; f 1); p(a;2)g f q(a; f 1); p(a;2)g

lgg(sx ; si ) f p(a; f X ); p(a;Y)g f p(a;Y)g

lgg table [a - a => a] [a - a => a]

[x - 1 => X] [fx - 2 => Y]

[fx - f1 => fX]

[fx - 2 => Y]

basic¾ [a-a=>a] [a-a=>a]

[x-1=>X] [x-1=>X]

[fx-f1=>fX] [fx-f1=>fX]

lggj¾(sx ; si ) f p(a; f X )g PAIRING REJECTED

As the examplesdemonstrate, the requirement that the matchings are both

basicand comply with the lgg table is quite strong. The more structure examples

have, the greater the reduction in possiblepairings (and hencequeries),sincethat

structure needsto bematched. While it is not possibleto quantify this e®ectwithout

introducing further parameters,we expect this to be a considerableimprovement

in practice.

A note for poten tial implemen tations In practice, when trying to construct

basicpairings betweensx and si it is better to considerasentries for the matching

thoseentries appearing in the lgg table only. That is, whencombining meta-clauses

[sx ; cx ] and [si ; ci ], onewould ¯rst compute the lgg(sx ; si ) and record the lgg table.

The next step would be to construct basic pairings using the entries in the lgg

table. Instead of consideringany pair betweenterms of sx and si , the choicewould

be restricted to those pairs of terms present in the lgg table. The advantage of

this method is that subsetsof the lgg table that constitute a basic matching are

systematically constructed. This implies that there is no needto check whether a

given basic matching agreeswith the lgg table and only subsetsof the lgg table
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are generated.This considerationis not re°ected in the bounds for the worst case

analysis. However, it should constitute an important speedupin practice.

5.2 Pro of of correctness

Before going into the details of the proof of correctness,we describe the transfor-

mation U(T) performed on a target expressionT. It extends the transformation

described by Khardon (1999a)(where expressionswere function-free) and it serves

analogouspurposes.

5.2.1 Transforming the target expression

This transformation is never computedby the learning algorithm; it is only usedin

the analysis. The transformation introducesnewclausesand addssomeinequalities

to every clause'santecedent. This avoids uni¯cation of terms in the transformed

clauses. Related work by Semeraroet al. (1998) also usesinequalities in clauses,

although the learning algorithm and approach are completely di®erent.

The idea is to createa new set of clausesU(C) from every clauseC in T. Every

clause in U(C) corresponds to the original clauseC with its terms uni¯ed in a

unique way, di®erent from every other clausein U(C). Every possibleuni¯cation

of terms of C are covered by one of the clausesin U(C). The clausesin U(C) are

only satis¯ed if the terms are uni¯ed in exactly that way.
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U(T)

1 U Ã ;

2 for every clauseC = sc ! bc in T

3 do for every partition ¼= f ¼1; ¼2; : : ; ¼lg of Terms(C)

4 do A¼ Ã f A(t1; : : ; t l ) j t i 2 ¼i ; for all i = 1; : : ; lg

5 Let ¾¼ be an mgu of A¼

6 if no mgu exists or there exist i 6= j s.t. ¼i ¢¾¼ = ¼j ¢¾¼

7 then discard the partition

8 else U¼(C) Ã ineq(C ¢¾) ^ sc ¢¾! bc ¢¾

9 U Ã U ^ U¼(C)

10 return U

We construct U(T) from T by consideringevery clauseseparately. For a clause

C in T we generatea set of clausesU(C). To do that, we consider all parti-

tions of the set of terms in Terms(C); each such partition, say ¼, can generate

a clauseof U(C), denoted U¼(C). Therefore, U(T) =
V

C2 T U(C) and U(C) =
V

¼2 ValidPartitions (Terms(C)) U¼(C). The set ValidPartitions (Terms(C)) capturesthose

partitions for which a simultaneous uni¯er of all of its classesexists and whose

representativ es are all di®erent. The use of A¼ provides the simultaneous mgu;

uniquenessof representativ es is tested on line 6 in the transformation algorithm.

We call a representativeof a class¼i the only element in ¼i ¢¾¼, where¾¼ is an mgu

for the set A¼ as described in the algorithm above.

Example 9 Let C be p(f (x); f (y); g(z)) ! q(x; y; z): The terms appearing in C

are f x; y; z; f (x); f (y); g(z)g. We considersomepossiblepartitions:

² When ¼= f x; yg; f zg; f f (x); f (y)g; f g(z)g, then

A¼ =

8
>>>>>><

>>>>>>:

A(x; z; f (x); g(z))

A(x; z; f (y); g(z))

A(y; z; f (x); g(z))

A(y; z; f (y); g(z))
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An mgu for A¼ is ¾¼ = f y 7! xg. Therefore,

U¼(C) = (x 6= z 6= f (x) 6= g(z)); p(f (x); f (x); g(z)) ! q(x; x; z):

² When ¼0 = f x; y; zg; f f (x); g(z)g; f f (y)g, then

A¼0 =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

A(x; f (x); f (y))

A(x; g(z); f (y))

A(y; f (x); f (y))

A(y; g(z); f (y))

A(z; f (x); f (y))

A(z; g(z); f (y))

There is no mgu for the set A¼0, therefore this partition doesnot contribute

to the transformation U(C).

² When ¼00= f x; yg; f zg; f f (x)g; f f (y)g; f g(z)g, then

A¼00 =

8
<

:
A(x; z; f (x); f (y); g(z))

A(y; z; f (x); f (y); g(z))

An mgu for A¼00 is ¾¼00 = f y 7! xg. However, this partition is discarded

becausethe representativ esfor classes¼3 and ¼4 coincide: ¼3 ¢¾¼ = f f (x)g =

¼4 ¢¾¼. Notice that the partition ¼covers the casewhen the terms f (x) and

f (y) are uni¯ed into the sameterm, so adding this clausewould introduce

repeatedclausesin the transformation.

We write the fully inequatedclause\ ineq(st ! bt ) ^ st ! bt " as \ st
6=
! bt ".

The following facts hold for T and its transformation U(T).

Lemma 18 If an expression T has c clauses,then the number of clausesin its

transformation U(T) is at most ctv, where t (v, resp.) is the maximum number of

di®erent terms (variables, resp.) in any clausein T.
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Pro of. It su±cesto seethat any clauseC producesat most tv clausesin U(C). We

show that if ¼and ¼0aretwo partitions that arenot discardedby the transformation

algorithm and ¾¼ = ¾¼0, then ¼ = ¼0. Suppose, then, that ¼ and ¼0 are two

successfulpartitions such that ¾¼ = ¾¼0. Let t and t0 be two distinct terms of C

in the sameclassin ¼. Notice that since¾¼ is a uni¯er for A¼, t and t0 have the

samerepresentativ e. Therefore, these two terms have to fall into the sameclass

in ¼0 (otherwise ¼0 would be rejected). Sincethe sameargument also holds in the

oppositedirection (i.e. from ¼0 to ¼) weconcludethat for all terms t; t0 of C, t and t0

are placedin the sameclassin ¼if and only they are placedin the sameclassin ¼0.

Hence,¼= ¼0. Finally, the bound follows sincethere are at most tv substitutions

mapping the at most v variablesinto the at most t terms. ¥

Lemma 19 T j= U(T).

Pro of. Follows from the fact that every clausein U(T) is subsumedby the clause

in T that originated it. ¥

Corollary 20 If U(T) j= C, then T j= C. Also, if U(T) j= [s;c], then T j= [s;c].

However, the inverseimplication U(T) j= T of Lemma 19 doesnot hold. To see

this, considerthe following example.

Example 10 We present an expressionT, its transformation U(T) and an inter-

pretation I such that I j= U(T) but I 6j= T. The expressionT is f p(a; f (a)) ! q(a)g

and its transformation U(T) = f (a 6= f (a)); p(a; f (a)) ! q(a)g. The interpretation

I has domain D I = f 1g; the only constant a = 1; the only function f (1) = 1 and

the extensionext(I ) = f p(1; 1)g.

I 6j= T becausep(a; f (a)) evaluatesto 1 under I but q(a) evaluatesto 0.

I j= U(T) becauseinequality (a 6= f (a)) evaluates to 0 and therefore the an-

tecedent of the clauseis falsi¯ed. Hence,the clauseis satis¯ed.
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5.2.2 Some de¯nitions and notation

During the analysis,p standsfor the cardinality of P, the set of predicatesymbols

in the language;a for the maximal arity of the predicatesin P; v for the maximum

number of distinct variablesin a clauseof T; t for the maximum number of distinct

terms in a clauseof T; t0 for the maximum number of distinct terms in a counterex-

ample; c for the number of clausesof the target expressionT; c0 for the number of

clausesof the transformation of the target expressionU(T).

De¯nition 23 A meta-clause[s;c] covers a fully-inequated clausest
6=
! bt if there

exists a mapping µ from variablesin st [ f btg into terms in Terms(s [ c) such that

the following three conditions are satis¯ed:

² st ¢µ µ s

² ineq(st [ f btg) ¢µ µ ineq(s [ c)

² bt ¢µ 2 AtomsP (s [ c).

The condition ineq(st [ f btg) ¢µ µ ineq(s [ c) establishesthat the substitution µ

is non-unifying, i.e., it doesnot unify terms in st ! bt in the sensethat two distinct

terms in st ! bt remain distinct after applying the substitution µ.

De¯nition 24 A meta-clause[s;c] captures a clausest
6=
! bt if [s;c] coversst

6=
! bt

and, in addition, bt ¢µ 2 c, for someµ witnessingthe fact that [s;c] covers st
6=
! bt .

De¯nition 25 A meta-clause[s;c] is correct w.r.t. an expressionT if T j= [s;c],

i.e. T j= s ! b for all b2 c.

De¯nition 26 A meta-clause[s;c] is complete w.r.t. an expressionT if b 2 c for

all atoms b2 AtomsP (s [ c) n s s.t. T j= s ! b.

De¯nition 27 A meta-clause[s;c] is full w.r.t. an expressionT if it is correct and

completew.r.t. T.
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Example 11 Let T = f (x 6= y); p(x; y) ! q(x); q(x) ! r (x)g. Then,

² [p(a;b) ! q(a)] covers (x 6= y); p(x; y) ! q(x) with µ = f x 7! a;y 7! bg.

² [p(a;b) ! q(a)] captures(x 6= y); p(x; y) ! q(x) with µ = f x 7! a;y 7! bg.

² [p(a;a) ! q(a)] does not cover (x 6= y); p(x; y) ! q(x) becausex and y are

uni¯ed and hencex 6= y doesnot hold.

² [p(a;b) ! r (a)] doesnot cover (x 6= y); p(x; y) ! q(x) becausethere is no µ

such that q(x) ¢µ appearsin the meta-clause.

² [p(a;b); q(a) ! r (a)] covers (x 6= y); p(x; y) ! q(x).

² [p(a;b); q(a) ! r (a)] doesnot capture (x 6= y); p(x; y) ! q(x) becauseq(a) is

not in the consequent.

² [p(a;b) ! r (a)] is correct w.r.t. T.

² [p(a;b) ! r (b)] is not correct w.r.t. T.

² [p(a;b) ! r (a)] is not completew.r.t. T becauseq(a) is missing.

² [p(a;b); q(a) ! r (a)] is completew.r.t. T.

² [q(a) ! r (a)] is completew.r.t. T.

² [p(a;b) ! q(a); r (a)] is completew.r.t. T.

² [p(a;b) ! q(a); r (a)] is full w.r.t. T.

² [p(a;b) ! r (b)] is not full w.r.t. T becauseit is not correct w.r.t. T.

² [p(a;b) ! r (a)] is not full w.r.t. T becauseit is not completew.r.t. T.
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5.2.3 Brief description of the pro of of correctness

If the algorithm stops, then the returned hypothesisis correct. Thereforewe focus

our attention in proving that the algorithm ¯nishes. To do so,a bound is established

on the length of the sequenceS, that is, only a ¯nite number of counterexamples

can be added to S. Sinceevery re¯nement of an existing meta-clausereducesits

size,termination is guaranteed.

To bound the length of the sequenceS the following condition is proved. Every

element in S capturessomeclauseof U(T) but no two distinct elements of S capture

the sameclauseof U(T) (Lemma 46). The bound on the length of S is thereforec0,

the number of clausesof the transformation U(T).

To see that every element in S captures some clause in U(T), it is shown

that all counterexamples in S are full meta-clausesw.r.t. the target expression

T (Lemma 37) and that any full meta-clausemust capture someclausein U(T)

(Lemma 22).

To seethat no two distinct elements of S capture the sameclauseof U(T), two

important properties are establishedin the proof. First, Lemma 38 shows that if

a counterexample [sx ; cx ] captures someclauseof U(T) which is covered by some

[si ; ci ] then the algorithm replaces[si ; ci ] with one of their basic pairings. Second,

Lemma35showsthat a basicpairing cannotcapturea clausenot capturedby either

of the original clauses.Theseproperties are usedin Lemma46 to prove uniqueness

of captured clauses.

Once the bound on S is established,we derive our ¯nal theorem by carefully

counting the number of queriesmadeto the oraclesin every procedure.

Notation. Throughout the proof, we adopt the following conventions. We use

the letter s and subscriptedvariants of it (like st ; sx , etc.) to denotesetsof atoms

constituting antecedent of clausesor meta-clauses. Similarly c and subscripted

variants denotesetsof atoms forming the consequents of meta-clauses.The letter

b and its subscripted variants denote a single atom, and are mostly used as in
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the consequent of a clause,e.g. as in st ! bt . T refers to somearbitrary Closed

Horn Expressionassumedto be the hidden target concept. Arbitrary clausesin the

target T are noted as st ! bt , and st
6=
! bt denotessomefully-inequated variant

of the clausest ! bt appearing in U(st ! bt ). The letter t refers to two things

(hopefully it is clear from the context which one is referred to each time). It is

usedto either denotethe upper bound on the number of terms in each clauseof T,

or to denotearbitrary terms occurring in clausesand meta-clauses(together with

variants of it). H standsfor the hypothesesconstructedduring the executionof the

learning algorithm Learn-Closed-Horn . The meta-clause[sx ; cx ] refers to the

result of minimizing a counterexample,although when arguing about the behavior

of Minimize , it also refers to the counterexample in intermediate stagesof the

process. The meta-clause[si ; ci ] denotesany of the meta-clausesthat are added

to the sequenceS of the algorithm Learn-Closed-Horn . Finally, [s;c] refersto

somebasicpairing betweenthe minimized counterexample[sx ; cx ] and somemeta-

clause[si ; ci ] 2 S, and it is alsousedto denotearbitrary meta-clauses.We proceed

with the analysisin detail.

5.2.4 Prop erties of full meta-clauses

Lemma 21 If C subsumes[s;c], then [s;c] captures someclausein U(C).

Pro of. Assumethat C = sc ! bc subsumes[s;c]. Hence,there is a substitution

µ such that sc ¢µ µ s and bc ¢µ 2 c. To seewhich clausein U(C) is captured by

[s;c] considerthe partition ¼de¯ned by the way terms in sc [ f bcg are uni¯ed by

the substitution µ. More precisely, two distinct terms t; t0 in Terms([sc; bc]) fall into

the sameclassof ¼if and only if t ¢µ = t0¢µ. Assume¼has l classes.The proof

arguesthat the clauseU¼(C) appearsin U(C) and that [s;c] capturesU¼(C).

We observe that µ is a uni¯er for A¼ = f A(t1; : : ; t l ) j t1 2 ¼1 ^ : : ^ t l 2 ¼lg.

Thus, an mgu ¾¼ exists. Therefore, µ = ¾¼ ¢µ̂ for some substitution µ̂. The

transformation procedurerejectsa partition ¼whenany of the following conditions

64



holds. Either A¼ is not uni¯able (however, we have seenit is) or the representativ es

of two distinct classesare equal. The secondcondition does not hold because

¼i ¢¾¼ = ¼j ¢¾¼ (for i 6= j ) implies ¼i ¢µ = ¼j ¢µ, which is not true by construction.

Finally, we show that [s;c] captures U¼(C) = (st
6=
! bt ) via µ̂. Notice that

sc ¢¾¼ = st and bc ¢¾¼ = bt . We needto check (1) st ¢µ̂ µ s, (2) ineq(st [ f btg) ¢µ̂ µ

ineq(s [ c) and (3) bt ¢µ̂ 2 c. Condition (1) is easy: st ¢µ̂ = sc ¢¾¼ ¢µ̂ = sc ¢µ µ s

by hypothesis. For (2), let t; t0 be two di®erent terms in st [ f btg. It is su±cient to

check that t ¢µ̂; t0¢µ̂ are alsodi®erent terms (i.e., µ̂ doesnot unify them). Let tc; t0
c

be the two terms in C such that tc ¢¾¼ = t and t0
c ¢¾¼ = t0. Sincet 6= t0, it follows

that tc; t0
c belong to a di®erent classof ¼(otherwise ¾¼ would have uni¯ed them).

Therefore, by construction, tc ¢µ 6= t0
c ¢µ. Equivalently, tc ¢¾¼ ¢µ̂ 6= t0

c ¢¾¼ ¢µ̂ and

hencet ¢µ̂ 6= t0¢µ̂ as required. Condition (3) is like (1). ¥

Lemma 22 If [s;c] is full w.r.t. someclosed target expressionT and c 6= ; , then

someclauseof U(T) must be captured by [s;c].

Pro of. Fix any b 2 c. Clearly, T j= s ! b (since we have assumed[s;c] full and

hencecorrect and complete). Considerany minimal derivation graph G of s ! b

from T, which is guaranteedto exist by Theorem2. Notice that all the participating

atoms in G are in AtomsP (s ! b) since T is closed. Hence, they also appear in

either s or c because[s;c] is complete. Let Pred(x) the set of atoms that have an

edgeending at x in G. Let b0 be an atom in G s.t. Pred(b0) µ s and b0 2 c. Such

an atom must exist by de¯nition of derivation graph. Hence,Pred(b0) ! b0 is an

instance of a clausein T and therefore it also subsumes[s;c]. By Lemma 21, we

concludethat someclausein U(T) is captured by [s;c]. ¥

Lemma 23 If [s;c] captures someclauseof U(T), then rhs(T; [s;c]) 6= ; .

Pro of. By assumption, there is a clausesc ! bc in T and a substitution µ such

that sc ¢µ µ s and bc ¢µ 2 c. Clearly, T j= sc ! bc j= sc ¢µ ! bc ¢µ, therefore

bc ¢µ 2 rhs(T; [s;c]), and hencerhs(T; [s;c]) 6= ; as required. ¥
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Corollary 24 If [s;c] is full w.r.t. T and c 6= ; , then rhs(T; [s;c]) 6= ; . ¥

5.2.5 Prop erties of minimized meta-clauses

This sectionincludespropertiesof minimized meta-clausesasproducedby the min-

imization procedure. Throughout the proof, we refer to the minimized meta-clause

as [sx ; cx ].

Lemma 28 shows that every minimized counterexample contains a syntactic

variant of someclause in U(T), if we ignore inequalities. This is an important

property and it is responsiblefor oneof the main improvements in the bounds.

De¯nition 28 A meta-clause[s;c] is a positive counterexample for sometarget

expressionT and somehypothesisH if T j= [s;c], c 6= ; and for all atoms b 2 c,

H 6j= s ! b.

Lemma 25 Every minimized [sx ; cx ] is full w.r.t. the target expressionT.

Pro of. We proceedby induction on the updatesof [sx ; cx ] during computation of

the minimization procedure.Our basecaseis the ¯rst versionof the counterexample

[sx ; cx ] as producedby step 1 of the algorithm. This meta-clauseis full, sinceit is

the output of Cons-Closure which producesfull meta-clausesby de¯nition.

To seethat the ¯nal meta-clauseis correct it su±cesto observe that every time

the candidate meta-clausehas beenupdated, the consequent part is computed as

the output of rhs . Therefore,it must be correct.

To seethat the ¯nal meta-clauseis complete, we prove ¯rst that after gener-

alizing a term the resulting counterexample remains complete. Let [sx ; cx ] be the

meta-clausebefore generalizing t and [s0
x ; c0

x ] after. Let µt = f x t 7! tg. Then,

s0
x ¢µt = sx and cx = c0

x ¢µt , becausex t is a new variable that doesnot appear in

[sx ; cx ]. By way of contradiction, supposethat someatom b2 AtomsP (s0
x [ c0

x ) n s0
x

such that T j= s0
x ! b is not in c0

x . Notice that the substitution µt is non-unifying

w.r.t. s0
x [ c0

x , and thereforeusing properties 2 and 4 in Lemma 1 we concludethat

66



b¢µt 2 AtomsP (sx [ cx ) n sx and b¢µt 62cx . SinceT j= sx ! b¢µt , this contradicts

our (implicit) induction hypothesisstating that [sx ; cx ] is complete,sincethe atom

b¢µt would be missing. Hence,any counterexample[sx ; cx ] after step 2 is complete.

We show now that after dropping someterm t the meta-clausestill remains

complete. Again, let [sx ; cx ] be the meta-clausebeforeremoving t and [s0
x ; c0

x ] after

removing it. It is clear that s0
x µ sx and c0

x µ cx sinceboth have been obtained

by only removing atoms. By the induction hypothesis,the only atoms that could

be missingare atoms in cx n c0
x and sx n s0

x . Sincefor the closureof [s0
x ; c0

x ] we only

consideratomsin AtomsP (s0
x [ c0

x ) and theseatomsdo not contain t (all occurrences

have beenremoved), the removed atomscannot be missingbecausethey all contain

t. Therefore, after step 3 and as returned by the minimization procedure, the

counterexample[sx ; cx ] is complete. ¥

Lemma 26 At all times, T j= H and all counterexamplesgiven by the equivalence

query oracle are positive, i.e., it is implied by target T but not by hypothesisH .

Pro of. We argue ¯rst that all meta-clausesin S in Learn-Closed-Horn are

correct. This is easyto seesinceevery time S grows is either by adding a minimized

counterexample(line 7 in Learn-Closed-Horn ), which by Lemma 25 is correct,

or by replacing an existing meta-clause(line 6). Notice that the meta-clausethat

replacesthe old one has rhs as its consequent, and henceit has to be correct. If

all the meta-clausesin S are correct then, by de¯nition, T j= H .

If T j= H then every counterexample A ! a given by the equivalencequery

oraclemust be such that T j= A ! a but H 6j= A ! a. ¥

Lemma 27 Every minimized [sx ; cx ] is a positive counterexamplew.r.t. target T

and hypothesisH .

Pro of. Let A ! a be the original counterexampleobtained from the equivalence

oracle. To prove that [sx ; cx ] is a positive counterexample we need to prove that
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T j= [sx ; cx ], cx 6= ; and for every b2 cx it holds that H 6j= sx ! bx . By Lemma 25,

we know that [sx ; cx ] is full, and hencecorrect sothat T j= [sx ; cx ]. Moreover, a 2 cx

after step1 sothat cx 6= ; , sinceT j= A ! a but H 6j= A ! a sothat a is not placed

in the antecedent of the clauseafter executing Ant-Closure but it is placed in

cx by Cons-Closure . The meta-clauseis further re¯ned in steps2 and 3 only if

the consequent is non-empty. It remainsto show that H doesnot imply any of the

clausesin [sx ; cx ].

The call to the procedureAnt-Closure guarantees that every atom implied

by H is placed into the antecedent sx , leaving no spacefor any atom implied by

H to be put into the consequent cx by Cons-Closure . Thus, after step 1 of the

minimization procedure,[sx ; cx ] is still a positive counterexample.

Next, we seethat after generalizingsomefunctional term t, the meta-clausestill

remainsa positive counterexample. Let [sx ; cx ] be the meta-clausebeforegeneraliz-

ing t, and [s0
x ; c0

x ] after. Assume[sx ; cx ] is a positive counterexample. Let µt be the

substitution f x t 7! tg. As in Lemma 25, s0
x ¢µt = sx and c0

x ¢µt = cx . Supposeby

way of contradiction that H j= s0
x ! b0, for someb0 2 c0

x . Then, H j= s0
x ¢µt ! b0¢µt ,

which contradicts the fact that [sx ; cx ] was a positive examplesinceb0¢µt 2 cx .

Finally, we show that after dropping someterm t the meta-clausestill remainsa

positive counterexample. As before,let [sx ; cx ] be the meta-clausebeforeremoving

someof its atoms, and [s0
x ; c0

x ] after. Assume[sx ; cx ] is a positive counterexample,

hence,H 6j= sx ! b for all b 2 cx . Clearly, H 6j= s0
x ! b for all b 2 c0

x because

s0
x µ sx and c0

x µ cx , and [s0
x ; c0

x ] is positive. ¥

Lemma 28 If a minimized [sx ; cx ] captures someclausest
6=
! bt of U(T), then it

must be via some substitution µ such that µ is a variable renaming, i.e., µ maps

distinct variablesof st into distinct variablesof sx only.

Pro of. [sx ; cx ] captures st
6=
! bt , hence there must exist a substitution µ from

variablesin st [ f btg into terms in sx [ cx such that st ¢µ µ sx , ineq(st [ f btg) ¢µ µ

ineq(sx [ cx ) and bt ¢µ 2 cx . We show that µ must be a variable renaming.
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By way of contradiction, supposethat µ mapssomevariable v of st [ f btg into a

functional term t of sx [ cx (i.e. v ¢µ = t). Considerthe generalizationof the term t

in step 2 of the minimization procedure. We seethat the term t should have been

generalizedand substituted by the new variable x t .

Suppose,then, that [sx ; cx ] is the meta-clausejust beforeattempting to gener-

alize t and that [s0
x ; c0

x ] is the meta-clauseobtained after generalizingthe term t to

the fresh variable x t . Consider the substitution µ0 = µ n f v 7! tg [ f v 7! x tg. The

substitution µ0 behaveslike µ on all terms exceptfor variable v. We seethat [s0
x ; c0

x ]

capturesst
6=
! bt via µ0 and hencerhs (s0

x ; c0
x ) 6= ; (Lemma 23). Therefore t must

be generalizedto the variable x t .

To seethat [s0
x ; c0

x ] captures st
6=
! bt via µ0 we need to show (1) st ¢µ0 µ s0

x ,

(2) bt ¢µ0 2 c0
x and (3) ineq(st [ f btg) ¢µ0 µ ineq(s0

x [ c0
x ). For (1), considerany atom

b of st . We observe the following: after substitution µ0: b(: : v : :) ) b(: : x t : :), and

after substitution µ and generalizingt: b(: : v : :) ) b(: : t : :) ) b(: : x t : :). The part

of the \dots" in the previous expressionsis identical for both lines, sinceµ and µ0

behave equally for terms di®erent than v. Moreover, the fact that µ doesnot unify

terms in st [ f btg assuresthat the rest of terms di®erfrom t and x t after applying µ

or µ0. Therefore,we get that b¢µ0 2 s0
x i® b¢µ 2 sx and sincest ¢µ µ sx , Property (1)

follows. Property (2) is identical to Property (1). For (3), let t; t0 be two distinct

terms of st [ f btg. We have to show that t ¢µ0 and t0¢µ0 are two di®erent terms of

s0
x [ c0

x and thereforetheir inequality appearsin ineq(s0
x [ c0

x ). It is easyto seethat

they are terms of s0
x [ c0

x sinceby previous properties (st [ f btg) ¢µ0 µ (s0
x [ c0

x ).

Now, let µt be the substitution f x t ! tg and notice that µ = µ0¢µt . Sinceµ does

not unify terms in st [ f btg, then neither of µ0 and µt do. Therefore, t ¢µ0 6= t0¢µ0.

¥

69



5.2.6 On the num ber of terms in minimized examples

Lemma 29 Let [sx ; cx ] be a minimized meta-clause. Let st
6=
! bt be a clauseof

U(T) captured by [sx ; cx ]. Then, jTerms(sx [ f cxg)j = jTerms(st [ f btg)j :

Pro of. Let nx and nt be the number of distinct terms appearing in [sx ; cx ] and

st ! bt , respectively. Subterms should also be counted. The meta-clause[sx ; cx ]

capturesst
6=
! bt . Thereforethere is a substitution µ satisfying ineq(st [ f btg) ¢µ µ

ineq(sx [ cx ). Thus, di®erent variables in st ! bt are mapped into di®erent terms

of sx [ cx by µ. By Lemma 28, we know also that every variable of st ; bt is mapped

into a variable of sx ; cx . Therefore, µ maps distinct variablesof st ; bt into distinct

variables of sx ; cx . Therefore, the number of terms in st ; bt equalsthe number of

terms in (st [ f btg)¢µ, sincetherehasonly beena non-unifying renamingof variables.

Also, st ¢µ µ sx and bt ¢µ 2 cx . We have to check that the remaining atoms in

(sx n st ¢µ) [ (cx n bt ¢µ) do not include any term not appearing in (st [ f btg) ¢µ.

Supposethere is an atom l 2 (sx n st ¢µ) [ (cx n bt ¢µ) containing someterm,

say t, not appearing in (st [ f btg) ¢µ. Considerwhen in step 3 of the minimization

procedure the term t was checked as a candidate to be removed. Let [s0
x ; c0

x ] be

the clauseobtained after the removal of the atoms containing t. Then, st ¢µ µ s0
x

and bt ¢µ 2 c0
x becauseall the atoms in (st [ f btg) ¢µ do not contain t. Moreover,

ineq(st [ f btg) ¢µ µ ineq(s0
x [ c0

x ). To seethis, take any two terms t 6= t0 from

st ! bt . The terms t ¢µ and t0¢µ appear in s0
x [ c0

x becausethey contain terms in

(st [ bt ) ¢µ only (so they are not removed). Further, since t ¢µ 6= t0 ¢µ in sx [ cx

and f t ¢µ; t0 ¢µg µ (s0
x [ c0

x ) µ (sx [ cx ) we concludethat t ¢µ 6= t0 ¢µ in s0
x [ c0

x .

Thus, [s0
x ; c0

x ] still capturesst
6=
! bt . And therefore,rhs (s0

x ; c0
x ) 6= ; and such a term

t cannot exist. We concludethat nt = nx . ¥

Corollary 30 Let t be an upper boundon the number of distinct terms in any target

clause. Then, the number of terms of a minimized counterexampleis at most t. ¥
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Lemma 31 Let [s;c] be a meta-clausecovering a fully inequated clausest
6=
! bt .

Then, jTerms(st [ f btg)j · jTerms(s [ c)j

Pro of. Since[s;c] covers the clausest
6=
! bt , there is a µ s.t. ineq(st [ f btg) ¢µ µ

ineq(s [ c). Therefore,any two distinct terms of st [ f btg appear as distinct terms

in s [ c. And therefore,[s;c] hasat least as many terms as st ! bt . ¥

Corollary 32 Let st
6=
! bt be a fully inequated clause in U(T). Let [sx ; cx ] be a

minimized counterexamplecapturing st
6=
! bt , and let [si ; ci ] be any other meta-

clausecovering st
6=
! bt . Then, jTerms(sx [ cx )j · jTerms(si [ ci )j. ¥

5.2.7 Prop erties of pairings

Lemma 33 Let [sx ; cx ] and [si ; ci ] be two full meta-clausesw.r.t. someclosed target

expressionT. Let [s;c] 2 Basic-Pairings([sx ; cx ]; [si ; ci ]). Then, [s; rhs ([s;c])] is full

w.r.t. T.

Pro of. To seethat [s; rhs ([s;c])] is full w.r.t. T, it is su±cient to show that [s;c]

is complete| rhs takescare of the resulting meta-clausebeing correct. Suppose

T j= s ! b for someb 2 AtomsP (s [ c) n s. Sinces = lggj¾(sx ; si ) µ lgg(sx ; si ), we

know that there exist µx and µi such that s ¢µx µ sx and s ¢µi µ si . T j= s ! b

implies both T j= s ¢µx ! b¢µx and T j= s ¢µi ! b¢µi . Let bx = b¢µx and bi = b¢µi

so that T j= sx ! bx and T j= si ! bi . By assumption, [sx ; cx ] and [si ; ci ] are

full, and therefore bx 2 sx [ cx and bi 2 si [ ci becausebx 2 AtomsP (sx [ cx ) and

bi 2 AtomsP (si [ ci ) (remember that b 2 AtomsP (s [ c)). Also, sincethe samelgg

table is usedfor all lgg(¢; ¢) we know that b= lgg(bx ; bi ). Thereforebmust appear in

one of lgg(sx ; si ); lgg(sx ; ci ); lgg(cx ; si ) or lgg(cx ; ci ). But b 62lgg(sx ; si ) sinceb 62s

by assumption.

Note that all terms and subtermsin bappear in s[ c, becauseb2 AtomsP (s[ c).

Let ¾ be the basic matching inducing [s;c]. We know that ¾ is basic and hence

legal, and therefore it contains all subtermsof terms appearing in s [ c. Thus, by
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restricting any of the lgg(¢; ¢) to lggj¾(¢; ¢), we do not get rid of b, since it is built

up from terms that appear in s [ c and hencein ¾. Therefore, b 2 lggj¾(sx ; ci ) [

lggj¾(cx ; si ) [ lggj¾(cx ; ci ) = c as required. ¥

Lemma 34 Let [s;c] 2 Basic-Pairings([sx ; cx ]; [si ; ci ]). Then, jsj · min (jsi j ; jsx j)

and js [ cj · min (jsi [ ci j ; jsx [ cx j).

Pro of. It is su±cient to observe that in s there is at most onecopy of every atom

in si . This is true since the matching used to include atoms in s is 1 to 1 and

therefore a term can only be combined with a unique term and no duplication of

atoms occurs. The sameidea appliesto sx and the secondinequality. ¥

Lemma 35 Let [s1; c1] and [s2; c2] be two full meta-clausesw.r.t. someclosed Horn

expressionT, let [s;c] be any legal pairing between them, and let st
6=
! bt 2 U(T).

The following holds:

1. If [s;c] coversst
6=
! bt , both [s1; c1] and [s2; c2] cover st

6=
! bt .

2. If [s;c] captures st
6=
! bt , at least one of [s1; c1] or [s2; c2] captures st

6=
! bt .

Pro of. Condition 1: by assumption,st
6=
! bt is covered by [s;c], i.e., there is a µ

such that st ¢µ µ s, ineq(st [ f btg) ¢µ µ ineq(s [ c) and bt ¢µ 2 AtomsP (s [ c).

This implies that if t; t0 are two distinct terms of st [ f btg, then t ¢µ and t0 ¢µ

are distinct terms appearing in s [ c. Let ¾ be the 1-1 legal matching inducing

the pairing. The antecedent s is de¯ned to be lggj¾(s1; s2), and therefore there

exist substitutions µ1 and µ2 such that s ¢µ1 µ s1 and s ¢µ2 µ s2. We claim that

[s1; c1] and [s2; c2] cover st
6=
! bt via µ ¢µ1 and µ ¢µ2, respectively. We prove this for

[s1; c1] only, the proof for [s2; c2] is identical. Notice that st ¢µ µ s, and therefore

st ¢µ ¢µ1 µ s ¢µ1. Sinces ¢µ1 µ s1, we obtain st ¢µ ¢µ1 µ s1. We show now that

ineq(st [ f btg) ¢µ¢µ1 µ ineq(s1 [ c1). Observe that all top-level terms appearing in

s [ c alsoappear asoneentry of the matching ¾, becauseotherwisethey could not

have survived the restriction imposedby ¾. Further, since¾is legal,all subtermsof
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terms of s [ c alsoappear asan entry in ¾. Let t; t0 be two distinct terms appearing

in st [ f btg. Since(st [ f btg) ¢µ µ s [ c and ¾includesall terms appearing in s [ c,

the distinct terms t ¢µ and t0 ¢µ appear as the lgg of distinct entries in ¾. These

entries have the form [ t ¢µ¢µ1 - t ¢µ¢µ2 => t ¢µ] , sincelgg(t ¢µ¢µ1; t ¢µ¢µ2) = t ¢µ.

Since¾ is 1-1, we know that t ¢µ ¢µ1 6= t0 ¢µ ¢µ1. Finally, we need to show that

bt ¢µ¢µ1 2 AtomsP (s1 [ c1). Notice that s ¢µ1 µ s1 and c¢µ1 µ (s1 [ c1). Therefore,

st [ f btg ¢µ µ s [ c implies st [ f btg ¢µ ¢µ1 µ (s [ c) ¢µ1 µ s1 [ c1. Thus,

bt ¢µ ¢µ1 2 AtomsP (s1 [ c1) as required.

Condition 2: by hypothesis, bt ¢µ 2 c and c is de¯ned to be lggj¾(s1; c2) [

lggj¾(c1; s2) [ lggj¾(c1; c2). Observe that all theselggs sharethe sametable, so the

samepairs of terms are mapped into the sameexpressions.Observe also that the

substitutions µ1 and µ2 are de¯ned according to this table, so that if any atom

l 2 lggj¾(c1; ¢), then l ¢µ1 2 c1. Equivalently, if l 2 lggj¾(¢; c2), then l ¢µ2 2 c2.

Thereforewe get that if bt ¢µ 2 lggj¾(c1; ¢), then bt ¢µ¢µ1 2 c1 and if bt ¢µ 2 lggj¾(¢; c2),

then bt ¢µ ¢µ2 2 c2. Now, observe that in any of the three possibilities for c, one

of c1 or c2 is included in the lggj¾. Thus it is the casethat either bt ¢µ ¢µ1 2 c1 or

bt ¢µ ¢µ2 2 c2. Sinceboth [s1; c1] and [s2; c2] cover st
6=
! bt , one of [s1; c1] or [s2; c2]

capturesst
6=
! bt . ¥

It is crucial for Lemma35 that the pairing involved is legal. It is indeedpossible

for a non-legal pairing to capture someclausethat is not even coveredby someof

its originating meta-clauses,as the next exampleillustrates.

Example 12 In this example we present two meta-clauses[s1; c1] and [s2; c2], a

non-legalmatching ¾and a clausest
6=
! bt such that the non-legalpairing induced

by ¾capturesst
6=
! bt but noneof [s1; c1] and [s2; c2] do.

² [s1; c1] = [p(f f a;gf f a) ! q(f a)] with terms f a; f a; f f a;gf f ag

ineq(s1) = (a 6= f a 6= f f a 6= gf f a).

² [s2; c2] = [p(f b;gf f c) ! q(b)] with terms f b;c;f b;f c;f f c;gf f cg.
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² The matching ¾is [a - c => X]

[fa - b => Y]

[ffa - fb => fY]

[gffa - gffc => gffX]

² [s;c] = [p(f Y; gf f X ) ! q(Y)].

² (x 6= f x 6= f f x 6= gf f x 6= y 6= f y)
| {z }

ineq(st )

; p(f y; gf f x)
| {z }

st

! q(y)
|{z}

bt

.

² µ = f x 7! X ; y 7! Yg.

² µ1 = f X 7! a;Y 7! f ag.

² µ ¢µ1 = f x 7! a;y 7! f ag.

The meta-clause[s;c] capturesst
6=
! bt via µ = f x 7! X ; y 7! Yg. But [s1; c1]

doesnot cover st
6=
! bt becausethe condition ineq(st ) ¢µ¢µ1 µ ineq(s1) fails to hold

(the terms that violate inequalitiesare highlighted by the boxesbelow, e.g., f x and

y are both mapped to f a by µ ¢µ1):

(a 6= fa 6= ®a 6= gf f a 6= fa 6= ®a)
| {z }

(x6= f x6= f f x6= gf f x6= y6= f y)¢µ¢µ1

6µ(a 6= f a 6= f f a 6= gf f a)
| {z }

ineq(s1 )

Corollary 36 Let [s1; c1]; [s2; c2]; [s3; c3]; : : ; [sk ; ck ]; : : be a sequence of full meta-

clausessuchthat everymeta-clause[si +1 ; ci +1 ] is a legal pairing between the previous

meta-clause[si ; ci ] in the sequence and someother full meta-clause[s0
i ; c0

i ], for i ¸ 1.

Suppose some[sk ; ck ] in the sequence covers a clausest
6=
! bt . Then, all previous

[si ; ci ] in the sequence (where i < k), must cover the clausest
6=
! bt , too. ¥

5.2.8 Prop erties of the sequence S

Corollary 37 Every meta-clause[si ; ci ] appearing in the sequence S is full w.r.t.

the target expressionT.
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Pro of. The sequenceS is constructed by appending minimized counterexamples

or by re¯ning existing elements with a pairing with another minimized counterex-

ample. Lemma 25 guaranteesthat all minimized counterexamplesare full and, by

Lemma 33, any basicpairing betweenfull meta-clausesis also full. ¥

Lemma 38 Let S be the sequence [[s1; c1]; [s2; c2]; : : ; [sk ; ck ]]. If a minimized coun-

terexample[sx ; cx ] is produced such that it captures someclausest
6=
! bt in U(T)

covered by some[si ; ci ] of S, then somemeta-clause[sj ; cj ] is replaced by a basic

pairing of [sx ; cx ] and [sj ; cj ], where j · i .

Pro of. We show that if no element [sj ; cj ] where j < i is replaced, then [si ; ci ]

itself must be replaced. We have to prove that there exists a basicpairing [s;c] in

Basic-Pairings([sx ; cx ]; [si ; ci ]) satisfyingthe replacement conditions: rhs ([s;c]) 6= ;

and WSize([s;c]) < WSize([si ; ci ]).

We have assumedthat there is someclausest
6=
! bt 2 U(T) captured by [sx ; cx ]

and coveredby [si ; ci ]. Let µ0
x be the substitution showing that st

6=
! bt is captured

by [sx ; cx ] and µ0
i the substitution showing that st

6=
! bt is coveredby [si ; ci ]. Thus:

² st ¢µ0
x µ sx

² ineq(st [ f btg) ¢µ0
x µ ineq(sx [ cx )

² bt ¢µ0
x 2 cx

² bt ¢µ0
x 2 AtomsP (sx [ cx )

² st ¢µ0
i µ si

² ineq(st [ f btg) ¢µ0
i µ ineq(si [ ci )

² bt ¢µ0
i 2 AtomsP (si [ ci )

We construct a matching ¾that includesall entries

[ t ¢µ0
x - t ¢µ0

i => lgg(t ¢µ0
x ; t ¢µ0

i )]
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such that t is a term appearing in st [ f btg (one entry for every distinct term).

Example 13 Considerthe following:

² st = f p(g(c); x; f (y); z)g.

With terms c;g(c); x; y; f (y) and z.

² sx = f p(g(c); x0; f (y0); z); p(g(c); g(c); f (y0); c)g.

With terms c;g(c); x0; y0; f (y0) and z.

² si = f p(g(c); f (1); f (f (2)); z)g.

With terms c;g(c); 1; f (1); 2; f (2); f (f (2)) and z.

² The substitution µ0
x = f x 7! x0; y 7! y0; z 7! zg, which is a variable renaming.

² The substitution µ0
i = f x 7! f (1); y 7! f (2); z 7! zg.

² The lgg(sx ; si ) is f p(g(c); X ; f (Y); z); p(g(c); Z; f (Y); V)g and it producesthe

following lgg table.

[c - c => c] [g(c) - g(c) => g(c)]

[x' - f(1) => X] [y' - f(2) => Y]

[f(y') - f(f(2)) => f(Y)] [z - z => z]

[g(c) - f(1) => Z] [c - z => V]

² The extendedmatching ¾is

c ) [c - c => c]

g(c) ) [g(c) - g(c) => g(c)] )

x ) [x' - f(1) => X]

y ) [y' - f(2) => Y]

f (y) ) [f(y') - f(f(2)) => f(Y)]

z ) [z - z => z]

² The pairing induced by ¾is lggj¾(sx ; si ) = f p(g(c); X ; f (Y); z)g.
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Claim 39 The matching ¾ as described above is 1-1 and the number of entries

equalsthe minimum of the number of distinct terms in sx [ cx and si [ ci .

Pro of. All the entries of ¾have the form [ t ¢µ0
x - t ¢µ0

i => lgg(t ¢µ0
x ; t ¢µ0

i )] . For ¾

to be 1-1 it is su±cient to seethat there areno two terms t; t0 of st [ f btg generating

the following entries in ¾

[ t ¢µ0
x - t ¢µ0

i => lgg(t ¢µ0
x ; t ¢µ0

i )]

[ t0¢µ0
x - t0¢µ0

i => lgg(t0¢µ0
x ; t ¢µ0

i )]

such that t ¢µ0
x = t0¢µ0

x or t ¢µ0
i = t0¢µ0

i . But this is clear since[sx ; cx ] and [si ; ci ]

are covering st
6=
! bt via µ0

x and µ0
i , respectively. Therefore ineq(st [ f btg) ¢µ0

x µ

ineq(sx [ cx ) and ineq(st [ f btg) ¢µ0
i µ ineq(si [ ci ). And therefore t ¢µ0

x and t0¢µ0
x

appear as di®erent terms in sx [ cx . Also, t ¢µ0
i and t0¢µ0

i appear as di®erent terms

in si [ ci . Thus ¾is 1-1.

By construction, the number of entries equalsthe number of distinct terms in

st [ f btg, that by Lemma 29 is the number of distinct terms in sx [ cx . And by

Lemma 31, [si ; ci ] contains at least as many terms as st [ f btg. Therefore, the

number of entries in ¾coincideswith the minimum of the number of distinct terms

in sx [ cx and si [ ci . ¥

Claim 40 The matching ¾is legal.

Pro of. A matching is legal if the subterms of any term appearing as the lgg of

the matching also appear in someother entries of the matching. We prove it by

induction on the structure of the terms. We prove that if t is a term in st [ f btg,

then the term lgg(t ¢µ0
x ; t ¢µ0

i ) and all its subtermsappear in ¾'s extension.

Basecase.When t = a, with a being someconstant. The entry in ¾for it is [a

- a => a] , sincea¢µ = a, for any substitution µ if a is a constant and lgg(a;a) = a.

Trivially , all of a's subtermsappear in ¾.

Basecase. When t = v, where v is any variable in st [ f btg. The entry for it

in ¾is [ v ¢µ0
x - v ¢µ0

i => lgg(v ¢µ0
x ; v ¢µ0

i )] . Since[sx ; cx ] is minimized, Lemma 28
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guaranteesthat v ¢µ0
x is a variable. Therefore, lgg(v ¢µ0

x ; v ¢µ0
i ) must be a variable,

regardlessof what v ¢µ0
i is. Trivially , all of its subtermsappear in ¾.

Step case. When t = f (t1; : : ; t l ), where f is a function symbol of arity l and

t1; : : ; t l its arguments. The entry for it in ¾is

[ f (t1; : : ; t l ) ¢µ0
x - f (t1; : : ; t l ) ¢µ0

i => lgg(f (t1; : : ; t l ) ¢µ0
x ; f (t1; : : ; t l ) ¢µ0

x )
| {z }

f ( lgg(t1¢µ0
x ;t 1¢µ0

i );::;lgg(t l ¢µ0
x ;t l ¢µ0

i ))

]

The entries [ t j ¢µ0
x - t j ¢µ0

i => lgg(t j ¢µ0
x ; t j ¢µ0

x )] , with 1 · j · l , are also

included in ¾, sinceall t j are terms of st [ f btg. By the induction hypothesis,all the

subtermsof every lgg(t j ¢µ0
x ; t j ¢µ0

x ) are included in ¾, and therefore,all the subterms

of lgg(f (t1; : : ; t l ) ¢µ0
x ; f (t1; : : ; t l ) ¢µ0

x ) are also included in ¾. ¥

Claim 41 The matching ¾is basic.

Pro of. A basic matching is de¯ned only for two meta-clauses[sx ; cx ] and [si ; ci ]

such that the number of terms in sx [ cx is lessor equalthan the number of terms in

si [ ci . Corollary 32 shows that this is indeedthe case.The previousclaims prove

that ¾is 1-1 and legal. It is only left to seethat it is basic: if entry f (t1; : : ; tn ) ¡ t

is in ¾, then t = f (r1; : : ; rn ) and t l ¡ r l 2 ¾for all l = 1; : : ; n.

Suppose,then, that f (t1; : : ; tn ) ¡ t is in ¾. By construction of ¾all entries are

of the form

[t̂ ¢µ0
x ¡ t̂ ¢µ0

i ];

where t̂ is a term in st [ f btg. Thus, assumêt ¢µ0
x = f (t1; : : ; tn ) and t̂ ¢µ0

i = t. We

alsoknow that µ0
x is a variable renaming, therefore,the term t̂ ¢µ0

x is a variant of t̂.

Therefore, the terms f (t1; : : ; tn ) and t̂ are variants. That is, t̂ itself has the form

f (t0
1; : : ; t0

n ), where every t0
j is a variant of t j and t0

j ¢µ0
x = t j , where j = 1; : : ; n.

Therefore, t = t̂ ¢µ0
i = f (r1 = t0

1 ¢µ0
i ; : : ; rn = t0

n ¢µ0
i ) as required. We have seenthat

t j = t0
j ¢µ0

x and r j = t0
j ¢µ0

i . By construction, ¾includesthe entries t j ¡ r j , for any

j = 1; : : ; n and our claim holds. ¥

The claims above show that the matching ¾ is a good matching in the sense

that it is oneof the matchingsconstructedby the algorithm. The next claim shows
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that [s;c] = pairing (¾; [sx ; cx ]; [si ; ci ]) is consideredasa candidate for replacement

in the learning algorithm Learn-Closed-Horn .

Claim 42 pairing (¾; [sx ; cx ]; [si ; ci ]) 2 Basic-Pairings([sx ; cx ]; [si ; ci ]).

Pro of. It is su±cient to observe that ¾has beenconstructed preciselyusing the

lgg of terms in sx [ cx and si [ ci , and it thereforeagreeswith the lgg table produced

by the computation lgg(sx [ cx ; si [ ci ). ¥

It is left to show that both conditions for replacement in the algorithm hold.

The following two claims show that this is indeedthe case.

Claim 43 rhs ([s;c]) 6= ; .

Pro of. Let µx and µi be de¯ned as follows. An entry in ¾ [ t ¢µ0
x - t ¢µ0

i =>

lgg(t ¢µ0
x ; t ¢µ0

i )] such that lgg(t ¢µ0
x ; t ¢µ0

i ) is a variable generatesthe mapping

lgg(t ¢µ0
x ; t ¢µ0

i ) 7! t ¢µ0
x in µx and lgg(t ¢µ0

x ; t ¢µ0
i ) 7! t ¢µ0

i in µi . That is, µx =

f lgg(t ¢µ0
x ; t ¢µ0

i ) 7! t ¢µ0
xg and µi = f lgg(t ¢µ0

x ; t ¢µ0
i ) 7! t ¢µ0

i g, whenever lgg(t ¢µ0
x ; t ¢µ0

i )

is a variable and t is a term in st [ f btg.

In our example, µx = f X 7! x0; Y 7! y0; z 7! zg and µi = f X 7! f (1); Y 7!

f (2); z 7! zg. Next, we show that s ¢µx µ sx and s ¢µi µ si :

² s ¢µx µ sx . Let l be an atom in s, l has been obtained by taking the lgg

of two atoms lx and l i in sx and si , respectively. That is, l = lgg(lx ; l i ).

Moreover, l only contains terms in the extension of ¾, otherwise it would

have beenremoved when restricting the lgg. The substitution µx is such that

l ¢µx = lx 2 sx becauseit \undoes" what the lgg doesfor the atomswith terms

in ¾.

² s ¢µi µ si . Similar to previous.

Let µ bethe substitution that mapsall variablesin st [ f btg to their corresponding

expressionassignedin the extensionof ¾. That is, µ mapsany variable v of st [ f btg

to the term lgg(v ¢µ0
x ; v ¢µ0

i ). In our example,µ = f x 7! X ; y 7! Y; z 7! zg.
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The strategy for the remainder of the proof consistsin showing that st
6=
! bt is

captured by [s;c] via µ. Applying Lemma23 we then concludethat rhs ([s;c]) 6= ; .

Finally, the following properties show that st
6=
! bt is captured by [s;c] via µ:

{ µ ¢µx = µ0
x : Let v be a variable in st [ f btg. The substitution µ maps v into

lgg(v ¢µ0
x ; v ¢µ0

i ). This is a variable, say V, sincewe know µ0
x is a variable renaming.

The substitution µx contains the mapping

lgg(v ¢µ0
x ; v ¢µ0

i )| {z }
V

7! v ¢µ0
x :

And v is mapped into v ¢µ0
x by µ ¢µx .

In our example: µ0
x = f x 7! x0; y 7! y0; z 7! zg, and

µ ¢µx = f x 7! X ; y 7! Y; z 7! zg ¢f X 7! x0; Y 7! y0; z 7! zg.

{ µ ¢µi = µ0
i : As in previousproperty.

{ st ¢µ µ s = lggj¾(sx ; si ): Let l be an atom in st . We show that l ¢µ is in lgg(sx ; si )

and that it is not removed by the restriction to ¾. Let t be a term appearing in l.

The matching ¾contains the entry

[ t ¢µ0
x - t ¢µ0

i => lgg(t ¢µ0
x ; t ¢µ0

i )] ;

since t appears in st . The substitution µ contains f v 7! lgg(v ¢µ0
x ; v ¢µ0

i )g for

every variable v appearing in st [ f btg (and thus for every variable in st ), therefore

t ¢µ = lgg(t ¢µ0
x ; t ¢µ0

i ). Indeed, lgg(t ¢µ0
x ; t ¢µ0

i ) appearsin ¾. The atom l ¢µ appears

in lgg(st ¢µ0
x ; st ¢µ0

i ) and therefore in lgg(sx ; si ) sincest ¢µ0
x µ sx , st ¢µ0

i µ si and

µ = f v 7! lgg(v ¢µ0
x ; v ¢µ0

i ) j v is a variable of stg. Also, l ¢µ appears in lggj¾(sx ; si )

sincewe have seenthat any term in l ¢µ appearsin ¾.

In our examplethe only l 2 st ¢µ is p(g(c); x; f (y); z) ¢µ = p(g(c); X ; f (Y); z).

And lggj¾(sx ; sy) is preciselyf p(g(c); X ; f (Y); z)g.
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{ ineq(st [ f btg) ¢µ µ ineq(s[ c): We have to show that for any two distinct terms

t; t0 of st [ f btg, the terms t ¢µ and t0¢µ arealsodi®erent terms in s[ c, and therefore

the inequality t ¢µ 6= t0¢µ appearsin ineq(s[ c). By hypothesis,ineq(st [ f btg) ¢µ0
x µ

ineq(sx [ cx ). Sinceµ0
x = µ ¢µx , we get ineq(st [ f btg) ¢µ ¢µx µ ineq(sx [ cx ) and so

t ¢µ¢µx and t0¢µ¢µx are di®erent terms of sx [ cx . From Property 5 in Lemma 1 it

follows that t ¢µ 6= t0¢µ 2 ineq(s [ c).

{ bt ¢µ 2 c: By hypothesis, bt ¢µ0
x 2 cx . Also, bt ¢µ0

i 2 AtomsP (si [ ci ) implies

(because[si ; ci ] is full), that bt ¢µ0
i 2 si [ ci . Notice that bt ¢µ = lggj¾(bt ¢µ0

x ; bt ¢µ0
i )

by construction. Thereforebt ¢µ 2 c = lggj¾(sx ; ci ) [ lggj¾(cx ; si ) [ lggj¾(cx ; ci ). ¥

Claim 44 WSize([s;c]) < WSize([si ; ci ]).

Pro of. By de¯nition, we needto show that WSize(s) < WSize(si ) or (WSize(s) =

WSize(si ) and WSize(c) < WSize(ci )). By Lemma 34, we know that jsj · jsi j,

therefore WSize(s) · WSize(si ) | the lgg never substitutes a term by one of

greater weight: either functional terms are substituted by variablesor they remain

the same.According to our de¯nition of WSize, variablesweigh lessthan functional

terms.

If WSize(s) < WSize(si ), then the condition stated in this lemma is true. Oth-

erwise, WSize(s) = WSize(si ). Lemma 34 shows that js [ cj · jsi [ ci j. Since

jsj = jsi j, we concludethat jcj · jci j, and henceWSize(c) · WSize(ci ) by the same

argument as above. Thus, s ¢µi = si and si ¢µ¡ 1
i = s. Again, we split the proof

into two cases. If WSize(c) < WSize(ci ) then the lemma is satis¯ed. Otherwise

WSize(c) = WSize(ci ), and [s;c], [si ; ci ] are syntactic variants. The following rea-

soning arrives to a contradiction, disproving this case. Since [s;c] and [si ; ci ] are

variable renamings,c ¢µi = ci and ci ¢µ¡ 1
i = c. By the previousclaim, it holds that

bt ¢µ 2 c and therefore there exists a bi s.t. bi = bt ¢µ ¢µi 2 ci . The substitutions

µi and µ0
x are variable renamings,and (by previousclaim) µ0

x = µ ¢µx , thereforethe

substitution µ̂ = µ¡ 1
i ¢µx is well de¯ned and is a variable renaming. It follows that
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si ¢µ̂ µ sx and bi ¢µ̂ = bt ¢µ ¢µi| {z }
bi

¢µ¡ 1
i ¢µx| {z }

µ̂

= bt ¢µ ¢µx = bt ¢µ0
x 2 cx (by assumption).

Therefore, H j= si ! bi j= si ¢µ̂ ! bi ¢µ̂ j= sx ! bx (where bx = bt ¢µ0
x 2 cx )

contradicting the fact that [sx ; cx ] is a counterexample. ¥

This ¯nally completesthe proof of Lemma 38. ¥

Corollary 45 If a counterexample[sx ; cx ] is appended to S, it is becausethere is

no elementin S capturing a clausein U(T) that is also captured by [sx ; cx ]. ¥

Lemma 46 Every time the algorithm is about to makean equivalence query, it is

the case that every meta-clausein S captures at least one of the clausesof U(T)

and every clauseof U(T) is captured by at most one meta-clausein S.

Pro of. All meta-clausesincluded in S are full by Corollary 37. By construction,

their consequents are non-empty so that we can apply Lemma 22, and conclude

that all counterexamplesin S capture someclauseof U(T).

An induction on the number of iterations of the main loop in line 2 of Learn-

Horn-Closed shows that no two di®erent meta-clausesin S capture the same

clauseof U(T). In the ¯rst loop the lemma holds trivially (there are no elements

in S). By the induction hypothesiswe assumethat the lemma holds beforea new

iteration of the loop. We seethat after completion of that iteration of the loop the

lemma must alsohold. Two casesarise.

The minimized counterexample [sx ; cx ] is appendedto S. By Corollary 45, we

know that [sx ; cx ] doesnot captureany clausein U(T) alsocapturedby someelement

[si ; ci ] in S. This, together with the induction hypothesis,assuresthat the lemma

is satis¯ed in this case.

Some[si ; ci ] is replacedin S. We denote the updated sequenceby S0 and the

updated element in S0 by [s0
i ; c0

i ]. The induction hypothesisclaims that the lemma

holds for S. We have to prove that it alsoholds for S0 asupdated by the algorithm.

Assumeit does not. The only possibility is that the new element [s0
i ; c0

i ] captures
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someclauseof U(T), say st
6=
! bt also captured by someother element [sj ; cj ] of

S0, with j 6= i . The meta-clause[s0
i ; c0

i ] is a basic pairing of [sx ; cx ] and [si ; ci ], and

henceit is also legal. Applying Lemma 35 we concludethat oneof [sx ; cx ] or [si ; ci ]

capturesst
6=
! bt .

Suppose [si ; ci ] captures st
6=
! bt . This contradicts the induction hypothesis,

sinceboth [si ; ci ] and [sj ; cj ] appear in S and capture st
6=
! bt in U(T).

Suppose [sx ; cx ] captures st
6=
! bt . If j < i , then [sx ; cx ] would have re¯ned

[sj ; cj ] instead of [si ; ci ] (Lemma 38). Therefore, j > i . But then we are in a

situation where [sj ; cj ] captures a clausealso covered by [si ; ci ]. By Corollary 36,

all meta-clausesin position i cover st
6=
! bt during the history of S. Consider the

iteration in which [sj ; cj ] ¯rst captured st
6=
! bt . This could have happened by

appending the counterexample[sj ; cj ], which contradicts Lemma 38 since[si ; ci ] or

an ancestor of it was covering st
6=
! bt but was not replaced. Or it could have

happenedby re¯ning [sj ; cj ] with a pairing of a counterexamplecapturing st
6=
! bt .

But then, by Lemma 38 again, the element in position i should have beenre¯ned,

instead of re¯ning [sj ; cj ]. ¥

5.2.9 Deriving the complexit y bounds

Recall that c0 standsfor the number of clausesin the transformation U(T) and that

by Lemma 18, c0 · ctv, where t and v are upper bounds on the number of terms

and variablesin each clausein T and c is the number of clausesin T. By Lemma46

the number of clausesin U(T) boundsthe number of elements in S, and therefore:

Corollary 47 jSj · c0. ¥

What follows is a detailed account of the number of queriesmadein every pro-

cedure.Remember that we usethe following parameterscontrolling the complexity

of the target expressionT:

² p: number of predicatesymbols in the signature.
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² a: upper bound on the arity of predicateand function symbols.

² v: upper bound on the number of distinct variablesper clause.

² t: upper bound on the number of distinct terms per clause.

² c: number of clauses.

The complexity of the algorithm alsodependson the complexity of the counterex-

amplesreceived. To account for this, we use the parameter t̂ to denote an upper

bound on the number of distinct terms present in a clausereturned by the equiva-

lencequery oracleas counterexample.

Lemma 48 If [sx ; cx ] is a minimized counterexample,then, jsx [ cx j · pta.

Pro of. By Corollary 30, there are a maximum of t terms in a minimized coun-

terexample. There are a maximum of pta di®erent atoms built up from t terms if

p is the number of predicate symbols in the signature and a is an upper bound on

their arity. ¥

Lemma 49 The algorithm makesO(c0pta) equivalence queries.

Pro of. Notice that any set of atomscontaining t distinct terms can be generalized

at most t times. This is becauseafter generalizinga term into a variable, it cannot

be further generalized. The sequenceS has at most c0 elements. The following

actions can happen after re¯ning a meta-clausein S (possibly combined): either

(1) oneatom is dropped from the antecedent, or (2) an atom movesfrom antecedent

to consequent, or (3) an atom is dropped from the consequent, or (4) someterm is

generalized.This can happen c0pta times for (1), c0pta times for (2), c0pta times for

(3), and c0t times for (4), that is c0(t + 3pta) in total. We needc0 extra calls to add

all the counterexamplesto S. In total c0(1 + t + 3pta) = O(c0pta). ¥

Lemma 50 The algorithm makesO(pt̂a+1 ) membership queries during the mini-

mization procedure.
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Pro of. Let B ! b be the clauseinput to Minimize . To compute the ¯rst version

of the full meta-clausewe need to test the pt̂a possible atoms built up from t̂

distinct terms appearing in B ! b. Therefore, we make pt̂a initial calls. Notice

that Minimize never introducesnew terms, and hencet̂ remainsan upper bound

on the number of terms of the clauseunder construction for the duration of the

process. Next, we note that the ¯rst version of cx has at most pt̂a atoms. The

¯rst loop (generalizationof terms) is executedat most t̂ times, one for every term

appearing in the ¯rst version of [sx ; cx ]. In every execution, at most jcx j · pt̂a

membership calls are made. In this loop there are a total of pt̂a+1 calls. The

secondloop of the minimization procedureis alsoexecutedat most t̂ times, onefor

every term in [sx ; cx ]. Again, sinceat most pt̂a calls are made in the body on this

secondloop, the total number of calls is boundedby pt̂a+1 . This makesa total of

pt̂a + 2pt̂a+1 = O(pt̂a+1 ). ¥

Lemma 51 The algorithm makesat most pta membership queriesto check the va-

lidity of a basic pairing in line 4 of Learn-Closed-Horn .

Pro of. Let [s;c] 2 Basic-P airings ([sx ; cx ]; [si ; ci ]) be any basic pairing to be

validated asa successfulreplacement in line 4 of Learn-Closed-Horn . By Lem-

mas34 and 48, we concludethat jcj · jsx [ cx j · pta. ¥

Lemma 52 The algorithm makesO(c0s2ta t̂a+1 + c02s2t2a+ k) membership queries.

Pro of. The main loop is executedasmany times asequivalencequeriesare made.

In every loop, the minimization procedureis executedonceand for every element

in S, a maximum of tv basicpairings are checked.

This is:

pc0ta

| {z }
# iter ations

£f pt̂a+1

| {z }
minim:

+ c0
|{z}

jSj

¢ tv
|{z}

# pair ing s

¢ pta|{z}
pair ing

g = O(c0p2ta t̂a+1 + c02p2t2a+ v):

¥
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We arrive at our main theorem:

Theorem 53 Learn-Closed-Horn exactly identi¯es every closed Horn expres-

sion making O(c0pta) equivalence queriesand O(c0p2ta t̂a+1 + c02p2t2a+ v) membership

queries. Furthermore, the running time is polynomial in c0+ p + tv + ta + t̂a. ¥

Sincec0 · ctv, we obtain:

Corollary 54 Learn-Closed-Horn exactly identi¯es every closed Horn expres-

sion makingO(cpta+ v) equivalence queriesand O(cp2ta+ v t̂a+1 + c2p2t2a+3 v) member-

ship queries. Furthermore, the running time is polynomial in c+ p+ tv + ta + t̂a. ¥

Corollary 55 Assumethe parameters p;a identifying the signature are constant.

Assume that the number of distinct terms in any given counterexampleis upper

bounded by t. Then, Learn-Closed-Horn exactly identi¯es every closed Horn

expressionmakingO(cta+ v) equivalence queriesandO(c2t2a+3 v) membershipqueries.

Furthermore, the running time is polynomial in c + tv + ta. ¥

5.3 Fully inequated closed Horn expressions

In this sectionwe study the learnability of the classof fully inequatedclosedHorn

expressions. Clausesin expressionsin this classare fully inequated, that is, the

antecedent of every clausecontains all possiblecombinations of the atom t 6= t0, for

each term t and t0 appearing in the clause. As a consequence,the antecedent of a

fully inequatedclauseis only satis¯ed by a given interpretation I , if every term in

the clauseis mapped to a di®erent object of I 's domain. As an example,take the

clausehuman(f ather(x)) ^ human(mother(x)) ! human(x): Its intendedmeaning

is clearly that x 6= f ather(x) 6= mother(x), and hencethis clausecan be assumed

to be fully inequated. As expected, we say that a meta-clauseis fully inequated

if its antecedent contains all possibleinequalities between terms appearing in the

meta-clause.
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For any givenexpressionT, the transformation U(T) describedin Section5.2.1is

fully inequatedby construction. WeusedU(¢) asa trick in the proof of correctnessto

help quantify how long it takesthe algorithm Learn-Closed-Horn to terminate.

If the target expressionT is fully inequated itself, then U(T) = T and this trick

is not necessary. Moreover, the complexity bounds derived are better since the

blow-up in the number of clausesfrom T to U(T) doesnot occur.

In the remainingof this chapter, wedescribe the (slight) changesthat weneedto

make to Learn-Closed-Horn in order to learn the more restricted classof fully

inequated closedHorn expressionswith better bounds. The proof of correctness

is omitted as it is very similar to the one presented for Learn-Closed-Horn .

Completedetailsand proof for the caseof learningrangerestricted Horn expressions

can be found in (Arias and Khardon, 2000). The only modi¯cations neededare in

the proceduresMinimize and Pairing .

Minimization. The purposeof the minimization procedureis to producea meta-

clausecontaining as few terms as possiblewhile maintaining the property that it

is still a counterexample. In addition, now we want the counterexampleto be fully

inequated. The changesproposedhere are to guarantee that the counterexample

[sx ; cx ] as it is being minimized is fully inequatedduring all stagesof the process.

Assumethat the counterexample A ! a given by the equivalencequery oracle is

fully inequated. The ¯rst versionof the minimized meta-clause[sx ; cx ] after line 1

of Minimize is fully inequated| simply becauseA ! a is | so no changethere

is needed. However, this is not true for subsequent updates of [sx ; cx ]. The e®ect

of generalizingand dropping terms (lines 2 and 3 of Minimize ) is that of removing

atoms. The result of removing atoms from a fully inequatedmeta-clauseneednot

be fully inequated. More precisely, we might end up with terms in inequalities

that do not appear anywhere else in the resulting meta-clause. As an example,

suppose[sx ; cx ] = [f (a 6= b); (b 6= c); (a 6= c); p(a;b); q(c)g; f r (b); r (c)g]. If we drop

the constant b, then the resulting [s0
x ; c0

x ] = [f (a 6= c); q(c)g; f r (c)g]. Notice that
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term a is still amongs0
x inequalitiesbut it doesnot appear anywhereelse.To avoid

this, we arti¯cially needto ¯x the inequalities of the resulting [s0
x ; c0

x ] to guarantee

that it is fully inequated,doneby the following procedure:

Full y-Inequa ted-Fix ([s;c])

1 s0 Ã s \ AtomsP (s [ c)

2 return [ineq(s0 [ c) [ s0; c]

The resulting minimization procedureis:

Full y-Inequa ted-Minimize (H; A ! a)

1 [sx ; cx ] Ã Cons-Closure (Ant-Closure (H; [A; f ag]))

2 for every functional term t in sx [ cx , in decreasingorder of size

do Let [s0
x ; c0

x ] be the meta-clauseobtained from [sx ; cx ] after

substituting all occurrencesof the term t by a new variable x t

[s0
x ; c0

x ] Ã Full y-Inequa ted-Fix ([s0
x ; c0

x ])

if rhs (s0
x ; c0

x ) 6= ;

then [sx ; cx ] Ã [s0
x ; rhs (s0

x ; c0
x )]

3 for every term t in sx [ cx , in increasingorder of size

do Let [s0
x ; c0

x ] be the meta-clauseobtained after removing

from [sx ; cx ] all thoseatoms containing t

[s0
x ; c0

x ] Ã Full y-Inequa ted-Fix ([s0
x ; c0

x ])

if rhs (s0
x ; c0

x ) 6= ;

then [sx ; cx ] Ã [s0
x ; rhs (s0

x ; c0
x )]

4 return [sx ; cx ]

Note that the only di®erencew.r.t. Minimize is the one line that ¯xes the

meta-clause[s0
x ; c0

x ] both after generalizingand dropping terms.

Pairing. Given a matching ¾and two meta-clauses[sx ; cx ] and [si ; ci ], its pairing

[s;c] is computed in the new algorithm as:
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Full y-Inequa ted-P airing (¾; [sx ; cx ]; [si ; ci ])

1 s0
x Ã sx \ AtomsP (sx )

2 s0
i Ã si \ AtomsP (si )

3 [s;c] Ã Pairing (¾; [s0
x ; cx ]; [s0

i ; ci ])

4 return Full y-Inequa ted-Fix ([s;c])

That is, we ignore the inequalities, compute the \normal" pairing, and then we

add all the inequalities neededat the end. Finally our learnability result is:

Theorem 56 The modi¯ed algorithm learns the classof fully inequated closed Horn

expressionsmakingO(cta) calls to the equivalence oracleand O(c2t2a+ v) to the mem-

bership oracle. Furthermore, the running time is polynomial in c + tv.

It is important to observe the reduction in the number of queriesmadeby the

modi¯ed algorithm. This is particularly signi¯cant for the number of equivalence

queries. This number is reducedto a polynomial if a is consideredconstant. The

number of membershipqueriesis alsoreduced,although the exponential dependen-

ciesremain unchanged.
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Chapter 6

The V C Dimension

The remainderof this thesisis concernedwith ¯nding lower boundson the problem

of exactly learning ¯rst order closedHorn expressionsfrom membership and equiv-

alencequeries. In fact, the lower bounds developed here hold even for ¯rst order

Horn expressionswhich are both rangerestricted and constrained.

This chapter characterizesthe Vapnik-Chervonenkisdimension(VCDim) of ¯rst

order Horn expressions.It is known that the VC Dimensionprovides tight bounds

on the number of examplesfor PAC learning (Ehrenfeucht et al., 1989) as well as

a lower bound for the number of equivalenceand membership queries for exact

learning (Maassand Tur¶an, 1992). We parameterizethe classof ¯rst order Horn

expressionswith the parametersc, t, and l that stand respectively for number of

clauses,maximum number of (distinct) terms per clause,and maximum number of

literals per clause.

It is well known that for a ¯nite classT , we have VCDim(T ) · logjT j. In

Section 4.2.3 we show that DAGSize(E) = O(ct + cl) for every ¯rst order Horn

expressionE. Hence,if H · c;t;l is the classof ¯rst order Horn expressionswith at

most c clauses,at most t terms per clause,and at most l literals per clause,then
¯
¯H · c;t;l

¯
¯ · 2~O(ct+ cl) , where ~O(¢) is used to hide logarithmic factors. From this we

canconcludethat VCDim(H · c;t;l ) = ~O(ct+ cl). The rest of this chapter shows that

VCDim(H · c;t;l ) = ­( cl + ct).
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We start with the necessaryde¯nitions (Blumer et al., 1989).

De¯nition 29 Let I bea set,H µ 2I , and S µ I . Then ¦ H (S) = f h \ S j h 2 Hg

is the set of subsetsof S that can be obtained by intersectionwith elements of H .

If j¦ H (S)j = 2jS j , then we say that H shatters S. Finally, VCDim(H) is the sizeof

the largest set shatteredby H (or 1 if arbitrary large setsare shattered).

In our caseI is a set of interpretations, and H is some class of ¯rst order

Horn expressionsinterpreted under j=. We identify every h 2 H with the set

of interpretations that satisfy h. Hence, the lower bounds that follow from our

constructionsapply to the setting of learning from interpretations only.

In Theorems57 through 61 we construct setsof interpretations of appropriate

cardinality, and show how to shatter them by giving families of ¯rst order Horn

expressionsseparating each possibledichotomy of the interpretation sets. In our

constructionswe make extensive useof the function mappingsin the interpretations

to ensurethat terms evaluate to appropriate values in the interpretations so that

separationis guaranteed.

Theorem 57 There existsa setof c interpretations that can be shattered using¯rst

order Horn expressionsbounded by N Clauses· c, N Terms · logc+ 3, N Lits = 2,

N Vars = 0, Depth = logc, Ar ity = 2, N F uncs = 4 and N Preds= 2.

Pro of. Weconstruct a setof c di®erent termsusinga function f of arity 2 and three

constants 1, 2 and 3 and by forming ground terms of depth logc in the following

manner:

T̂ = f f (a1; f (a2; f (a3; f (:::f (alog c; 3):::)) j ai 2 f 1; 2g for all 1 · i · logcg

Notice that there are exactly 2log c = c such terms. Moreover, every term in T̂ is of

size2logc + 1 and contains at most logc + 3 distinct subterms.

Each interpretation I t̂ in the set of interpretations I to be shatteredcontains in

its extensiona singleatom P(t̂) wheret̂ 2 T̂ . Hence,jI j = ^jT j = c. In addition, the
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domainof the interpretation I t̂ , consistsof the £(log c) objects corresponding to the

subtermsappearingin t̂ (including itself) and a distinguishedobject ¤. The function

mapping for f is de¯ned to follow the functional structure of the distinguishedterm

t̂, unde¯ned entries are mapped to ¤. Notice that any term t0 2 T̂ s.t. t̂ 6= t0 is

mapped to the special object ¤ under the interpretation I t̂ .

Now, we de¯ne the Horn expressionHS using predicate symbols P=1 and F=0

that separatesany arbitrary subsetS µ I as

HS =
©

P(t̂) ! F ()
¯
¯ I t̂ 2 S

ª
:

Any interpretation in S falsi¯es oneof the clausesin HS, and hencefalsi¯es the

wholeHorn expression;any interpretation not in S falsi¯es every clause'santecedent

in HS sincethe term present in the clauseis mapped to the special object ¤ which

doesnot appear in any of the interpretations' extension. ¥

A VC Dimensionconstruction of (Khardon, 1999a)usesa signature that grows

with N Terms. The following theorem modi¯es this construction to use a ¯xed

signature.

Theorem 58 For l · ta, there existsa set of l interpretations that can be shattered

using ¯rst order Horn expressionsbounded by N Terms = 2t, N vars · t, Depth =

logt, N Lits · l , N Preds= 3, N F uncs = 1, Ar ity · a and N Clauses= 1.

Pro of. We construct a set of interpretations I that is shattered using ¯rst order

Horn expressionswith parametersas stated. Fix a and t. The expressionsuse a

0-ary predicate F (), a unary predicate L and a predicate symbol Q of arity logt l .

Let

Qal l =
©

Q(i 1; : : : ; i logt l )
¯
¯ i j 2 f 1; ::; tg for all j = 1; : : : ; logt l

ª
:

Notice that jQal l j = t logt l = l.

Let f be a binary function, and let t̂ be the term represented by a binary

balancedtree of depth logt whoseleavesare labeledby the objects 1: : : t (in order)
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andwhoseinternal nodesarelabeledby the function symbol f . Such a term contains

2t subterms. The domain for all the interpretations in I includesobjects f 1; ::; tg,

an object for each subterm of t̂, and a special object ¤. The function mappings

for f follow the functional structure of t̂ with unde¯ned entries completedby the

special domain object ¤. Interpretations include in their extensionthe atom L(t̂)

and all the atoms in Qal l exceptone. Hence,there are l interpretations in I .

The expressionthat separatesan arbitrary S µ I is H S = CS ! F (); where

F () is a nullary predicate symbol and CS is the intersection of the Q() atoms in

the extensionsof all the interpretations in S plus the atom L(t̂) after substituting

every domain object j 2 f 1; ::; tg by a corresponding variable x j .

SupposeI 2 S. Take the substitution f x j 7! j g. Then I falsi¯es H S becauseits

antecedent CS is satis¯ed (it is a subsetof the extensionof I ) and its consequent

F () is falsi¯ed. Supposeon the other hand that I 62S. Substitutions other than

f x j 7! j g falsify the antecedent of H S becauseof the atom L(t̂). The clauseH S is

satis¯ed under the substitution x j 7! j becausethe \omitted Q" in I 's extensionis

present in CS. ¥

Theorem 59 For l · ta, there existsa setof cl interpretationsthat can be shattered

using ¯rst order Horn expressionsbounded by N Clauses· c, N Terms = £(log c+

t), N Lits · l , N Vars · t, Depth = £(log c + logt), Ar ity · a, N F uncs = 5 and

N Preds= 3.

Pro of. Let I be the set shattered in Theorem 58. We create a new set of inter-

pretations I + of cardinality cl in the following way. We have an additional set of c

terms constructed in the sameway as in Theorem57, let us denotethis set T̂c. As

in Theorem57, T̂c contains c distinct terms of depth logc each.

Weaugment the interpretations in the constructionof Theorem58by associating

I 2 I with a new term in T̂c (and hencewe create c new interpretations in I +

for each old interpretation in I ), adding logc new objects and the corresponding

functional mappings following the terms' structure, completing unde¯ned entries
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with the special object ¤. Additionally , we include the atom F (¤) in each of the

interpretations' extensions(notice that a term c0evaluatesto ¤ in the interpretations

which do not have c0 as their distinguishedterm). HencejI + j = cl.

The new expressionseparatingan arbitrary subsetS µ I + is HS:

n
CSĉ ! F (ĉ)

¯
¯
¯ ĉ 2 T̂c

o
;

whereSĉ is the subsetof interpretations in S with distinguishedterm ĉ and CSĉ is

constructedas in Theorem58.

We ¯nally prove that I falsi¯es HS i® I 2 S. Supposethat ĉ is the distinguished

term in T̂c associated to I . Terms c0 6= ĉ evaluate to ¤ under I , and every clause

with consequent other than F (ĉ) in HS is hencesatis¯ed. The clausecontaining

F (ĉ) is falsi¯ed i® I 2 Sĉ by the samereasoningas in Theorem58. ¥

The next result shows that by varying the number of terms we can shatter

arbitrarily large setswith a ¯xed signature.

Theorem 60 There existsa setof t interpretationsthat can be shattered usingHorn

expressionsbounded by N Clauses = 1, N Terms · 4t, N Lits = 2, N Vars = 0,

Depth = 2logt + 2, Ar ity = 2, N F uncs · 9 and N Preds= 2.

Pro of. Let t = k logk for somek 2 N . Using the samesignature as in Theo-

rem 57 we generatea set T̂ of k terms of depth logk each. We associate to every

interpretation a term in T̂ and an index i 2 f 1; ::; logkg and we denote by I t̂;i

the interpretation associated to (t̂; i ) 2 T̂ £ f 1; ::; logkg. Thus, we have a set of

interpretations I s.t. jI j = ^jT j jf 1; ::; logkgj = k logk = t.

Given a subsetS µ I , we construct a big term TREES which intuitiv ely as-

sociates to every possibleterm t̂ in T̂ a set of indices l t̂ where l t̂ =
©

i
¯
¯ I t̂;i 2 S

ª
.

We then appropriately de¯ne the function mappings in each interpretation I t̂;i so

that the term TREES evaluatesto a special domain object y i® index i appearsin

the set of indicesfor term t̂ encoded in TREES. Each interpretation includesin its
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extensionthe atom M (y) so that the clause

HS = M (TREES) ! F ()

is falsi¯ed by interpretation I i® the term TREES evaluatesto y under I .

We ¯rst describe the structure of the term TREES. Let St̂ be the subset of

S consistingof interpretations I t̂;i in S and let l t̂ =
©

i
¯
¯ I t̂;i 2 St̂

ª
. We encode the

set l t̂ with the term f i 1 (f i 2 (¢¢¢f i log k (a)) ¢¢¢) where i j = 0 if j 62l t̂ and i j = 1

otherwise. Denote this term by t l t̂ . As an example,assumelogk = 6 and let the

set l t̂ = f 1; 4; 5g. Then, t l t̂ = f 1(f 0(f 0(f 1(f 1(f 0(a)))))). Notice that we are using

two unary functions f 0 and f 1 and a constant a. Next we usea binary function g to

encodethe association betweenterms t̂ and their setsof indicesl t̂ asg(t̂; t l t̂ ). Finally,

TREES is constructed as a balancedtree (using binary function h) whoseleaves

are terms of the form g(t̂; t l t̂ ), for every t̂ 2 T̂ . As an example,supposek = 4. Then

T̂ = f t̂1; t̂2; t̂3; t̂4g, where t̂1 = f (1; f (1; 3)), t̂2 = f (1; f (2; 3)), t̂3 = f (2; f (1; 3)) and

t̂4 = f (2; f (2; 3)). SupposeS = f (t̂1; 1); (t̂2; 2); (t̂3; 1); (t̂3; 2)g. Then:

² l t̂1
= f 1g, l t̂2

= f 2g, l t̂3
= f 1; 2g and l t̂4

= fg .

² t l t̂ 1
= f 1(f 0(a)), t l t̂ 2

= f 0(f 1(a)), t l t̂ 3
= f 1(f 1(a)) and t l t̂ 4

= f 0(f 0(a)).

² TREES =

h h

h

gg g g

f1

f0

a a a a

f1

f0 f1

f1

f0

f0

f

f

3

f

f

3

f

f

3

f

f

3

1

1

1

2

2

1

2

2
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Let us now describe in detail the domain and function mappingsfor interpreta-

tion I t̂;i . The domain objects are:

² Three special objects ¤; y; n.

² Up to logk + 3 distinct objects that represent all terms and subtermspresent

in the distinguishedterm t̂.

² Up to 2k + 1 objects representing all the possible terms and subterms of

the vector indices f i 1 (f i 2 (¢¢¢f i log k (a)) ¢¢¢) for all possible i j 2 f 0; 1g where

1 · j · logk.

The function mappingsare de¯ned as follows:

² The constants 1; 2; 3 potentially appearing in t̂ are mapped to objects 1; 2; 3.

The mapping for binary function f follows functional structure of t̂, with

unde¯ned entries mapped to the special object ¤.

² The constant a is mapped to object a. Unary functions f 0 and f 1 alsomimic

the functional structure of terms and subtermsof f i 1 (f i 2 (¢¢¢f i log k (a)) ¢¢¢) for

all possiblei j 2 f 0; 1g where1 · j · logk.

² The binary function g(t1; t2) is mapped to special object y i® t1 = t̂ and the

unary function used at depth i in term t2 is f 1. Otherwise it is set to the

special object n.

² Finally, the binary function h(a1; a2) is mapped to domain object y i® either

a1 = y or a2 = y, otherwiseit is mapped to object n.

Finally, the only atom true in each interpretation is M (y).

We prove that I t̂;i falsi¯es HS i® I t̂;i 2 S. Notice that I t̂;i falsi¯es HS i® I t̂;i

satis¯esthe atom M (TREES) i® the term TREES is mapped to the domain object

y under I t̂;i i® someterm g(t1; t2) is mapped to y i® term g(t̂; t2) is mapped to y

(other terms g(t1; t2) where t1 6= t̂ are mapped to n by construction) i® the unary

function usedat depth i in term t2 is f 1 i® I t̂;i 2 S.
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We¯nally quantify the complexity of the parametersusedin HS: it has1 clause,

2 literals, no variables,usesonesingleterm of depth £(log k) (that is O(log t)) which

contains £( k logk) subterms(that is £( t) subterms)that arebuilt from 4 constants,

5 function symbols whosemaximal arity is 2. ¥

Theorem 61 There exists a set of ct interpretations that can be shattered using

Horn expressionsbounded by N Clauses· c, N Terms = £( t + logc), N Lits = 2,

N Vars = 0, Depth = O(log t + logc), Ar ity = 2, N F uncs · 9 and N Preds= 3.

Pro of. We extend the previousconstruction. Let I be the set shattered in Theo-

rem 60. We createa new set of interpretations I + of cardinality ct in the following

way. We have an additional set of c terms constructed in the sameway as in The-

orem 57 but using as constants 1,2,3 and as binary function g; let us denote this

set T̂c. As in Theorem 57, T̂c contains c distinct terms of depth logc each. Notice

that we can safelyre-usethe constants 1,2,3and the function g sincetheseare not

combined in the previousconstruction.

As before,we augment the interpretations in the construction of Theorem60 by

associating I 2 I with a newterm in T̂c (and hencewecreatec newinterpretations in

I + for each old interpretation in I ), adding logc newobjects and the corresponding

functional mappings following the term's structure. HencejI + j = ct. In addition

we modify the predicate M which now has arity 2. The only atom true in I is

M (ĉ;y) whereĉ is the distinguishedterm in T̂c associated with I .

The new expressionseparatingan arbitrary subsetS µ I + is:

HS =
n

M (ĉ;TREESĉ ) ! F ()
¯
¯
¯ ĉ 2 T̂c

o
;

whereSĉ is the subsetof interpretations in S with distinguishedterm ĉ.

We ¯nally prove that I falsi¯es HS i® I 2 S. Supposethat ĉ is the distinguished

term in T̂c associated to I . I contains the atom M (ĉ;y) in its extension,and every

clauseM (c0; TREESc0) ! F () in HS s.t. ĉ 6= c0 is satis¯ed sinceterm c0 doesnot
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evaluate to domain object ĉ under I . The clauseM (ĉ;TREESĉ ) ! F () is falsi¯ed

i® I 2 Sĉ by the samereasoningas in Theorem60. ¥

It is not hard to seethat the constructionsgivenabovecanbemodi¯ed by adding

dummy arguments in the antecedent and consequent so that the expressionsused

to shatter the given setsare both range restricted and constrained. For example,

in the construction of the proof of Theorem61, we can useasseparating¯rst order

Horn expression(now rangerestricted and constrained):

HS =
n

M (ĉ;TREESĉ ) ! F (ĉ;TREESĉ )
¯
¯
¯ ĉ 2 T̂c

o
;

and regardlessto what the terms ĉ and TREESĉ evaluate, they are always false

since no atom with predicate symbol F is present in any of the interpretations'

extensions.Similar observations hold for the other constructions. Thus we get:

Corollary 62 Let S be a signature with at least 9 function symbols, 3 predicatesand

arity at least 2. The VC Dimension of the classof rangerestricted and constrained

¯rst order Horn expressionsover S with at most c clauses,eachusingup to l literals

and t + logc terms is ­( cl + ct).

We note that the fact that we get an (almost) asymptotically tight bound of

~£( cl + ct) for the VC Dimension supports our result from Chapter 4 stating that

the parametersc;l ; t are the right onesto capture the complexity of ¯rst order Horn

expressions.

From the results in (Maassand Tur¶an, 1992) and in this chapter we conclude

that any algorithm that exactly learns the classof closedHorn expressionsmust

make ~­( cl + ct) membership and equivalencequeries. Notice that this is the best

possiblelower bound that the VC Dimension can provide. This still leaves a gap

to our upper bound derived from the learning algorithm in Chapter 5 which is

polynomial in c + tv. The main discrepancyis in the exponential dependencein v.

In the next chapter we study the Certi¯c ate Sizewhich is a powerful technique that
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alsogiveslower boundsfor the query complexity of learning in our model.
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Chapter 7

The Certi¯cate Size

This chapter is a ¯rst step towards ¯nding the certi¯cate size of ¯rst order Horn

expressions.Here,weexplorethe certi¯cate sizeof variousclassesof booleanexpres-

sions. We give constructions of polynomial certi¯cates for monotoneCNF, unate

CNF and Horn CNF. The construction of certi¯cates for the Horn caseis based

on an analysisof a standardizedrepresentation for Horn expressionswhich we call

saturation, and that might be useful in other settings.

Query complexity canbe characterizedusing the combinatorial notion of certi¯-

cate size (Hellerstein et al., 1996;Hegedus,1995)| seealso(Balc¶azar,Castro, and

Guijarro, 1999;Angluin, 2001). In particular, Hellersteinet al. (1996)and Hegedus

(1995)show that a classT is e±ciently learnablefrom equivalenceand membership

queries if and only if the classT has polynomial certi¯cates. Informally, T has

polynomial certi¯cates if for every conceptnot in T there is a small set of instances

in the domain that distinguishesit from all the conceptsin T (we give formal de¯-

nitions later). Note that only query complexity is consideredhereand running time

is not measured,sothis notion is weaker than polynomial time learning with equiv-

alenceand membershipqueries.However, since¯nding polynomial certi¯cates may

be easierthan ¯nding e±cient algorithms for a particular conceptclass,certi¯cates

make an attractiv e choicefor exploring the learnability question.

The learnability results that follow from our certi¯cate constructionsfor mono-
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tone, unate and Horn CNF areweaker than the learningalgorithms for theseclasses

(Valiant, 1984;Angluin, 1988;Bshouty, 1995;Angluin, Frazier, and Pitt, 1992;Fra-

zier and Pitt, 1993)sincewe obtain query complexity results and the results cited

are for time complexity. However, the certi¯cate constructions which we give are

di®erent from those implied by theseearlier algorithms, and may be useful in sug-

gestingnew learning algorithms. We alsogive new lower boundson certi¯cate size

for each of theseconcept classes.For someparameter settings, our lower bounds

imply that our new certi¯cate constructionsare exactly optimal.

Finally, we also considera natural generalizationof these classes,namely the

classof renamableHorn CNF expressions.While unate CNF and Horn CNF each

have polynomial certi¯cates, we give an exponential lower bound on certi¯cate size

for renamableHorn CNF. This answers an open question of Feigelson(1998) and

proves that renamableHorn CNF is not e±ciently learnable in polynomial time

from membership and equivalencequeries.

7.1 De¯nitions and notation

Herewe introducesomeof the notation and de¯nitions that we usein this chapter.

De¯nition 30 Let x; y 2 f 0; 1gn be two assignments. Their intersection x \ y is

the assignment that setsto 1 only thosevariablesthat are 1 in both x and y.

De¯nition 31 The DNF size of a boolean function f µ f 0; 1gn , denoted jf jDNF ,

is the minimum number of terms in a DNF representation of f . The CNF size of

f , jf jCNF , is de¯ned analogously. In general, let R be a representation classfor

boolean formulas. Then jf jR is the sizeof a minimal representation for f in R. If

f 62R, we assignjf jR = 1 .

De¯nition 32 Let B be a boolean class,i.e. B µ 2f 0;1gn
. Then B· m denotesthe

subclassof B of conceptsof sizeat most m.
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De¯nition 33 Let R be a classof propositional expressionsde¯ning a boolean

conceptclassB. The classR has polynomial certi¯c ates if there exist two polyno-

mials p(¢; ¢) and q(¢; ¢) such that for every n; m > 0 and for every boolean function

f µ f 0; 1gn s.t. jf jR > p(m; n), there is a set of assignments Q µ f 0; 1gn satisfying

the following:

1. jQj · q(m; n) and

2. for every g 2 B· m there is somex 2 Q s.t. g(x) 6= f (x)

In other words, (2) states that no function in B· m is consistent with f over Q.

7.2 Certi¯cates for monotone and unate CNFs

In this section we construct polynomial certi¯cates for anti-monotone CNFs and

then we generalizethe construction to unate DNFs. This is to facilitate the pre-

sentation of certi¯cates for Horn CNF. A certi¯cate for unate DNF was given by

Feigelson(1998) (formal de¯nition of unate DNF can be found below):

Theorem 63 (Feigelson (1998)) The classesof monotone and unate functions

under DNF have polynomial size certi¯c ates with p(m; n) = m and q(m; n) =

O(mn). ¥

Feigelson'sconstruction is basedon the fact that to show that a unate DNF

function hasmorethan m terms, it is su±cient to prove that it hasm+ 1 minterms,

which can be done by including in the certi¯cate m + 1 positive assignments cor-

responding to the minterms and O(mn) negative assignments corresponding to the

assignments onelevel below the positive ones.A term t is a minterm for a boolean

function f if t j= f but t0 6j= f for every other term t0 ½ t.

We next show a construction that achieves a certi¯cate of size O(m2) which

improvesFeigelson'sconstruction when m < n.
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An anti-monotone CNF expressionis a CNF whereall variablesappearnegated.

In this casewe have that anti-monotone CNFs satisfy:

8x; y 2 f 0; 1gn : if x < y then f (x) ¸ f (y);

where< betweenassignments denotesthe standard bit-wise relational operator.

Notice that an anti-monotone CNF expressioncan be seenas a Horn CNF

whoseclauseshave empty consequents. As an example, the anti-monotone CNF

(¹a _ ¹b) ^ (¹b_ ¹c) is equivalent to the Horn CNF (ab! false ) ^ (bc! false ).

Theorem 64 The classof anti-monotoneCNF haspolynomial sizecerti¯c ateswith

p(m; n) = m and q(m; n) =
¡ m+1

2

¢
+ m + 1.

Pro of. Fix m; n > 0. Fix any f µ f 0; 1gn s.t. jf janti ¡ monC N F > p(m; n) = m. We

proceedby cases.

Case1. f is not anti-monotone. In this case,there must exist two assignments

x; y 2 f 0; 1gn s.t. x < y but f (x) < f (y) (otherwise f would be anti-monotone).

Let Q = f x; yg. Notice that by de¯nition no anti-monotone CNF can be consistent

with Q. Moreover, jQj = 2 · q(m; n).

Case 2. f is anti-monotone. Let c1 ^ c2 ^ : : ^ cm ^ : : ^ ck be a minimal

representation for f . Notice that k ¸ m + 1 since jf janti -monCNF > p(m; n) = m.

De¯ne assignment x [ci ] asthe assignment that setsto 1 exactly thosevariablesthat

appear in ci 's antecedent. For example, if n = 5 and ci = v3v5 ! false then

x [ci ] = 00101.

Remark 2 Notice that every x [ci ] falsi¯es ci (antecedent is satis¯ed but consequent

is false ) but satis¯es every other clausein f . If this were not so, then we would

have that someother clausecj in f is falsi¯ed by x [ci ], that is, the antecedent of

cj is true and therefore all variables in cj appear in ci as well (i.e. cj µ ci ). This

is a contradiction since ci would be redundant and we are looking at a minimal

representation of f .
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Now, de¯ne the set Q = Q+ [ Q¡ where

Q¡ =
©

x [ci ]
¯
¯ 1 · i · m + 1

ª
and Q+ =

©
x [ci ] \ x [cj ]

¯
¯ 1 · i < j · m + 1

ª
:

Notice that jQj ·
¡ m+1

2

¢
+ m + 1 = q(m; n). The assignments in Q¡ arenegative

for f , sincex [ci ] clearly falsi¯es clauseci (and henceit falsi¯es f ). The assignments

in Q+ are positive for f . To seethis, supposesomex [ci ] \ x [cj ] 2 Q+ is negative.

Then there is someclausec in f that is falsi¯ed by x [ci ] \ x [cj ] 2 Q+ . That is, all

variables in c are set to 1 by x [ci ] \ x [cj ] 2 Q+ . Therefore,all variables in c are set

to 1 by x [ci ] and x [cj ] and they falsify the sameclausewhich is a contradiction by

the remark above. Hence,all assignments in Q+ are positive for f .

It is left to show that no anti-monotone CNF g s.t. jgjanti -monCNF · m is

consistent with f over Q. Fix any g = c0
1 ^ : : ^ c0

l with l · m. If g is consistent

with Q¡ , then there is a c0 2 g falsi¯ed by two di®erent x [ci ]; x [cj ] 2 Q¡ | we have

m + 1 assignments in Q¡ but strictly fewer clausesin g. Sincethey falsify c0, all

variablesin c0 are set to 1 in both x [ci ] and x [cj ]. Therefore,all variablesin c0 are set

to 1 in their intersection x [ci ] \ x [cj ]. Hence,clausec0 (and therefore g) is falsi¯ed

by x [ci ] \ x [cj ]. Thus, x [ci ] \ x [cj ] 2 Q+ is negative for g and g and f cannot be

consistent. ¥

By duality of the booleanoperatorsand DNF/CNF representations we get that

monotoneCNF, monotoneDNF and anti-monotone DNF have polynomial certi¯-

catesof sizeO(min (mn; m2)).

Now, we generalizethe previousconstruction to unate DNF. First we needsome

useful de¯nitions.

De¯nition 34 Let a;x; y 2 f 0; 1gn be three assignments. The inequality between

assignments x · a y is de¯ned as x © a · y © a, where · is the bit-wise standard

relational operator and © is the bit-wise exclusive OR. Also, we note x < a y i®

x · a y but y 6·a x.
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De¯nition 35 A booleanDNF function f (of arity n) is unate if there existssome

assignment a such that 8x; y 2 f 0; 1gn : (x < a y =) f (x) · f (y)) : Equivalently,

a variable cannot appear both negatedand unnegatedin any minimal DNF repre-

sentation of f . Variablesare either monotoneor anti-monotone.

De¯nition 36 Let a;x; y 2 f 0; 1gn be three assignments. Let a[i ] be the i -th value

of assignment a. The unate intersectionx \ a y is de¯ned as:

(x \ a y)[i ] =

8
<

:
x[i ] ^ y[i ] if a[i ] = 0

x[i ] _ y[i ] otherwise

The following is a generalizationof Theorem64; its proof follows alongthe same

lines:

Theorem 65 Unate DNFs havepolynomial sizecerti¯c ateswith p(m; n) = m and

q(m; n) =
¡ m+1

2

¢
+ m + 1.

Pro of. Let p(m; n) = m and q(m; n) =
¡ m+1

2

¢
+ m + 1. Fix m; n > 0. Fix any

f µ f 0; 1gn s.t. jf junateDNF > p(m; n) = m. Now we proceedby cases.

Case1. f is not unate. In this case,theremust exist four assignments x; y; z; w 2

f 0; 1gn and a position i (1 · i · n) such that:

² x[j ] = y[j ] for all 1 · j · n; j 6= i and x[i ] < y[i ]

² z[j ] = w[j ] for all 1 · j · n; j 6= i and z[i ] > w[i ]

² f (x) > f (y) and f (z) > f (w)

Let Q = f x; y; z; wg. Notice that jQj · q(m; n). To seethat no unate DNF can

be consistent with f over Q, take any unate DNF g and supposeit is. Let a be the

assignment mentioned in De¯nition 35 for g. If a[i ] = 0 (i -th valuegiven by a) then

we have that x · a y but g(x) > g(y). If a[i ] = 1 then z · a w but g(z) > g(w).

Thereforethere can not be any unate function consistent with f over Q.
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Case2. f is unate. Let a be the assignment witnessingf being unate. Suppose

w.l.o.g. (just renamevariablesaccordingly)that a = 0r 1n¡ r wherer is the number of

monotonevariablesin f . Supposethat the variablesin f are f v1; :::; vng. Therefore,

variablesf v1; :::; vr g appear always positive in f and variablesf vr +1 ; :::; vng appear

always negative. Let t1 _ t2 _ ::: _ tm _ ::: _ tk be a minimal DNF representation

of f . Notice that k ¸ m + 1 sincejf junateDNF > p(m; n) = m. De¯ne j -th value of

assignment x [t i ] as (for 1 · j · n):

x [t i ][j ] =

8
>>>>>><

>>>>>>:

1 if j · r and vj appearsin t i

0 if j · r and vj doesnot appear in t i

0 if j > r and ¹vj appearsin t i

1 if j > r and ¹vj doesnot appear in t i

Now, de¯ne the sets

Q+ =
©

x [t i ]
¯
¯ 1 · i · m + 1

ª

Q¡ =
©

x [t i ] \ a x [t j ]
¯
¯ 1 · i < j · m + 1

ª

Q = Q+ [ Q¡ :

Notice that jQj · jQ¡ j + jQ+ j ·
¡ m+1

2

¢
+ m + 1 = q(m; n). The assignments

in Q+ are positive for f , sincex [t i ] clearly satis¯es term t i . The assignments in Q¡

are negative for f . To seethis, supposesomex [t i ] \ a x [t j ] is positive. Let t 2 f be a

term that is satis¯ed by x [t i ] \ a x [t j ]. That meansthat variablesamong f v1; :::; vr g

appearingin t areset to 1 by x [t i ] \ ax [t j ] (thereforein x [t i ] and x [t j ], too) and variables

amongf vr +1 ; :::; vng appearing in t are set to 0 by x [t i ] \ a x [t j ] (therefore in x [t i ] and

x [t j ], too). That is, t µ t i and t µ t j which is a contradiction becausesometerm

in f would be redundant and we have assumedsomeminimal representation of f .

Hence,all assignments in Q¡ are negative for f .

It is left to show that no unate DNF g s.t. jgjunateDNF · m is consistent with

f over Q. Fix any g = t0
1 _ ::: _ t0

l with l · m. If g is consistent with Q+ , then
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there is a t0 2 g satis¯ed by two di®erent x [t i ]; x [t j ] 2 Q+ (becausewe have m + 1

assignments in Q+ but lessthan m + 1 terms in g). So we have that x [t i ] j= t0 and

x [t j ] j= t0. Hence,all variablesappearing in t0 have the samevalue in x [t i ] and x [t j ],

and thereforethey have the samevalue in x [t i ] \ a x [t j ] sothat x [t i ] \ a x [t j ] j= t0. Then,

x [t i ] \ a x [t j ] 2 Q¡ is positive for g and g is not consistent with f over Q. ¥

Corollary 66 Unate CNF/DNF havecerti¯c atesof sizeO(min (mn; m2)) :

Pro of. By duality of the DNF/CNF representations. ¥

7.3 Saturated Horn CNFs

This section develops a \standardized" representation for propositional Horn ex-

pressionswhich can be obtained by an operation we call saturation. We establish

properties of saturated expressionsthat make it possibleto construct a set of cer-

ti¯cates in a similar way to the caseof anti-monotone CNF.

De¯nition 37 Let f be a Horn CNF. We de¯ne Saturation(f ) asthe Horn expres-

sion returned by the following procedure:

Satura tion (f )

1 Sat Ã f

2 rep eat

3 if there exist si ! bi , sj ! bj in Sat s.t. bi 6= bj , sj µ si , bj 62si

4 then s0
i Ã si [ f bj g

5 replacesi ! bi with s0
i ! bi in Sat.

6 until no changesare madeto Sat

7 return Sat

This proceduremust terminate within O(mn) time steps,wherem is the number

of clausesin the initial expression,and n is the number of variables: we can add up
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to mn variablesto the antecedents of the clausesin f , and after every executionof

the loop at least onevariable is added.

By a saturation of f we mean any of the possibleoutcomesof the procedure

Satura tion (f ).

Example 14 Notice that an expressioncan have many possiblesaturations. As

an example,take f = f a ! b;a ! cg; this expressionhas two possiblesaturations:

Sat1 = f ac ! b;a ! cg and Sat2 = f a ! b;ab ! cg. Clearly, the result depends

on the order in which we saturate clauses.

Lemma 67 Every Horn expressionis logically equivalent to its saturation.

Pro of. We show inductively that after every iteration of the main loop in the

procedureabovethe logicalvalueof the expressionbeingcomputeddoesnot change.

Suppose, then, that we are about to change the expressionSat. Let Sat be the

expressionbefore the change and Sat0 after. Let si ! bi 2 Sat be the clause

updated to s0
i ! bi 2 Sat0. We have to show that Sat ´ Sat0. The direction

Sat j= Sat0 is easy. To show this, notice that si ! bi j= s0
i ! bi sinces0

i hasjust one

more variable than si . For the other direction Sat0 j= Sat ¯x an arbitrary x such

that x j= Sat0. We show that x j= Sat, too. It holds that x j= C0 for all clauses

C0 2 Sat0. Trivially , x j= C for all C 2 Sat other than si ! bi . It is left to show

that x j= si ! bi also. The two following casesarise: (1) the extra variable in s0
i

(w.r.t. si ) is set to 1 by x, or (2) it is set to 0. If (1) holds, then it is easyto see

that x j= si ! bi i® x j= s0
i ! bi and we concludex j= si ! bi . If (2) holds, then let

sj ! bj be the clausethat was usedto add the extra variable (bj ) to s0
i . We have

seenthat x j= sj ! bj and that bj is set to 0, therefore sj must be falsi¯ed by x

(that is somevariable in sj is set to 0 by x). Notice, too, that sj µ si . Hence,some

variable in si must be set to 0 by x, too. Thus x j= si ! bi as required. ¥

Notice that we usethe notion of a \sequential" saturation in the sensethat we

usethe updated expressionto continue the processof saturation. There is a notion
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of \simultaneous" saturation that usesthe original expressionto saturate all the

clauses. Lemma 67 does not hold for simultaneous saturation. An easyexample

illustrates this. Let f = f a ! b;a ! cg. Clearly, SimSat(f ) = f ac ! b;ab! cg is

not logically equivalent to f (notice f j= a ! b but SimSat(f ) 6j= a ! b).

De¯nition 38 An expressionf is saturated i® f = Satur ation(f ).

De¯nition 39 A clauseC in a Horn expressionf is redundant if f n f Cg ´ f . An

expressionf is redundant if it contains a redundant clause.

Lemma 68 If a Horn expressionf is non-redundant, then all of its saturations are

non-redundant, too.

Pro of. We show that if any ¯xed but arbitrary saturation of f is redundant (call

it Sat0), then f has to be redundant, too. Assumethat Sat0 is redundant. We

argue inductively on the number of changesmade to the expressionf during the

saturation process.

Basecase:f is saturated (i.e. f = Sat0). Clearly f is redundant if Sat0 is.

Step case: f is not saturated (i.e. f 6= Sat0). Consider the last changemade

by the saturation procedurebeforeobtaining Sat0. Let Sat be the expressionjust

beforeobtaining Sat0; let si ! bi 2 Sat be the clausereplacedby s0
i ! bi 2 Sat0

using sj ! bj 2 Sat. Notice that s0
i = si [ f bj g and that Sat and Sat0 coincidein

clausesother than si ! bi and s0
i ! bi . SinceSat0 is redundant, there is a clause

C0 2 Sat0 that can be deducedfrom the other clausesof Sat0. Therefore, there

is a minimal derivation graph G0 of Sat0 n C0 ` C0. Denote C 2 Sat the clause

corresponding to C0 in Sat0. Now we proceedby cases.In every casewe transform

G0 proving redundancyof the clauseC in Sat.

Case1a. If s0
i ! bi doesnot appear in the derivation graph and C0 6= s0

i ! bi ,

then no modi¯cation is neededto show that C = C0 is redundant in Sat.

Case1b(i). If C0 = s0
i ! bi and the added bj does not appear in G0, then no

modi¯cation is neededand G0 shows that C = si ! bi is redundant in Sat.
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Case1b(ii). If C0 = s0
i ! bi and the addedbj appearsin G0, then we just add

edgesb ! bj for every b 2 sj (¯rst add nodes b 2 sj not in G0 already!). Notice

that this is a valid derivation graph for the redundant C = si ! bi from Sat.

Case2. Now supposethat the updated clauseappearsin the proof. Notice that

the variable bj has to be di®erent from the consequent of the redundant clause. If

this were not so, we would have a smaller derivation graph, contradicting the fact

that we assumea minimal one. Therefore, the clausesj ! bj used to saturate

cannot be C0 itself. We modify G0 in the following way. If the variable bj has only

one edgegoing to bi , we simply remove bj , the edgebj ! bi , all edges¤ ! bj

reaching bj and any unconnectedparts remaining in the derivation graph. If bj has

more edgespointing at variablesother than bi , we remove the edgebj ! bi but add

edgesb ! bj for every b2 sj (¯rst adding any b2 sj not in G0 already).

In either case,we obtain that C 2 Sat is redundant. Applying the induction

hypothesis,we concludethat (the possibly unsaturated versionof) C is redundant

in the initial f . ¥

The converseof the previous lemma does not hold. That is, there are redun-

dant expressionsf with non-redundant saturations. As an example: f = f ab !

c;c ! d;ab ! dg is clearly redundant since the third clauseab ! d can be de-

duced from the ¯rst two. If we saturate the ¯rst clausewith the third, we obtain:

Satur ation(f ) = f abd ! c;c ! d;ab ! dg which is not redundant! However,

if we saturate the third clausewith the ¯rst, we obtain a redundant saturation

Satur ation0(f ) = f ab! c;c ! d;abc! dg.

Lemma 69 Let f be a non-redundant Horn expression. Let si ! b and sj ! b be

any two distinct clausesin f with the sameconsequent. Then, si 6µsj .

Pro of. If si µ sj , then si ! b subsumessj ! b and f is redundant. ¥

Lemma 70 Let f be a non-redundant, saturated Horn expression. Let c be any

clausein f . Let x [c] be the assignmentthat setsto one exactlythosevariablesin the
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antecedent of c. Then, x [c] falsi¯es c but satis¯es every other clausec0 in f .

Pro of. Let c = s ! b. Clearly, x [c] falsi¯es c: its antecedent is satis¯ed but its

consequent is not. It alsosatis¯es every other clausec0 = s0 ! b0 in f . To seethis,

we look at the following two cases:if s0 6µs, there is a variable in s0 not in s. Hence

x [c] 6j= s0 and x [c] j= c0. Otherwise, s0 µ s and Lemma 69 guarantees that b 6= b0

(otherwisethere would be a redundant clausein f ). Furthermore, b0 2 s (otherwise

f would not be saturated). Thus, x [c] j= b0 and x [c] j= c0. ¥

7.4 Certi¯cates for Horn CNF

The following characterization is due to McKinsey (1943), although it was stated

in a di®erent context and in more generalterms. It was further exploredby Horn

(1956). Finally, a proof adapted to our setting can be found e.g. in (Khardon and

Roth, 1996). Horn CNF expressionsare characterizedby

8x; y 2 f 0; 1gn : if x j= f and y j= f ; then x \ y j= f (7.1)

Theorem 71 Horn CNFs havepolynomial sizecerti¯c ateswith p(m; n) = m(n+ 1)

and q(m; n) =
¡ m+1

2

¢
+ m + 1.

Pro of. Fix m; n > 0. Fix any f µ f 0; 1gn s.t. jf jhornCNF > p(m; n) = m(n + 1).

Again, we proceedby cases.

Case1. f is not Horn. In this case,there must exist two assignments x; y 2

f 0; 1gn s.t. x j= f and y j= f but x \ y 6j= f (otherwise f would be Horn). Let

Q = f x; y; x \ yg. Notice that by (7.1) no Horn CNF can be consistent with Q.

Moreover, jQj = 3 · q(m; n).

Case2. f is Horn. Let c1 ^ c2 ^ : : ^ ck0 be a minimal, saturated representation

of f . Notice that k0 ¸ m(n + 1) + 1 since jf jhornCNF > p(m; n) = m(n + 1) and

saturation doesnot produceredundant clauseswhenstarting from a non-redundant

representation (seeLemma 68). Sincethere are more than m(n + 1) clauses,there
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must beat leastm+ 1 clausessharinga singleconsequent in f (there areat mostn+ 1

di®erent consequents amongthe clausesin f | including the constant false ). Let

theseclausesbe c1 = s1 ! b;: : ; ck = sk ! b, with k ¸ m + 1. De¯ne assignment

x [ci ] as the assignment that sets to 1 exactly those variables that appear in ci 's

antecedent. For example, if n = 5 and ci = v3v5 ! v2 then x [ci ] = 00101. De¯ne

the set Q = Q+ [ Q¡ where

Q¡ =
©

x [ci ]
¯
¯ 1 · i · m + 1

ª
and Q+ =

©
x [ci ] \ x [cj ]

¯
¯ 1 · i < j · m + 1

ª
:

Notice that jQj = jQ+ j+ jQ¡ j ·
¡ m+1

2

¢
+ m+ 1 = q(m; n). The assignments in Q¡

are negative for f , sincex [ci ] clearly falsi¯es clauseci (and henceit falsi¯es f ). The

assignments in Q+ are positive for f . To seethis, we show that every assignment

in Q+ satis¯esevery clausein f . Take any assignment x [ci ] \ x [cj ] 2 Q+ . For clauses

c with a di®erent consequent than ci (thus c 6= ci ; c 6= cj ), Lemma 70 shows that

x [ci ] j= c and x [cj ] j= c. Sincec is Horn, x [ci ] \ x [cj ] j= c. For clauseswith the same

consequent as ci (and cj ), we have two cases.Either c 6= ci or c 6= cj . If c 6= ci ,

then Lemma 69 guaranteesthat s 6µsi , wheres is c's antecedent. Thereforesome

variable in s is set to 0 by x [ci ] and henceby x [ci ] \ x [cj ], too. Thus, x [ci ] \ x [cj ] j= c.

The other caseis analogous.Hence,all assignments in Q+ are positive for f .

It is left to show that no Horn CNF g s.t. jgjhornCNF · m is consistent with f

over Q. Fix any g = c0
1 ^ : :^ c0

l with l · m. If g is consistent with Q¡ , then there is a

c0 2 g falsi¯ed by two di®erent x [ci ]; x [cj ] 2 Q¡ (becausewe have m + 1 assignments

in Q¡ but strictly fewer clausesin g). Since they falsify c0, all variables in the

antecedent of c0 are set to 1 in both x [ci ] and x [cj ]. Also, in both assignments the

consequent of c0 is set to 0. Therefore, the assignment x [ci ] \ x [cj ] setsall variables

in the antecedent of c0 to 1 and the consequent to 0, too. Hence,clausec0 (and

thereforeg) is falsi¯ed by x [ci ] \ x [cj ]. Thus, x [ci ] \ x [cj ] 2 Q+ is negative for g and

g cannot be consistent with f over Q. ¥
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Next, we include an alternative construction of polynomial certi¯cates for Horn

CNF expressions.The reasonfor this is that this alternative construction, although

having worse query complexity bounds, seemsbetter suited to be generalizedto

¯rst order Horn expressions.We needthe following fact.

Fact 72 Let (S; ¹ ) be a quasi-order (see page 21). Let r be the length of the

longeststrict chain s1 Á s2 Á :: Á sr ¡ 1 Á sr . Then, any subsetof S of cardinality

at least r + 1 must contain two elements s;s0 such that s 6¹ s0 and s0 6¹ s. ¥

Theorem 73 Horn CNFs havepolynomial sizecerti¯c ateswith p(m; n) = m(n+ 1)

and q(m; n) =
¡ m(n+1)+1

2

¢
+ m(n + 1) + 1.

Pro of. Fix m; n > 0. Fix any f µ f 0; 1gn s.t. jf jhornCNF > p(m; n) = m(n + 1).

Case1. f is not Horn. Exactly as Case1 in the proof of Theorem71.

Case 2. f is Horn. Let c1 ^ c2 ^ : : ^ ck0 be a minimal, saturated repre-

sentation of f . Notice that k0 ¸ m(n + 1) + 1 since jf jhornCNF > p(m; n) =

m(n + 1). De¯ne the set Q = Q0 [ Q¡ whereQ¡ =
©

x [ci ]
¯
¯ 1 · i · m(n + 1) + 1

ª

and Q0 =
©

x [ci ] \ x [cj ]
¯
¯ 1 · i < j · m(n + 1) + 1

ª
: Notice that jQj = jQ0j + jQ¡ j ·

¡ m(n+1)+1
2

¢
+ m(n + 1)+ 1 = q(m; n). In contrast to the proof of Theorem71, the set

Q0 may now contain negative and positive assignments: supposen = 4 and f con-

tains three clausesv1v2 ! v3, v4 ! v3 and v1 ! v2. Then, Q¡ ¶ f 1100; 0001; 1000g

and Q0 ¶ f 1000; 0000g. Clearly, 1000is negative and 0000is positive.

Fix an arbitrary Horn CNF g = c0
1 ^ : : ^ c0

l with l · m. Supposeg is consistent

with f over Q. Supposethat each clausein g is falsi¯ed only by n + 1 assignments

in Q¡ . Then only m(n + 1) assignments in Q¡ are negative for g, and henceg

and f cannot be consistent over Q¡ . Hence, there exists a clausec0 in g that is

falsi¯ed by at least n + 2 assignments in Q¡ . Let n + 2 of theseassignments be

A = f x [c¤
1 ]; : : ; x [c¤

n +2 ]g, and each c¤
l = s¤

l ! b¤
l for all 1 · l · n + 2. Now we consider

chains s¤
l1 ½ : : ½ s¤

lp , where1 · l j · n + 2 for all 1 · j · p (i.e. we considerproper

chains under set inclusion among the antecedents of the clausescorresponding to

the assignments in A). Clearly, any such chain is of length at most n + 1 because
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there are n variablesand s¤
l1 might be empty. We apply Fact 72 and concludethat

there are two assignments x [c¤
i ]; x [c¤

j ] in A µ Q¡ such that s¤
i 6µs¤

j and s¤
j 6µs¤

i .

It holds that x [c¤
i ] 6j= c0 and x [c¤

j ] 6j= c0, and we concludethat x [c¤
i ] \ x [c¤

j ] 6j= c0 and

hencex [c¤
i ] \ x [c¤

j ] 6j= g (following the sameargument as in the proof of Theorem71).

Now we show that x [c¤
i ] \ x [c¤

j ] j= c for every clausec 2 f . For clausesc other

than c¤
i and c¤

j , Lemma 70 guaranteesthat x [c¤
i ] j= c and x [c¤

j ] j= c. Sincec is Horn,

x [c¤
i ] \ x [c¤

j ] j= c. For c = c¤
i , it holds that x [c¤

i ] \ x [c¤
j ] j= c¤

i becauses¤
i 6µs¤

j implies

that x [c¤
i ] \ x [c¤

j ] 6j= s¤
i so that x [c¤

i ] \ x [c¤
j ] j= c¤

i . Similarly, x [c¤
i ] \ x [c¤

j ] j= c¤
j . We

concludethat x [c¤
i ] \ x [c¤

j ] j= f sincex [c¤
i ] \ x [c¤

j ] satis¯es every clausein f . Thus, f

and g disagreeon x [c¤
i ] \ x [c¤

j ] 2 Q0, which is a contradiction. ¥

7.5 Learning from entailmen t

In the model of learning from interpretations, a certi¯cate is a set of interpreta-

tions (or assignments in the caseof propositional logic). So far we have showed

how to construct interpretation certi¯cates, sinceour constructionswere basedon

assignments. These constructions provide bounds for the complexity of learning

classesin the model of learning from interpretations. In the model of learning from

entailment, a certi¯cate is a set of clauses. We present a general transformation

that allows us to obtain an entailment certi¯cate from an interpretation certi¯cate.

Similar observations have beenmadebeforein di®erent context e.g. (Khardon and

Roth, 1999;De Raedt, 1997) where one transforms e±cient algorithms instead of

just certi¯cates. Note however, that for computational e±ciency we must be able to

solve the implication problemfor the languageof hypothesesusedby the algorithm.

De¯nition 40 Let x bean interpretation. Then ones(x) is the setof variablesthat

are set in x.

Lemma 74 Let f be a boolean expressionand x an interpretation. Then,

x j= f if and only if f 6j= ones(x) !
W

b62ones(x) b:
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Pro of. Supposex j= f . By construction, x 6j= ones(x) !
W

b62ones(x) b. Supposeby

way of contradiction that f j= ones(x) !
W

b62ones(x) b. But sincex 6j= ones(x) !
W

b62ones(x) bwe concludethat x 6j= f , which contradicts our initial assumption. Now,

supposex 6j= f . Hence,there is a clauses !
W

i bi in f falsi¯ed by x. This can

happen only if s µ ones(x) and bi 62ones(x) for all i . Clearly, s !
W

i bi j=

ones(x) !
W

b62ones(x) b. Thereforef j= ones(x) !
W

b62ones(x) b. ¥

Theorem 75 Let S be an interpretation certi¯c ate for a boolean expressionf w.r.t.

a classB of boolean expressions.Then, the set f ones(x) !
W

b62ones(x) b j x 2 Sg is

an entailment certi¯c ate for f w.r.t. B.

Pro of. If S is an interpretation certi¯cate for f w.r.t. someclassB of propositional

expressions,then for all g 2 B there is someassignment x 2 S such that x j= f

and x 6j= g or vice versa. Therefore,by Lemma 74, it follows that f 6j= ones(x) !
W

b62ones(x) band g j= ones(x) !
W

b62ones(x) bor viceversa. Giventhe arbitrary nature

of g the theoremfollows. Moreover, both setshave the samecardinality. ¥

7.6 Certi¯cate size lower bounds

The certi¯cate results above imply that unate and Horn CNF are learnablewith a

polynomial number of queriesbut as mentioned above this was already known. It

is thereforeuseful to review the relationship betweenthe certi¯cate sizeof a class

and its query complexity. From (Hegedus,1995;Hellerstein et al., 1996)we know

that if CS(B) is the certi¯cate sizeof a certain classB, then its query complexity

(denotedQC(B)) satis¯es:

CS(B) · QC(B) · CS(B) log(jBj)

For the classof monotoneDNF there is an algorithm that achievesquery com-

plexity O(mn) (Valiant, 1984; Angluin, 1988). Since log(
¯
¯monotoneDNF· m

¯
¯) =
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£( mn), a certi¯cate result is not likely to improvethe known learningcomplexity. In

the caseof Horn CNF, there is an algorithm that achievesquery complexity O(m2n)

(Angluin, Frazier, and Pitt, 1992). Sinceagain log(
¯
¯hornCNF · m

¯
¯) = £( mn) im-

proving on known complexity would requirea certi¯cate for Horn of sizeo(m). The

results in this sectionshow that this is not possibleand in fact that our certi¯cate

constructions are optimal. We do this by giving lower bounds on certi¯cate size.

Naturally, thesealso imply lower boundsfor the learning complexity.

In particular, for every m; n with m < n we construct an n-variable monotone

DNF f of sizegreater than m and show that any certi¯cate that f has more than

m terms must have cardinality at least q(m; n) = m + 1+
¡ m+1

2

¢
. We alsoshow that

if m > n then there is a monotoneDNF of sizegreater than m that requiresa cer-

ti¯cate of size­( mn): Theseresults alsoapply to both unate and Horn CNF/DNF

as described below. We ¯rst give the result for m < n:

Theorem 76 Any certi¯c ate construction for monotone DNF for m < n with

p(m; n) = m hassizeq(m; n) ¸ m + 1 +
¡ m+1

2

¢
.

Pro of. Let X n = f x1; : : ; xng be the set of n variables and let m < n. Let

f = t1 _ ¢¢¢_ tm+1 wheret i is the term containing all variables(unnegated)except

x i . Such a representation is minimal and hencef hassizeexactly m + 1. We show

that any set with fewer than m + 1 +
¡ m+1

2

¢
assignments cannot certify that f has

morethan m terms. That is, for any setQ of sizelessthan m+ 1+
¡ m+1

2

¢
assignments,

we show that there is a monotoneDNF with at most m terms consistent with f

over Q.

If Q contains at most m positive assignments of weight n ¡ 1 then it easyto

seethat the function with minterms corresponding to thesepositive assignments is

consistent with f over Q. Hencewe may assumethat Q contains at least m + 1

positive assignments of weight n ¡ 1: Sincef only hasm + 2 positive assignments,

one of which is 1n ; Q must include all m + 1 positive assignments corresponding

to the minterms of f : Thus if jQj < m + 1 +
¡ m+1

2

¢
then Q must contain strictly
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lessthan
¡ m+1

2

¢
negative assignments. Notice that all the intersectionsbetween

pairs of positive assignments of weight n ¡ 1 are di®erent and there are
¡ m+1

2

¢
such

intersections. It follows that Q must be missing someintersection between some

pair of positive assignments in Q. But then there is an m-term monotone DNF

consistent with Q which usesoneterm for the missingintersectionand m ¡ 1 terms

for the other m ¡ 1 positive assignments. ¥

We can strengthen the previous theorem so that for every n a ¯xed function

f serves for all m < n. The motivation behind this is that the lower bound in

Theorem76 implies a lower bound on the query complexity of any strongly proper

learning algorithm (Hellerstein and Raghavan, 2002;Pillaipakkamnatt and Ragha-

van, 1996). Such algorithms are only allowed to output hypothesesthat are of size

at most that of the target expression;this is in contrast with the usual scenarioin

which learning algorithms are allowed to present hypothesesof sizepolynomial in

the sizeof the target. In the following certi¯cate lower bound we usea function f

of DNF sizen; so the resulting lower bound for learning algorithms appliesto algo-

rithms which may usehypothesesof sizeat most n ¡ 1 (even if the target function

is much smaller).

Theorem 77 Any certi¯c ate construction for monotone DNF for m < n with

p(m; n) < n hassizeq(m; n) ¸ m + 1 +
¡ m+1

2

¢
.

Pro of. Let q(m; n) = m + 1 +
¡ m+1

2

¢
and let f be de¯ned as f =

W
i 2f 1;::;n g t i

where t i is the term containing all variables (unnegated) except x i . Clearly, all t i

are minterms, f hassizeexactly n and f is monotone. We show that for any m < n

and any set of assignments Q of cardinality strictly less than q(m; n), there is a

monotonefunction g of at most m terms consistent with f over Q.

We ¯rst claim that w.l.o.g. we can assumethat all the assignments in the

potential certi¯cate Q have exactly onebit set to zero(positive assignments) or two

bits set to zero (negative assignments). We prove that if Q contains the positive

assignment 1n , or a negative assignment with more than 2 bits set to zero, then we
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can replacetheseby appropriate assignments with exactly 1 or 2 zerosso that any

monotonefunction g consistent with the latter set of assignments (call it Q0) is also

consistent with Q. Suppose¯rst that we have a function g consistent with f over

Q0 wherethe positive assignment b 2 Q with all its bits set to 1 has beenchanged

to b0 with just one bit set to 0 (chooseit arbitrarily). Since g is monotone, g is

consistent with f over Q0, b0 · b; and g(b0) = 1; it follows that g(b) = 1 and hence

g is alsoconsistent with f over the initial Q. Now supposethat we have a function

g consistent with the set Q where one negative assignment a with more than two

bits set to zero has been(arbitrarily) changedso that someof the extra zero bits

are set to one(call the new assignment a0). Sinceg is consistent with Q0, g(a0) = 0,

and sinceg is also monotoneand a · a0 it follows that g(a) = 0, too. Hence,g is

consistent with Q in this secondcase. By induction, our assumptionresults in no

lossof generality.

We may assume,then, that Q is a set of fewer than q(m; n) assignments each of

which haseither 1 or 2 zeros.We model the problem of ¯nding a suitable monotone

function as a graph coloring problem. We map Q into a graph GQ = (V; E) where

V = f p 2 Q j f (p) = 1g and E = f (p1; p2) j f p1; p2; p1 \ p2g µ Qg. Let jV j = v and

jE j = e.

First we show that if GQ is m-colorable then there is a monotone function g

of DNF size at most m that is consistent with f over Q. It is su±cient that for

each color we ¯nd a single term tc that (1) is satis¯ed by the positive assignments

in Q that have beenassignedsomecolor c, with the additional condition that (2)

tc is not satis¯ed by any of the negative assignments in Q. We de¯ne tc as the

minterm corresponding to the intersection of all the assignments colored c by the

m-coloring. Property (1) is clearly satis¯ed, since no variable set to zero in any

of the assignments is present in tc. To seethat (2) holds it su±ces to notice that

the assignments colored c form an independent set in GQ and therefore none of

their pair-wise intersectionsis in Q. By the assumptionno negative point below

the intersections is in Q either. The resulting consistent function g contains all
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minterms tc. Sincethe graph is m-colorable,g hasat most m terms.

It remainsto show that GQ is m-colorable.Note that the condition jQj < q(m; n)

translates into v + e < q(m; n) in GQ. If v · m then there is a trivial m-coloring.

For v ¸ m + 1, it su±ces to prove the following: any v-node graph with v ¸ m + 1

with at most
¡ m+1

2

¢
+ m ¡ v edgesis m colorable. We prove this by induction on v.

The basecaseis v = m + 1; in this casesincethe graph has at most
¡ m+1

2

¢
¡ 1

edgesit can be coloredwith only m colors (reuseone color for the missing edge).

For the inductive step,note that any v-nodegraph which hasat most
¡ m+1

2

¢
+ m¡ v

edgesmust have somenode with fewer than m neighbors (otherwise there would

be at least vm=2 nodes in the graph, and this is more than
¡ m+1

2

¢
+ m ¡ v since

v is at least m + 2 in the inductive step). By the induction hypothesisthere is an

m-coloring of the (v ¡ 1)-node graph obtained by removing this node of minimum

degreeand its incident edges.But sincethe degreeof this node was lessthan m in

G; we can color G using at most m colors. ¥

Finally, we give an ­( mn) lower bound on certi¯cate size for monotone DNF

for the casem > n: Like Theorem 76 this result gives a lower bound on query

complexity for any strongly proper learning algorithm.

Theorem 78 Any certi¯c ate construction for monotone DNF for m > n with

p(m; n) = m hassizeq(m; n) = ­( mn).

Pro of. Fix any constant k: We show that for all n and for all m =
¡ n

k

¢
¡ 1; there

is a function f of monotoneDNF sizem + 1 such that any certi¯cate showing that

f hasmore than m terms must contain ­( nm) assignments.

Fix n, ¯x k. We de¯ne f as the function whosesatisfying assignments have at

least n ¡ k bits set to 1. Notice that the size of f is exactly
¡ n

k

¢
= m + 1. Let

P be the set of assignments corresponding to the minterms of f , i.e. P consists

of all assignments that have exactly n ¡ k bits set to 1. Let N be the set of

assignments that have exactly n ¡ (k + 1) bits set to 1. Notice that f is positive

for the assignments in P but negative for those in N . Clearly, assignments in P
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are minimal weight positive assignments and assignments in N are maximal weight

negative assignments. As in the previous proof, we may assumew.l.o.g. that any

certi¯cate Q contains assignments in P [ N only. Notice, too, that jPj =
¡ n

k

¢
and

jN j = (m+1)( n¡ k)
k+1 =

¡ n
k+1

¢
= ­( mn) for constant k. Moreover, any assignment in N

is the intersectionof two assignments in P.

Let Q µ P [ N . If Q has at most m positive assignments then it is easy to

construct a function consistent with Q regardlessof how negative examplesare

placed. Otherwise,Q contains all the m + 1 positive assignments in P and the rest

are assignments in N . If Q missesany assignment in N then we build a consistent

function as follows: use the minterm corresponding to the missing intersection to

\cover" two of the positive assignments with just one term. The remaining m ¡ 1

positive assignments in P are coveredby oneminterm each. Hence,any certi¯cate

Q must contain P [ N and thus is of size­( nm). ¥

We closeby observingthat all of the lower boundsabove apply to unate or Horn

CNF/DNF aswell. This follows from the fact that monotoneCNF/DNF is a special

caseof unate or Horn CNF/DNF and that the function f is outside the class(has

sizemore than m in all cases).

7.7 An exp onential lower bound for renamable

Horn

In this section we show that renamableHorn CNF expressionsdo not have poly-

nomial certi¯cates. This answers an open question posedin (Feigelson,1998)and

implies that the class of renamable Horn CNF is not exactly learnable using a

polynomial number of membership and equivalencequeries.

De¯nition 41 A booleanCNF function f (of arity n) is renamableHorn if there

exists some assignment c such that f c is Horn, where f c(x) = f (x © c) for all
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x 2 f 0; 1gn . In other words, the function obtained by renaming the variables

accordingto c is Horn. We call such an assignment c an orientation for f .

To show non-existenceof certi¯cates, we need to prove the negation of the

property in De¯nition 33, namely: for all two-variable polynomials p(¢; ¢) and q(¢; ¢)

there exist n; m > 0 and a boolean function f̂ µ f 0; 1gn s.t.
¯
¯
¯f̂

¯
¯
¯
r enH

> p(m; n)

such that for every Q µ f 0; 1gn it holds (1) jQj > q(m; n) or (2) someg 2 B· m is

consistent with f over Q.

In particular, we de¯ne an f̂ that is not renamableHorn, sothat
¯
¯
¯f̂

¯
¯
¯
r enH

= 1 >

p(m; n) holds for any function p(m; n).

Hence,we needto show: for every polynomial q(¢; ¢), there exist n; m > 0 and

a non-renamableHorn f̂ µ f 0; 1gn s.t. if no g 2 B· m is consistent with f̂ over

someset of assignments Q, then jQj > q(m; n). We say that a set Q such that no

g 2 B· m is consistent with f̂ over Q is a certi¯c ate that f̂ is not small renamable

Horn.

What we actually show is: for each n which is a multiple of 3, there exists

a non-renamableHorn f̂ µ f 0; 1gn s.t. if no g 2 Bn6 is consistent with f̂ over

someset of assignments Q, then jQj ¸ 1
322n=3: Equivalently, for every such n every

certi¯cate Q that f̂ is not a renamableHorn CNF function of sizen6 has to be of

super-polynomial (in fact exponential) size. This is clearly su±cient to prove the

non-existenceof polynomial certi¯cates for renamableHorn booleanfunctions.

The following lemma due to Feigelsonis useful:

Lemma 79 (Feigelson (1998)) Let f be a renamableHorn function. Then there

is an orientation c for f suchthat c j= f .

Pro of. The proof which we include for completenessis due to Feigelson(1998).

Let c0 an orientation of f such that c0 6j= f . Let c be the positive assignment of

f which is minimal with respect to the partial order < c0. Such an assignment is

unique: if a and b areboth positive assignments unrelated in the partial order, then

c00= a \ c0 b is positive and c00< c0 a;b.
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We claim that c is a orientation for f . It su±ces to show a \ c0 b = a \ c b for

all positive assignments a and b. We show that (a \ c0 b)[i ] = (a \ c b)[i ] for all i s.t.

1 · i · n. If i is such that c[i ] = c0[i ] then clearly (a \ c0 b)[i ] = (a \ c b)[i ]. Let i

be such that c[i ] 6= c0[i ]. Then every positive assignment sets the bit i like c[i ]: if

a[i ] 6= c[i ] then (a \ c0 c)[i ] = c0[i ] and thus (a \ c0 c) < c0 c (strictly), contradicting

the minimalit y of c. Thus a[i ] = b[i ] = c[i ] and (a ^ b)[i ] = (a _ b)[i ], and therefore

(a \ c b)[i ] = (a \ c0 b)[i ]. ¥

De¯nition 42 The function f̂ which we use is as follows: Let n = 3k for some

k ¸ 1. We de¯ne f̂ : f 0; 1gn ! f 0; 1g to be the function whoseonly satisfying

assignments are 0k1k1k ; 1k0k1k ; and 1k1k0k .

Lemma 80 The function f̂ de¯ned above is not renamableHorn.

Pro of. To seethat a function f is not renamableHorn with orientation c it su±ces

to ¯nd a triple (p1; p2; q) such that p1 j= f , p2 j= f but q 6j= f whereq = p1 \ c p2.

By Lemma 79 it is su±cient to check that the three positive assignments are not

valid orientations for f :

The triple (1k1k0k ; 1k0k1k ; 1k1k1k) rejectsc = 0k1k1k .

The triple (0k1k1k ; 1k1k0k ; 1k1k1k) rejectsc = 1k0k1k .

The triple (0k1k1k ; 1k0k1k ; 1k1k1k) rejectsc = 1k1k0k . ¥

The following lemma is an extensionof Lemma 57 from (Feigelson,1998). We

say that a triple (p1; p2; q) such that p1 j= f , p2 j= f but q 6j= f is suitable for c if

q · c p1 \ c p2.

Lemma 81 If Q is a certi¯c ate that f̂ is not small renamableHorn with orientation

c, then Q includesa suitabletriple (p1; p2; q) for c.

Pro of. Suppose that a certi¯cate Q that f̂ is not small renamableHorn with

orientation c does not include a suitable triple (p1; p2; q) for c. That is, p1 j= f̂ ,
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p2 j= f̂ but q 6j= f̂ whereq · c p1 \ c p2. Feigelson(1998) de¯nes a function g that is

consistent with f̂ on Q as follows:

g(x) =

8
>>><

>>>:

1 if x 2 Q and x j= f̂

1 if x · c (s1 \ c s2) for any s1; s2 2 Q s.t. s1 j= f̂ and s2 j= f̂

0 otherwise.

The function g is consistent with Q sinceby assumptionno negative exampleis

coveredby the secondcondition. Feigelson(1998) shows that:

Claim 82 The function g is renamableHorn with orientation c.

Pro of. This proof is due to Feigelson(1998); we include it here for completeness.

Considerany assignments p1; p2 that are positive for g, i.e., p1 j= g and p2 j= g, and

let t = p1 \ c p2. If p1; p2 are included in Q, then clearly t j= g by the de¯nition of

g. If p1 62Q then p1 · c (s1 \ c s2) for somepositive s1; s2 2 Q (secondcondition in

the de¯nition of g). Sincet · c p1 · c (s1 \ c s2), then by the de¯nition of g, t j= g

as well. The samereasoningapplies for the remaining casep2 62Q. Hence,g is

renamableHorn with orientation c. ¥

Now, we show that g is also small. We use the fact that our particular f̂ is

designedto have very few positive assignments. First notice that g only depends

on the positive assignments in Q. Moreover, thesemust be positive assignments for

f̂ . Supposethat Q contains any l · 3 of thesepositive assignments. Let thesebe

x1; : : ; x l . A DNF representation for g is:

g =
_

1· i · l

t i _
_

1· i<j · l

t i;j

wheret i is the term that is true for the assignment x i only and t i;j is the term that

is true for the assignment x i \ c x j and all assignments below it (w.r.t. c). Notice

that we can represent this with just one term by removing literals that correspond

to maximal values(w.r.t. c).
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Sincel · 3, g hasat most 3+
¡ 3

2

¢
= 6 terms. Hence,g hasCNF sizeat most n6

(multiply out all terms to get the clauses). Now we usethe fact that if there is a

CNF formula representing g of sizeat most n6, then there must be a (syntactically)

renamableHorn representation ~g for g which is also of sizeat most n6: it is well

known that if a function h is Horn and g is a non-Horn CNF representation for h,

then every clausein g can be replacedwith a Horn clausewhich usesa subsetof its

literals; seee.g. (McKinsey, 1943)or Claim 6.3 in (Khardon and Roth, 1996). We

arrive at a contradiction: Q is not a certi¯cate that f̂ is not small renamableHorn

with orientation c since~g is not rejected. ¥

Theorem 83 For all n = 3k, there is a function f̂ : f 0; 1gn ! f 0; 1g which is not

renamableHorn such that any certi¯c ate Q showingthat the renamableHorn size

of f̂ is more than n6 must havejQj ¸ 1
322n=3:

Pro of. The Hamming distance between any two positive assignments for f̂ is

2n=3. Since(as observed by Feigelson)the intersection of two di®erent bits equals

the minimum of the two bits, any triple canbesuitable for at most 2n=3 orientations.

A negative examplein Q can appear in at most 3 triples (only 3 choicesfor p1; p2),

and henceany negative examplein Q contributes to at most 3 ¢2n=3 orientations.

The theoremfollows sincewe needto reject all orientations. ¥

Corollary 84 RenamableHorn CNFs do not havepolynomial sizecerti¯c ates.

We concludeby summarizingall the results obtained in the following table:

Class LowerBound UpperBound

unate DNF/CNF m < n
¡ m+1

2

¢
+ m + 1 (Th. 77)

¡ m+1
2

¢
+ m + 1 (Th. 65)

unate DNF/CNF m ¸ n ­( mn)¤ (Th. 78) O(mn) (Feigelson,1998)

Horn CNF m < n
¡ m+1

2

¢
+ m + 1 (Th. 77)

¡ m+1
2

¢
+ m + 1 (Th. 71)

Horn CNF m ¸ n ­( mn)¤ (Th. 78)
¡ m+1

2

¢
+ m + 1 (Th. 71)

renamableHorn CNF 1
322n=3 (Th. 83)

¤ Strong certi¯cate sizeonly.
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Chapter 8

The Subsumption Lattice and

Learnabilit y

This chapter is a result of an attempt to generalizethe constructionsof the certi¯-

catesfor propositional Horn expressionsto ¯rst order logic. In particular, we have

tried to generalizeTheorem 73 which usesthe fact that propositional clauseshave

short proper subsumptionchains. We show in Section8.1 that this is not the case

in ¯rst order logic, which, to the best of our knowledge,wasunknown. As proved in

Section8.2, this implies that learning ¯rst order Horn clausesis hard if only mem-

bership queriesare available. Finally, Section 8.3 studies the number of distinct

pairings that two clausescanhave, showing that it can indeedbe exponential in the

number of variablesusedby the clauses.This implies that our learning algorithm

of Chapter 5 can make an exponential number of queriesin the worst case.

8.1 On the length of prop er chains

In this sectionwe study the length of proper subsumptionchains of clauses

c1 Á c2 Á : : Á cn
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Weshow that in the caseof fully inequatedclauses,the length of any proper chain is

polynomial in the number of literals and the number of terms in the clausesinvolved.

On the other hand, if clausesare not fully inequated, then chains of exponential

length exist, even if clausesare function free. This implies that simple algorithmic

approaches that rely on repeated minimal sizesubsumption step re¯nements may

require a long time to converge(Nienhuys-Chengand De Wolf, 1997).

8.1.1 Fully inequated clauses have short prop er chains

For reasonsthat will becomeclear in the proof of Lemma 88, we use the biased

function WTerms (seeChapter 4) which counts the number of terms in an expres-

sion,with functional terms contributing twiceasmuch asvariables. As an example,

WTerms(p(x; f (x); a)) = 5 whereasNTerms(p(x; f (x); a)) = 3.

Lemma 85 Let c1; c2 be two non-trivial, fully inequated clauses.If c1 ¹ c2, then it

must be via a non-unifying substitution (w.r.t. c1).

Pro of. Let µ be the witnessing substitution for the fact that c1 ¹ c2. Suppose

that µ is unifying w.r.t. c1. That is, there exist two distinct terms t; t0 in c1 that

have been uni¯ed and therefore t ¢µ = t0 ¢µ = t̂. Sincec1 is fully inequated, the

inequality (t 6= t0) 2 c1. But then (t 6= t0) ¢µ is precisely(t̂ 6= t̂) and henceit cannot

be included in any non-trivial clause,contradicting the fact that c1 ¢µ µ c2. ¥

Lemma 86 Let c1; c2 be two fully inequated clauses.If c1 ¹ c2, then

NTerms(c1) · NTerms(c2):

Pro of. All distinct terms in c1 remain distinct in c1 ¢µ becauseµ is non-unifying

by Lemma 85. Hence,c2 has at least as many terms as c1 since it contains c1µ.

Moreover, µ might replace(light) variablesby (heavier) functional terms, and the

lemma follows. ¥
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Lemma 87 Let c1; c2 be two fully inequated clausess.t. c1 ¹ c2. Then,

NLiterals(c1) · NLiterals(c2):

Pro of. If NLiterals(c1) > NLiterals(c2), then at least two literals in c1, and hence

two terms in c1, must be uni¯ed in c1, contradicting Lemma 85. ¥

Lemma 88 Let c1; c2 be fully inequated clausessuch that c1 Á c2. Then, either

NLiterals(c1) < NLiterals(c2) or WTerms(c1) < WTerms(c2).

Pro of. By assumption, c1 and c2 are such that c1 ¹ c2 but c2 6¹ c1. Lem-

mas 86 and 87 guarantee that NLiterals(c1) · NLiterals(c2) and WTerms(c1) ·

WTerms(c2): We disprove the possibility that both NLiterals(c1) = NLiterals(c2)

and WTerms(c1) = WTerms(c2). Supposeso, and let µ be the substitution such

that c1µ µ c2. By Lemma 85, µ is non-unifying w.r.t. c1. It must be a variable

renamingalso,sinceotherwisewe would have that WTerms(c1) < WTerms(c2). If

µ is a variable renamingand NLiterals(c1) = NLiterals(c2), then c1 and c2 must be

syntactic variants, contradicting the assumptionthat c2 6¹ c1. ¥

Lemma 89 The longestproper subsumptionchain of fully inequated clauseswith

at most t terms and l literals is of length at most 2t + l.

Pro of. Let c1 Á c2 Á : : Á cn be a chain of maximal length. By Lemma 88, after

each step in the chain (from left to right), either we increasethe number of literals,

or the quantit y WTerms increases.By Lemmas86 and 87, thesequantities never

decrease.The bound t on the number of terms implies that WTerms cannever grow

beyond 2t (in the casethat all the terms are functional). SinceNLiterals cannot

surpassl, the number of total clausesin our chain is at most 2t + l. ¥
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8.1.2 Function free clauses have long prop er chains

In this section we demonstrate that function free ¯rst order clausescan produce

chains of exponential length. We ¯rst show that if the maximal arity of a predicate

symbol is a, we can produce chains of length ­( al ) with clausesusing a distinct

variablesand at most l literals, where l · a=2. We then strengthenthis result and

show that even if we restrict the signature to contain predicatesymbols of arity at

most 3, chains of exponential length still exist.

Let p be a predicate symbol of arity a. The chain d1 Â d2 Â : : Â dn is de¯ned

inductively. The ¯rst clauseis d1 = p(z; : : ; z), and given clausedi = p1; p2; : : ; pk ,

we de¯ne the next clausedi +1 as follows:

1. if p1 contains two occurrencesof the variable z, then di +1 = p2; : : ; pk , or else

2. if p1 contains c ¸ 3 occurrencesof the variable z, replacethe atom p1 by a

new set of atoms p0
1; : : ; p0

k0 such that k0 = min (c;l ¡ k + 1), and every new

atom p0
j for 1 · j · k0 is a copy of p1 in which the j 'th occurrenceof the

variable z hasbeenreplacedby a new fresh variable not appearing in di (the

samevariable for all copies).

Example 15 Supposep has arity 4 and that l = 3. The construction described

above producesthe following chain of length 11:

p(z; z; z; z)

Â p(x1; z; z; z); p(z; x1; z; z); p(z; z; x1; z)

Â p(x1; x2; z; z); p(z; x1; z; z); p(z; z; x1; z)

Â p(z; x1; z; z); p(z; z; x1; z)

Â p(x2; x1; z; z); p(z; x1; x2; z); p(z; z; x1; z)

Â p(z; x1; x2; z); p(z; z; x1; z)

Â p(z; z; x1; z)

Â p(x2; z; x1; z); p(z; x2; x1; z); p(z; z; x1; x2)
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Â p(z; x2; x1; z); p(z; z; x1; x2)

Â p(z; z; x1; x2)

Â ;

To seethat this processalways terminates, it is su±cient to observe that we

drop atoms that contain a small number of occurrencesof the variable z, and every

time we replacean existing atom by new ones, the new oneshave strictly fewer

occurrencesof the variable z. Hence,this processterminates in a ¯nite number of

stepsand the last clauseis cn = ; .

Let N (c;s) be the number of subsumptiongeneralizationsthat can be produced

by this method whenstarting with a singletonclausewhich is allowed to expandon

s literals (i.e., l = s+ 1) and whoseonly atom hasc ¸ 2 occurrencesof the variable

z. Then, the following relations hold:

N (2; s) = 1, for all s ¸ 0

When there are only 2 occurrencesof the variable z, the only possiblestep is to

remove the atom, thus obtaining the empty clause.After this, no more generaliza-

tions are possible.

N (c;0) = c ¡ 1, for all c ¸ 2

This is derived by observingthat when we have c ¸ 2 occurrencesof the distin-

guishedvariable z and no expansionon the number of literals is possible,we can

apply c ¡ 2 steps that replaceoccurrencesof z by new variables, and a ¯nal step

that drops the literal. After this, no more generalizationsare possible.

N (c;s) = 1 +
sX

i = max (0;s¡ c+1)

N (c ¡ 1; i ), for all c > 2; s > 0
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This recurrenceis obtained by observingthat the initial clausecontaining our

singleatom can be replacedby max(0; s ¡ c + 1) \copies" in a ¯rst generalization

step. After this, each of thesecopieswhich contain c ¡ 1 occurrencesof the distin-

guishedvariable z, go through the seriesof generalizations:the left-most atom has

0 \p ositions" to usefor its expansionand is generalizedN (c¡ 1; 0) times until it is

¯nally dropped; the next atom has1 \p osition" to expandsincethe left-most atom

hasbeendropped, and henceit producesN (c¡ 1; 1) generalizationstepsuntil it is

¯nally dropped, and so on.

Lemma 90 N (c;s) ¸
¡ c

s+1

¢
¡ 1 for c ¸ 2.

Pro of. Recall that in casethat n < k,
¡ n

k

¢
= 0. The proof is by induction on c;s.

The basecasesare when s = 0 or c = 2:

² N (c;0) = c ¡ 1 ¸
¡ c

1

¢
¡ 1 = c ¡ 1 for all c ¸ 2.

² N (2; s) = 1 ¸
¡ 2

s+1

¢
¡ 1 for all s ¸ 0.

For the step case,assumethat N (c0; s0) ¸
¡ c0

s0+1

¢
for valuesc0 < c or s0 < s. Then,

if c ¸ 3 and s ¸ 1 we have that:

N (c;s) = 1 +
sX

i = max (0;s¡ c+1)

N (c ¡ 1; i ) (8.1)

¸ 1 + N (c ¡ 1; s) + N (c ¡ 1; s ¡ 1) (8.2)

¸ 1 +
µ

c ¡ 1
s + 1

¶
¡ 1 +

µ
c ¡ 1

s

¶
¡ 1 (8.3)

=
µ

c
s + 1

¶
¡ 1 (8.4)

For (8.2), notice that c ¸ 3 and s ¸ 1 imply that 0 · s ¡ 1 and s ¡ c + 1 · s ¡ 1,

hencemaxf 0; s ¡ c + 1g · s ¡ 1. For (8.3) we apply the hypothesisof induction,

and for (8.4) we usethe basicidentit y
¡ n

k

¢
=

¡ n¡ 1
k

¢
+

¡ n¡ 1
k¡ 1

¢
which alsoholds for n; k

such that k > n. ¥
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It remainsto show that this is a proper chain. First, weinvestigatekeystructural

properties of the clausesparticipating in our chain.

Lemma 91 Let Vars(p) be the variables occurring in the atom p. For all di =

p1; : : ; pk the following properties hold:

² Every atom pj 2 di contains no repeated occurrences of variables, with the

exception of z, which appears at least twice in each atom.

² Vars(pj ) ¶ Vars(pj +1 ) for all j = 1; : : ; k ¡ 1.

Pro of. Proved by induction on the updatesof di . ¥

From the properties stated in the previous lemma, it follows that we can view

any clausedi asa sequenceof blocks of atomsB1; B2; : : ; Bm such that all the atoms

in a single block contain exactly the samevariables, and variables appearing in

neighboring blocks are such that Vars(B j ) ¾ Vars(B j +1 ).

Lemma 92 Fix someclausedi , and let p be an atom in any block B. If p ¢µ 2 B,

then µ does not changevariablesin p.

Pro of. By induction on the updates of di . The claim is trivially true for d1

since it contains a single atom. For the step case,assumethe lemma is true for

di = p1; : : ; pk .

If di +1 = p2; : : ; pk (left-most atom was dropped), then the induction hypoth-

esisguarantees the result. Otherwise, di +1 = p0
1; : : ; p0

k0; p2; : : ; pk (left-most atom

replacedby new set containing onemorevariable in di®erent places).We only have

to check that the claim is true for the new block B = p0
1; : : ; p0

k0 sincethe hypothesis

of induction guaranteesthat the lemmaholdsin the rest of the blocks. If k0 = 1 then

B contains a single atom and the lemma is trivially true. Otherwise, B contains

at least two atoms. Notice that the way the atoms p0
1; : : ; p0

k0 have beencreated is

by replacing the variable z in p1 by a new variable x, but in di®erent positions in

each new atom p(t0
j ). Hence,it holds that for every pair p1; p2 2 B, they agreeon
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all positions except in two whereone has the variable z and the other one has the

new variable x (and vice versafor the other position). If p1 ¢µ = p2, µ would have

to map the variable z into the newly introducedvariable x. But this would result

in an atom with at least two occurrencesof x, and such atoms do not appear in

the clauseswe create. Hence, the new variable must be left untouched by µ and

therefore there is no µ such that p1 ¢µ = p2. Sincep1; p2 are arbitrary atoms we

concludethat p ¢µ 62B unlessp ¢µ = p and thereforeµ doesnot changethe value

of variablesin p. ¥

Lemma 93 Let di be any clauseand let B1; : : ; Bm be its blocks. Then, for any pair

of blocksB i 1 and B i 2 s.t. i 1 < i 2, there existssomevariable in Vars(B i 2 ) n f zg that

is in the sameposition j in all the atoms in B i 1 but in all the atoms in B i 2 appears

in di®erent positions, alwaysdi®erent from the one in B i 1 . Moreover, all the atoms

in B i 2 contain the variable z at position j .

Pro of. By induction on the updatesof di . The claim is trivially true for d1 since

it contains a single atom and hencea single block. For the step case,assumethe

lemma is true for di = p1; : : ; pk .

If di +1 = p2; : : ; pk (left-most atom wasdropped), then the induction hypothesis

guaranteesthe result. If di +1 = p0
1; : : ; p0

k0; p2; : : ; pk , then the property is guaranteed

by the hypothesisof induction for pairs of blocks in p2; : : ; pk . It remains to check

that the lemma is true when B i 1 = p0
1; : : ; p0

k0 and B i 2 is any other block in di +1 .

If the replacedatom p1 2 di appeared in a di®erent block in di as the atoms in

B i 2 , then the hypothesisof induction applies and we concludethat somevariable

in B i 2 satis¯es the property stated in the lemma. If p1 appearedin the sameblock

as the atoms in B i 2 , then the variable that was introducedby the creation of that

block has to be in di®erent positions in all the atoms in B i 2 . Sinceall the atoms in

p0
1; : : ; p0

k0 inherit this variable from p1, the lemma follows. ¥
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Lemma 94 Fix some clause di = p1; : : ; pk with at least 2 atoms (i.e., k ¸ 2).

Then p2 ¢µ; : : ; pk ¢µ 2 di only if µ does not changevariablesin p2.

Pro of. Let di = B1; : : ; Bm . Let p be any atom in any block B j . Notice that

p¢µ 62B1; : : ; B j ¡ 1 sinceatoms in blocks B1; : : ; B j ¡ 1 contain strictly morevariables

than p ¢µ. Hencep ¢µ 2 B j ; : : ; Bm . We next argue inductively over the blocks'

indicesstarting with m. Considerany atom p in the last block Bm . The fact that

p ¢µ 2 di implies by our previous argument that p ¢µ 2 Bm . But sincep 2 Bm ,

Lemma 92 shows that µ cannot changevariables in Bm . Now, ¯x someblock B j

where j < m and assumethat variables in blocks B j +1 ; : : ; Bm are not changedby

µ. Let p be any atom in B j , and ¯x someother block B j 0 s.t. j < j 0. Lemma 93

guaranteesthat there existssomevariable x 2 Vars(B j 0) that appearsin a position

in p in which atoms in B j 0 contain the variable z. Since x is not changedby µ,

it cannot be that p ¢µ 2 B j 0. B j 0 is arbitrary among B j +1 ; : : ; Bm and therefore

p ¢µ 62B j +1 ; : : ; Bm . The only possibility then is that p ¢µ 2 B j in which case

Lemma92 guaranteesthat the variablesin B j arenot changedby µ. This induction

shows that µ cannot changevariablesthat appear in the leftmost block of p2; : : ; pk ,

and hencein p2 as required. ¥

Finally, we prove:

Lemma 95 For all i = 1; : : ; n ¡ 1 we havethat di Â di +1 .

Pro of. Supposethat di = p1; : : ; pk . We have the following possibletransitions

from di to di +1 :

Case1. di +1 = p2; : : ; pk . Clearly, di ¾ di +1 , and hencedi º di +1 via the empty

substitution. Supposeby way of contradiction that di ¹ di +1 , so there must be a

substitution µ s.t. di ¢µ µ di +1 . Clearly, i + 1 6= n sinceotherwise we could not

satisfy ; 6= di ¢µ µ ; = di +1 . Therefore,di +1 6= ; and di contains at least 2 atoms.

di ¢µ µ di +1 implies that p2 ¢µ; : : ; pk ¢µ µ di , and by Lemma 94, µ must not change

variables in p2. If p1 and p2 are in the sameblock, then p1 ¢µ = p1 62di +1 . If p1

and p2 are in di®erent blocks, then Lemma 93 guarantees that for every atom in
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p2; : : ; pk there is a variable not changedby µ that appearsin a di®erent location in

p1. Hence,p1 ¢µ 62di +1 , contradicting our assumptionthat di ¹ di +1 .

Case2. di +1 = p0
1; : : ; p0

k0; p2; : : ; pk . Let x be the newly introduced variable.

Then, di +1 ¢f x 7! zg µ di and hencedi º di +1 . To seethat di 6¹ di +1 , supposethat

this is not the case.Hence,there must be a substitution µ such that di ¢µ µ di +1 .

If di = p1, (i.e., di contains one atom only), then p1 ¢µ µ p0
1; : : ; p0

k0. In this case,µ

must map z into the new variable x but this results in multiple occurrencesof x,

and hencep1 ¢µ 6µp0
1; : : ; p0

k0. Hence,di must contain at least two atoms and the

substitution µ must satisfy that p1 ¢µ; : : ; pk ¢µ 2 p0
1; : : ; p0

k0; p2; : : ; pk . The newatoms

p0
1; : : ; p0

k0 contain more variablesthan p1; : : ; pk , thereforep1 ¢µ; : : ; pk ¢µ 2 p2; : : ; pk ,

and hencep1 ¢µ; : : ; pk ¢µ 2 di . By the samereasoningas in the previous case,we

concludethat di Â di +1 . ¥

Theorem 96 Let p be a predicate symbol of arity a ¸ 1. There exists a proper

subsumptionchain of length a­( l ) of function free clausesusing at most a variables

and l literals if l · a=2.

Pro of. Lemma90 guaranteesthat the chain producedis of length at least N (a; l ¡

1) ¸
¡ a

l

¢
¡ 1 = a­( l ) if l · a=2. ¥

In the remainderof this section,we strengthenthe result of Theorem96 achiev-

ing the sameexponential bound using predicatesof arity at most 3.

De¯nition 43 Let d be any clause. Let Trans(d) be the clauseobtained by re-

placing each literal p(t1; : : ; ta) with a new set f p(yi ; yi +1 ; t i ) j 1 · i · ag; whereall

y1; : : ; ya+1 are new variables not appearing in d. The new variables y1; : : ; ya+1

should be di®erent for each atom in d.

Example 16 The clausep(z; x1; x2; z); p(z; z; x1; z) is transformed into the clause

p(y1; y2; z), p(y2; y3; x1), p(y3; y4; x2), p(y4; y5; z),

p(y0
1; y0

2; z), p(y0
2; y0

3; z), p(y0
3; y0

4; x1), p(y0
4; y0

5; z).
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Lemma 97 Let d be a function free clausewith predicate symbols of arity at most

a, containing at most v variablesand l literals. Then, Trans(d) usespredicates of

arity 3, has l(a + 1) + v variablesand usesat most al literals. ¥

Lemma 98 Let d1; d2 be clauses.Then, d1 ¹ d2 i® Trans(d1) ¹ Trans(d2).

Pro of. Assume¯rst that d1 ¹ d2, i.e., there is a substitution µ from variablesin d1

into terms of d2 such that d1¢µ µ d2. Obviously, µ doesnot alter the valueof the new

variablesaddedto Trans(d1), and henceTrans(d1) ¢µ = Trans(d1 ¢µ) µ Trans(d2),

so that Trans(d1) ¹ Trans(d2).

For the other direction, assumethat there exists a substitution µ such that

Trans(d1) ¢µ µ Trans(d2). Let d1 = l1
1 _ l2

1 _ : : _ lk1
1 and let f yj

1; : : ; yj
ar ity (l j1 )+1

g

be the variables used in the transformation for literal l j
1 in d1, for 1 · j · k1.

Similarly, let d2 = l1
2 _ l2

2 _ : : _ lk2
2 and let f y0j

1; : : ; y0j
ar ity (l j2 )+1

g be the variables

usedin the transformation for literal l j
2 in d2, for 1 · j · k2. First we seethat µ

must map blocks of auxiliary variablesin Trans(d1), f yj
1; : : ; yj

ar ity (l j1 )+1
g into blocks

of auxiliary variablesin Trans(d2), f y0j 0

1 ; : : ; y0j 0

ar ity (l j
0

2 )+1
g so that the predicatesym-

bol of l j
1 coincideswith the predicate symbol of l j 0

2 . Moreover, the \order" of the

variables is preserved, i.e., µ maps each yj
i 7! y0j 0

i , for all 1 · i · ar ity (l j 0

2 ). By

way of contradiction, suppose that there exists a pair of variables in Trans(d1),

yj
i and yj

i +1 , that have been mapped into y0a
¤ and y0b

¤, respectively, where a 6= b.

Then, p(yj
i ; yj

i +1 ; ¤) ¢µ = p(y0a
¤; y0b

¤; ¤) 2 Trans(d2). This contradicts the fact that,

by construction, all literals in Trans(d2) are such that the superscripts of the ¯rst

two auxiliary variablescoincide.

Supposenow that someyj
i has beenmapped into y0j 0

i 0 where i 6= i 0 and i is the

smallestsuch index. Assumealsothat the predicatesymbol corresponding to literal

l j
1 is p. If i > 1, then p(yj

i ¡ 1; yj
i ; ¤) ¢µ = p(y0j 0

i ¡ 1; y0j 0

i 0; ¤) 2 Trans(d2). But this is a

contradiction sinceall literals in Trans(d2) are such that its two initial arguments

have the form p(y0¤
h; y0¤

h+1 ; ¤) but in this casei ¡ 1+ 1 6= i 0. If i = 1, then either we
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¯nd variables

f yj
i + h 7! y0j 0

i 0+ h; yj
i + h+1 67!y0j 0

i 0+ h+1 g 2 µ

for someh s.t. i + h · arity (p) in which casewe arrive to the samecontradiction

as in the previouscase.Otherwise, there is no such pair and hence

p(yj
ar ity (p) ; yj

ar ity (p)+1 ; ¤) ¢µ = p(y0j 0

ar ity (p)+ i 0; y0j 0

ar ity (p)+1+ i 0; ¤) 62Trans(d2)

becausethe variable y0j 0

ar ity (p)+1+ i 0 doesnot exist in Trans(d2).

Now, the fact that each yj
i 7! y0j 0

i implies that µ maps arguments of literals in

d1 into arguments in the sameposition of literals in d2. Moreover, sinceblocks of

variablesare not mixed, all arguments from a literal in d1 are mapped into all the

arguments of a ¯xed literal in d2, so we concludethat d1 ¢µ µ d2 and d1 ¹ d2 as

required. ¥

Corollary 99 If there is a predicate symbol of arity at least 3, then there exist

proper subsumptionchains of length v­(
p

v) of function free clausesusing at most v

variablesand v
2 literals, where v ¸ 9.

Pro of. Theorem96showsthat there existsa chain of length
p

v­(
p

v) = v­(
p

v) if we

usepredicatesymbols of arity
p

v,
p

v variablesand
p

v
2 atomsper clause.Consider

the chain Trans(d1) Â Trans(d2) Â : : Â Trans(dn ). Lemma98 guaranteesthat this

is alsoa proper chain. Obviously, it is of the samelength as the initial one,and by

Lemma 97 it usesclauseswith
p

v
2 (

p
v + 1) +

p
v = v

2 + 3
p

v
2 · v variables(here we

usev ¸ 9) and
p

v
p

v
2 = v

2 literals. ¥

8.2 Learning from membership queries only

In this sectionwe show how a result on someaspect of the structure of ¯rst order

clausescan be exploited to prove a negative learnability result. In this case,we
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show that there can be no polynomial algorithm that learns the classof monotone

function free clausesfrom membership queriesonly.

Weusea combinatorial notion, the teachingdimension(Angluin, 2001;Goldman

and Kearns, 1995) that is a lower bound for the complexity of exact learning from

membership queriesonly.

De¯nition 44 The teachingdimension of a classT is the minimum integerd such

that for each expressionf 2 T there is a set T of at most d examples(the teaching

set) with the property that any expressiong 2 T di®erent from f is not consistent

with f over the examplesin T.

We show that the teaching dimensionof the classof monotone¯rst order clauses

is of exponential size, thus eliminating the possibility of existenceof a polynomial

learning algorithm that hasaccessto membership queriesonly.

Let k be such that log2 k is an integer. Then ht1; ::; tk i denotesthe term repre-

sented by a completebinary tree of applications of a binary function symbol f of

depth logk with leavest1; ::; tk . For example,h1; 2; 3; 4; 5; 6; 7; 8i represents the term

f (f (f (1; 2); f (3; 4)); f (f (5; 6); f (7; 8))): Notice that the number of distinct terms in

ht1; ::; tk i is at most k+
P k

i =1 NTerms(t i ). In particular, if each t i is either a variable

or a constant, then NTerms(ht1; ::; tk i ) · 2k.

Let p be a unary predicate symbol. We considerall the possibleminimal gen-

eralizations1 of the clausep(ha; ::; ai ), wherethe constant a occursk times. Among

them we ¯nd the clauses

C0 = p(hx; ::; xi )

C1 = p(ha;x; ::; xi ) _ p(hx; a;x; ::; xi ) _ :: _ p(hx; ::; x; ai )

C2 = p(ha;a;x; ::; xi ) _ p(ha;x; a;x::; xi ) _ :: _ p(hx; ::; x; a;ai )
...

1That is, clausesC that are strict generalizationsof p(ha; ::; ai ) for which no other clauseC0 is
such that p(ha; ::; ai ) Â C0 Â C.
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Ck=2 = p(ha; ::; a;x; ::; xi ) _ :: _ p(hx; ::; x; a; ::; ai )
...

Ck¡ 1 = p(ha; ::; a;xi ) _ p(ha; ::; a;x; ai ) _ :: _ p(hx; a; ::; ai )

Clearly, jCi j =
¡ k

i

¢
. In particular,

¯
¯Ck=2

¯
¯ =

¡ k
k=2

¢
> 2k=2 > k

p
k .

We next de¯ne the learning problem for which we ¯nd an exponential lower

bound. The signature S consistsof the function symbols f f =2; a=0; b=0g and a

single predicate symbol f p=1g. Fix l to be someinteger. Let the (representation)

conceptclassbe

C = f ¯rst order monotoneS-clauseswith at most l atomsg

Let the set of examplesbe

E = f ¯rst order ground monotoneS-clauseswith at most l atomsg

We identify the representation concept classC with its denotations in the fol-

lowing way. The concept represented by C 2 C is f E 2 Ej C j= Eg which in this

casecoincideswith f E 2 Ej C ¹ Eg. Thus, this problem is cast in the framework

of learning from entailment.

Supposethat the target conceptis f = p(ha; ::; ai ) and that l ·
( k

k =2)
2 .

We want to ¯nd a (minimal) teaching set T for f . The cardinality of a minimal

teaching set for f is clearly a lower bound on the teaching dimension of C. By

de¯nition, the examplesin T have to eliminate every other expressionin C. In

other words, for every expressiong in C other than f , T must include an example

E such that f ¹ E and g 6¹ E or vice versa.

We ¯rst observe that the clause Ck=2 is not included in our concept class C

becauseit contains too many literals: l ·
( k

k =2)
2 = jCk =2 j

2 <
¯
¯Ck=2

¯
¯. However, subsets
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of Ck=2 with exactly l atomsare included in C becausethey are monotoneS-clauses

of at most l literals. There are exactly K =
¡ ( k

k =2)
l

¢
> ( k

p
k

l ) l > k(
p

k¡ 1)l = k­( l
p

k)

such subsets,let these be C1
k=2; ::; CK

k=2. By de¯nition, the teaching set T has to

reject each oneof theseK clauses.

Notice that C j
k=2 ¹ f = p(ha; ::; ai ) for each j = 1; : : ; K (considerthe witnessing

substitution f x 7! ag). Now, to reject an arbitrary C j
k=2, T has to include some

exampleE 2 E s.t. C j
k=2 ¹ E but p(ha; ::; ai ) 6¹ E. Hence,for each C j

k=2 the example

E j must be included in T. Hence,T must contain each E 1; : : ; E K and the teaching

dimensionfor this classis at least K = k­( l
p

k) .

Theorem 100 Let C be the classof monotoneclausesbuilt from a signature con-

taining 2 constants,a binary function symbol and a unary predicate symbol with at

most l ·
p

t
2 literals and t terms per clause. Then, the teaching dimension of C is

at least t ­( l 4p t) .

Pro of. Just setk =
p

t and notice that clauseshaveat most l ·
p

t
2 atomsand each

atom contains at most 2k terms, hencea clausecontains at most 2kl · 2
p

t
p

t
2 = t

terms. ¥

Thereforewe can conclude:

Corollary 101 Let C be the classof monotoneclausesbuilt from a signature con-

taining 2 constants,a binary function symbol and a unary predicate symbol with at

most l ·
p

t
2 literals and t terms per clause. Then, there is no polynomial algorithm

that learns C from membership queriesonly. ¥

8.3 On the num ber of pairings

Next, we give a exponential lower bound on the number of pairings between two

arbitrary clauses.In Chapter 5 weprovean (asymptotically) matching upper bound.

We usethe following basic fact:

139



Fact 102 Let v 2 N. Let ¼and ¼0 be two distinct permutations of f 0; : : ; v ¡ 1g.

Then, there exists an index l 2 f 0; : : ; v ¡ 2g such that for no other index l0 2

f 0; : : ; v ¡ 2g it holds that ¼(l) = ¼(l0) and ¼(l + 1) = ¼(l0 + 1). In other words,

when writing the permutations ¼; ¼0 as an array of numbers (¼(0); : : ; ¼(v ¡ 1))

and (¼0(0); : : ; ¼0(v ¡ 1)), there must exist two consecutive terms ¼(l); ¼(l + 1) in

(¼(0); : : ; ¼(v¡ 1)) that cannot befound oneafter the other in (¼0(0); : : ; ¼0(v¡ 1)). ¥

8.3.1 General clauses

In this sectionweshow that general̄ rst order Horn clausescanhavean exponential

number of pairings.

Fix v 2 N such that log2 v is an integer. Let t i;j be a ground term that is

unique for every pair of integers0 · i; j · v ¡ 1. For example, t i;j could usetwo

unary function symbols f 0 and f 1 and a constant a and we de¯ne t i;j as a string

of applications of f 0 or f 1 of length 2logv, ¯nalized with the constant a such that

the ¯rst logv function symbols encode the binary representation of i and the last

logv function symbols encode j . For example, if v = 8, then the term t5;3 can be

encoded as f 1(f 0(f 1| {z }
5

(f 0(f 1(f 1| {z }
3

(a)))))). The sizeof such a term (in terms of symbol

occurrences)is exactly 2logv + 1. Let x0; : : ; xv¡ 1 and y0; : : ; yv¡ 1 be variables. We

de¯ne

C1 =
_

0· i;j <v
0· l<v ¡ 1

p(t i;j ; x l ; x l+1 )

and

C2 =
_

0· i;j <v

p(t i;j ; yi ; yj ):

Notice that jC1j = v2(v ¡ 1) and jC2j = v2, and they use a single predicate

symbol of arity 3.

Any 1-1 matching betweenthe variables in C1 and C2 can be represented by a

permutation ¼of f 0; : : ; v ¡ 1g: each variable x i in C1 is matched to y¼(i ) in C2. We

implicitly assumethat all the matchingsconsideredin this sectionmap the common
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ground terms of C1 and C2 to oneanother, i.e., the extendedmatchingsalsocontain

all entries [ t - t => t] , wheret is any ground term appearing in both C1 and C2.

Let the extendedmatching induced by permutation ¼be

©
x i ¡ y¼(i ) ) X ¼(i )

¯
¯ 0 · i · v ¡ 1

ª
[ f t ¡ t ) t j t 2 Terms(C1) \ Terms(C2)g :

First westudy lgg¼(C1; C2), the pairing inducedby the 1-1matching represented

by ¼. A literal p(t i;j ; X a; X b) is included in lgg¼(C1; C2) i® a = ¼(l) and b= ¼(l + 1)

for somel 2 f 0; : : ; v ¡ 2g (this is the condition imposedby C1), and i = a; j = b

(this is the condition imposedby C2). Therefore,

lgg¼(C1; C2) =
_

0· l<v ¡ 1

p(t¼(l);¼(l+1) ; X ¼(l) ; X ¼(l+1) ):

Finally we seethat di®erent permutations yield pairings that are indeed sub-

sumption inequivalent, i.e., lgg¼(C1; C2) 6¹ lgg¼0(C1; C2) for any ¼ 6= ¼0. It is

su±cient to observe that since ¼ and ¼0 are distinct, there must exist someterm

t¼(l);¼(l+1) in lgg¼(C1; C2) that is not present in lgg¼0(C1; C2) | seeFact 102. Since

the terms t¤;¤ are ground, subsumptionis not possible.

There are v! distinct permutations of f 0; : : ; v ¡ 1g sowe concludethat there are

v! di®erent pairings of C1 and C2. Hence:

Theorem 103 Let S be a signature containing a predicate symbol of arity at least 3,

two unary function symbols and a constant. The number of distinct pairings between

a pair of S-clausesusing v variables,O(v3) literals and terms of size O(log v) can

be ­( v!). ¥

8.3.2 Function free clauses

Can we do the sametrick without using function symbols? Our ¯rst attempt is to

try to mimic the behavior of pairing ground terms in the previoussectionby using

2 additional variables,z0 and z1, that encode the integersi and j in a similar way
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that the terms t i;j did. By looking at matchings ¼that match the variablesz0 and

z1 to themselves,we guarantee that the resulting lgg¼ contains the correct encoding

of the variablesin the last and previous-to-lastpositions of the atoms. Let

C1 =
_

( i 1 ;::;i log v ) 2f 0;1glog v

( j 1 ;::;j log v ) 2f 0;1glog v

0· l<v ¡ 1

p(zi 1 ; : : ; zi log v ; zj 1 ; : : ; zj log v ; x l ; x l+1 )

and

C2 =
_

( i 1 ;::;i log v ) = binar y ( i )
( j 1 ;::;j log v ) = binar y ( j )

0· i;j <v

p(zi 1 ; : : ; zi log v ; zj 1 ; : : ; zj log v ; yi ; yj ):

Notice that jC1j = v2(v ¡ 1) and jC2j = v2, they usea singlepredicate symbol

of arity 2logv + 2, and both clausesuseexactly v + 2 variables.

Again, any 1-1 matching betweenthe variablesx0; : : ; xv¡ 1 in C1 and y0; : : ; yv¡ 1

in C2 can be represented by a permutation ¼of f 0; : : ; v ¡ 1g: each variable x i in

C1 is matched to y¼(i ) in C2. Let the matching induced by permutation ¼be

©
x i ¡ y¼(i ) ) X ¼(i )

¯
¯ 0 · i < v

ª
:

First we study lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2), the pairing induced by the 1-1 match-

ing represented by ¼ augmented with z0 and z1 matched to themselves. A lit-

eral p(zi 1 ; : : ; zi log v ; zj 1 ; : : ; zj log v ; X a; X b) is included in lgg¼(C1; C2) i® a = ¼(l) and

b = ¼(l + 1) for somel 2 f 0; : : ; v ¡ 2g (this is the condition imposedby C1), and

(i 1; : : ; i log v) = binary(a); (j 1; : : ; j log v) = binary(b) (this is the condition imposed

by C2). Therefore,

lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) =
_

0· l<v ¡ 1

p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) );

wherewe abusenotation and usebinary(n) to denotethe tuple zn1 ; : : ; zn log v encod-

ing the integer n in its binary representation using z0; z1. For example,assuming
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v = 8, binary(6) = z1; z1; z0.

Example 17 Let v = 4 and let ¼ = (3201). Hence, in this example we use a

predicate symbol p=6. For clarity, we omit the predicate symbol throughout the

exampleand denoteatom p(t1; : : ; t6) by just the argument tuple (t1; : : ; t6). Also,

we omit the disjunction operator _.

Then, clauseC1 is

(z0; z0; z0; z0; x0; x1) (z0; z0; z0; z1; x0; x1) (z0; z0; z1; z0; x0; x1) (z0; z0; z1; z1; x0; x1)

(z0; z1; z0; z0; x0; x1) (z0; z1; z0; z1; x0; x1) (z0; z1; z1; z0; x0; x1) (z0; z1; z1; z1; x0; x1)

(z1; z0; z0; z0; x0; x1) (z1; z0; z0; z1; x0; x1) (z1; z0; z1; z0; x0; x1) (z1; z0; z1; z1; x0; x1)

(z1; z1; z0; z0; x0; x1) (z1; z1; z0; z1; x0; x1) (z1; z1; z1; z0; x0; x1) (z1; z1; z1; z1; x0; x1)

(z0; z0; z0; z0; x1; x2) (z0; z0; z0; z1; x1; x2) (z0; z0; z1; z0; x1; x2) (z0; z0; z1; z1; x1; x2)

(z0; z1; z0; z0; x1; x2) (z0; z1; z0; z1; x1; x2) (z0; z1; z1; z0; x1; x2) (z0; z1; z1; z1; x1; x2)

(z1; z0; z0; z0; x1; x2) (z1; z0; z0; z1; x1; x2) (z1; z0; z1; z0; x1; x2) (z1; z0; z1; z1; x1; x2)

(z1; z1; z0; z0; x1; x2) (z1; z1; z0; z1; x1; x2) (z1; z1; z1; z0; x1; x2) (z1; z1; z1; z1; x1; x2)

(z0; z0; z0; z0; x2; x3) (z0; z0; z0; z1; x2; x3) (z0; z0; z1; z0; x2; x3) (z0; z0; z1; z1; x2; x3)

(z0; z1; z0; z0; x2; x3) (z0; z1; z0; z1; x2; x3) (z0; z1; z1; z0; x2; x3) (z0; z1; z1; z1; x2; x3)

(z1; z0; z0; z0; x2; x3) (z1; z0; z0; z1; x2; x3) (z1; z0; z1; z0; x2; x3) (z1; z0; z1; z1; x2; x3)

(z1; z1; z0; z0; x2; x3) (z1; z1; z0; z1; x2; x3) (z1; z1; z1; z0; x2; x3) (z1; z1; z1; z1; x2; x3)

ClauseC2 is

(z0; z0; z0; z0; y0; y0) (z0; z0; z0; z1; y0; y1) (z0; z0; z1; z0; y0; y2) (z0; z0; z1; z1; y0; y3)

(z0; z1; z0; z0; y1; y0) (z0; z1; z0; z1; y1; y1) (z0; z1; z1; z0; y1; y2) (z0; z1; z1; z1; y1; y3)
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(z1; z0; z0; z0; y2; y0) (z1; z0; z0; z1; y2; y1) (z1; z0; z1; z0; y2; y2) (z1; z0; z1; z1; y2; y3)

(z1; z1; z0; z0; y3; y0) (z1; z1; z0; z1; y3; y1) (z1; z1; z1; z0; y3; y2) (z1; z1; z1; z1; y3; y3)

The matching induced by ¼= (3201) is

f x0 ¡ y3 ) X 3; x1 ¡ y2 ) X 2; x2 ¡ y0 ) X 0; x3 ¡ y1 ) X 1g:

And lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) is (notice that we have marked literals of C1 and

C2 which participate in this lgg)

(z1; z1; z1; z0; X 3; X 2) (z1; z0; z0; z0; X 2; X 0) (z0; z0; z0; z1; X 0; X 1)

Finally, we want to check whether di®erent permutations yield pairings that are

indeedsubsumptioninequivalent, i.e., if for any ¼6= ¼0

lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) 6¹ lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2):

To this end, we investigatewhich substitutions µ satisfy

lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) ¢µ µ lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2):

If µ doesnot changethe valuesof z0; z1, then Fact 102guaranteesthat someatom

p(binary(¼(l)) ; binary(¼(l + 1)); ¤; ¤) ¢µ = p(binary(¼(l)) ; binary(¼(l + 1)); ¤; ¤)

in lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) ¢µ doesnot occur in lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2). If µ maps

both variablesz0; z1 to the samevalue(either z1 or z0), then inclusioncannothappen

since lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) contains no atoms of the form p(z0; : : ; z0; ¤; ¤) or

p(z1; : : ; z1; ¤; ¤). Obviously, if z0 or z1 are mapped into any other variable X ¤, then

the inclusion is not possibleeither. Hence,µ must exchange the values of z0; z1,
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and:

p(binary(¼(l)) ; binary(¼(l + 1)); ¤; ¤) ¢µ = p(binary(¼(l)) ; binary(¼(l + 1)); ¤; ¤)

wherebinary(n) is the \complement" of binary(n). For example,assumingv = 8,

binary(6) = z0; z0; z1. More precisely, binary(n) = binary(v ¡ 1 ¡ n). Thus:

lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2)

=
_

0· l<v ¡ 1

p(binary(¼0(l)) ; binary(¼0(l + 1)); X ¼0(l ) ; X ¼0(l+1) )

=
_

0· l<v ¡ 1

p(binary(¼(l)) ; binary(¼(l + 1)); X ¼0(l ) ; X ¼0(l+1) )

=
_

0· l<v ¡ 1

p(binary(v ¡ 1 ¡ ¼(l)) ; binary(v ¡ 1 ¡ ¼(l + 1)); X ¼0(l ) ; X ¼0(l+1) )

=
_

0· l<v ¡ 1

p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) );

where ¼(l)= v ¡ 1 ¡ ¼(l), for all 1 · l < v. We have seenthat there is only one

permutation ¼0 = ¼for which there exists someµ s.t.

lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) ¢µ µ lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2):

Moreover, µ is exactly f z0 7! z1; z1 7! z0g [ f X l 7! X v¡ 1¡ l j 0 · l < vg.

There are v! distinct permutations of f 0; : : ; v ¡ 1g sowe concludethat there are
v!
2 di®erent pairings of C1 and C2. Hence:

Theorem 104 Let S be a signature containing a predicate symbol of arity at least

2logv+ 2. The number of distinct pairings between a pair of function free S-clauses

using v + 2 variables,O(v3) literals can be ­( v!). ¥
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8.3.3 Function free clauses with ¯xed arit y

We strengthen the result in the previous section by ¯nding a similar construction

in which the arity is a ¯xed constant not dependent on v. We useLemma98, which

givesus preciselya way to convert clauseswith variable arity into ¯xed arity while

preservingtheir subsumptionproperties.

Using the sameclausesC1 and C2 from the previousconstruction, we establish

that for someappropriate 1-1 matching M¼ it holds:

lggM ¼(Trans(C1); Trans(C2)) ¼ Trans(lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2)) ; (8.5)

where¼ standsfor the \v ariable renaming" relation.

In the previoussectionwe establishedthat there are v!
2 distinct pairings between

C1; C2. Lemma98guaranteesthat the transformation on clausesTrans(¢) preserves

subsumption, hence there must be also v!
2 distinct clausescorresponding to the

right hand side of Equation 8.5. Equation 8.5 therefore establishesthat there are

also v!
2 di®erent pairings betweenTrans(C1) and Trans(C2). Moreover, the clauses

Trans(C1) and Trans(C2) useresourceswithin bounds,namely, they usea polyno-

mial number of atoms (in v), a polynomial number of variables (in v), but ¯xed

arity 3.

To ¯x notation, let us unfold the transformation:

Trans(C1) =
_

i =( i 1 ;::;i log v ) 2f 0;1glog v

j =( j 1 ;::;j log v ) 2f 0;1glog v

0· l<v ¡ 1

Pl ;i;j;x l ;x l +1

Trans(C2) =
_

( i 1 ;::;i log v ) = binar y ( i )
( j 1 ;::;j log v ) = binar y ( j )

0· i;j <v

Pi;j ;yi ;yj

where
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Pl ;i;j ;A;B = p(ul ;i;j
1 ; ul ;i;j

2 ; zi 1 ) _ : : _ p(ul ;i;j
log v; ul ;i;j

log v+1 ; zi log v ) _

p(ul ;i;j
log v+1 ; ul ;i;j

log v+2 ; zj 1 ) _ : : _ p(ul ;i;j
2 log v; ul ;i;j

2 log v+1 ; zj log v ) _

p(ul ;i;j
2 log v+1 ; ul ;i;j

2 log v+2 ; A) _ p(ul ;i;j
2 log v+2 ; ul ;i;j

2 log v+3 ; B );

Pi;j;A;B = p(wi;j
1 ; wi;j

2 ; zi 1 ) _ : : _ p(wi;j
log v; wi;j

log v+1 ; zi log v ) _

p(wi;j
log v+1 ; wi;j

log v+2 ; zj 1 ) _ : : _ p(wi;j
2 log v; wi;j

2 log v+1 ; zj log v ) _

p(wi;j
2 log v+1 ; wi;j

2 log v+2 ; A) _ p(wi;j
2 log v+2 ; wi;j

2 log v+3 ; B );

Intuitiv ely, the clausePl ;i;j ;x l ;x l +1 usesthe additional variablesf ul ;i;j
k g1· k· 2 log v+3

to \encode" the atom p(binary(i ); binary(j ); x l ; x l+1 ) in C1, i.e.

Pl ;i;j ;x l ;x l +1 = Trans(p(binary(i ); binary(j ); x l ; x l+1 )) :

Similarly, the clausePi;j;y i ;yj usesthe set of auxiliary variables f wi;j
k g1· k· 2 log v+3 to

\encode" the atom p(binary(i ); binary(j ); yi ; yj ) in C2, i.e.,

Pi;j ;yi ;yj = Trans(p(binary(i ); binary(j ); yi ; yj )) :

Notice that Trans(C1) uses£( v3 logv) literals and variables,and Trans(C2) uses

£( v2 logv) literals and variables. Both usea singlepredicateof arity 3.

Example 18 Following Example17, let p(z1; z0; z1; z1; x1; x2) bean atom in C1 and

p(z0; z1; z1; z0; y1; y2) be an atom in C2. Then,

P1;2;3;x1 ;x2 = Trans(p(z1; z0; z1; z1; x1; x2))

= p(u1;2;3
1 ; u1;2;3

2 ; z1) _ p(u1;2;3
2 ; u1;2;3

3 ; z0)

_ p(u1;2;3
3 ; u1;2;3

4 ; z1) _ p(u1;2;3
4 ; u1;2;3

5 ; z1)
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_ p(u1;2;3
5 ; u1;2;3

6 ; x1) _ p(u1;2;3
6 ; u1;2;3

7 ; x2)

P1;2;y1 ;y2 = Trans(p(z0; z1; z1; z0; y1; y2))

= p(w1;2
1 ; w1;2

2 ; z0) _ p(w1;2
2 ; w1;2

3 ; z1)

_ p(w1;2
3 ; w1;2

4 ; z1) _ p(w1;2
4 ; w1;2

5 ; z1)

_ p(w1;2
5 ; w1;2

6 ; y1) _ p(w1;2
6 ; w1;2

7 ; y2)

Then Trans(C1) =

(u0;0;0
1 ;u0;0;0

2 ;z0 ) (u0;0;0
2 ;u0;0;0

3 ;z0 ) (u0;0;0
3 ;u0;0;0

4 ;z0 ) (u0;0;0
4 ;u0;0;0

5 ;z0 ) (u0;0;0
5 ;u0;0;0

6 ;x0 ) (u0;0;0
6 ;u0;0;0

7 ;x1 )

(u0;0;1
1 ;u0;0;1

2 ;z0 ) (u0;0;1
2 ;u0;0;1

3 ;z0 ) (u0;0;1
3 ;u0;0;1

4 ;z0 ) (u0;0;1
4 ;u0;0;1

5 ;z1 ) (u0;0;1
5 ;u0;0;1

6 ;x0 ) (u0;0;1
6 ;u0;0;1

7 ;x1 )

...

(u0;3;2
1 ;u0;3;2

2 ;z1 ) (u0;3;2
2 ;u0;3;2

3 ;z1 ) (u0;3;3
3 ;u0;3;3

4 ;z1 ) (u0;3;2
4 ;u0;3;2

5 ;z0 ) (u0;3;2
5 ;u0;3;2

6 ;x0 ) (u0;3;2
6 ;u0;3;2

7 ;x1 )

(u0;3;3
1 ;u0;3;3

2 ;z1 ) (u0;3;3
2 ;u0;3;3

3 ;z1 ) (u0;3;3
3 ;u0;3;3

4 ;z1 ) (u0;3;3
4 ;u0;3;3

5 ;z1 ) (u0;3;3
5 ;u0;3;3

6 ;x0 ) (u0;3;3
6 ;u0;3;3

7 ;x1 )

(u1;0;0
1 ;u1;0;0

2 ;z0 ) (u1;0;0
2 ;u1;0;0

3 ;z0 ) (u1;0;0
3 ;u1;0;0

4 ;z0 ) (u1;0;0
4 ;u1;0;0

5 ;z0 ) (u1;0;0
5 ;u1;0;0

6 ;x1 ) (u1;0;0
6 ;u1;0;0

7 ;x2 )

(u1;0;1
1 ;u1;0;1

2 ;z0 ) (u1;0;1
2 ;u1;0;1

3 ;z0 ) (u1;0;1
3 ;u1;0;1

4 ;z0 ) (u1;0;1
4 ;u1;0;1

5 ;z1 ) (u1;0;1
5 ;u1;0;1

6 ;x1 ) (u1;0;1
6 ;u1;0;1

7 ;x2 )

...

(u1;2;0
1 ;u1;2;0

2 ;z1 ) (u1;2;0
2 ;u1;2;0

3 ;z0 ) (u1;2;0
3 ;u1;2;0

4 ;z0 ) (u1;2;0
4 ;u1;2;0

5 ;z0 ) (u1;2;0
5 ;u1;2;0

6 ;x1 ) (u1;3;3
6 ;u1;2;0

7 ;x2 )

...

(u1;3;3
1 ;u1;3;3

2 ;z1 ) (u1;3;3
2 ;u1;3;3

3 ;z1 ) (u1;3;3
3 ;u1;3;3

4 ;z1 ) (u1;3;3
4 ;u1;3;3

5 ;z1 ) (u1;3;3
5 ;u1;3;3

6 ;x1 ) (u1;3;3
6 ;u1;3;3

7 ;x2 )

(u2;0;0
1 ;u2;0;0

2 ;z0 ) (u2;0;0
2 ;u2;0;0

3 ;z0 ) (u2;0;0
3 ;u2;0;0

4 ;z0 ) (u2;0;0
4 ;u2;0;0

5 ;z0 ) (u2;0;0
5 ;u2;0;0

6 ;x2 ) (u2;0;0
6 ;u2;0;0

7 ;x3 )

(u2;0;1
1 ;u2;0;1

2 ;z0 ) (u2;0;1
2 ;u2;0;1

3 ;z0 ) (u2;0;1
3 ;u2;0;1

4 ;z0 ) (u2;0;1
4 ;u2;0;1

5 ;z1 ) (u2;0;1
5 ;u2;0;1

6 ;x2 ) (u2;0;1
6 ;u2;0;1

7 ;x3 )
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...

(u2;3;3
1 ;u2;3;3

2 ;z1 ) (u2;3;3
2 ;u2;3;3

3 ;z1 ) (u2;3;3
3 ;u2;3;3

4 ;z1 ) (u2;3;3
4 ;u2;3;3

5 ;z1 ) (u2;3;3
5 ;u2;3;3

6 ;x2 ) (u2;3;3
6 ;u2;3;3

7 ;x3 )

Trans(C2) =

(w0;0
1 ;w0;0

2 ;z0 ) (w0;0
2 ;w0;0

3 ;z0 ) (w0;0
3 ;w0;0

4 ;z0 ) (w0;0
4 ;w0;0

5 ;z0 ) (w0;0
5 ;w0;0

6 ;y0 ) (w0;0
6 ;w0;0

7 ;y0 )

(w0;1
1 ;w0;1

2 ;z0 ) (w0;1
2 ;w0;1

3 ;z0 ) (w0;1
3 ;w0;1

4 ;z0 ) (w0;1
4 ;w0;1

5 ;z1 ) (w0;1
5 ;w0;1

6 ;y0 ) (w0;1
6 ;w0;1

7 ;y1 )

(w0;2
1 ;w0;2

2 ;z0 ) (w0;2
2 ;w0;2

3 ;z0 ) (w0;2
3 ;w0;2

4 ;z1 ) (w0;2
4 ;w0;2

5 ;z0 ) (w0;2
5 ;w0;2

6 ;y0 ) (w0;2
6 ;w0;2

7 ;y2 )

(w0;3
1 ;w0;3

2 ;z0 ) (w0;3
2 ;w0;3

3 ;z0 ) (w0;3
3 ;w0;3

4 ;z1 ) (w0;3
4 ;w0;3

5 ;z1 ) (w0;3
5 ;w0;3

6 ;y0 ) (w0;3
6 ;w0;3

7 ;y3 )

(w1;0
1 ;w1;0

2 ;z0 ) (w1;0
2 ;w1;0

3 ;z1 ) (w1;0
3 ;w1;0

4 ;z0 ) (w1;0
4 ;w1;0

5 ;z0 ) (w1;0
5 ;w1;0

6 ;y1 ) (w1;0
6 ;w1;0

7 ;y0 )

(w1;1
1 ;w1;1

2 ;z0 ) (w1;1
2 ;w1;1

3 ;z1 ) (w1;1
3 ;w1;1

4 ;z0 ) (w1;1
4 ;w1;1

5 ;z1 ) (w1;1
5 ;w1;1

6 ;y1 ) (w1;1
6 ;w1;1

7 ;y1 )

(w1;2
1 ;w1;2

2 ;z0 ) (w1;2
2 ;w1;2

3 ;z1 ) (w1;2
3 ;w1;2

4 ;z1 ) (w1;2
4 ;w1;2

5 ;z0 ) (w1;2
5 ;w1;2

6 ;y1 ) (w1;2
6 ;w1;2

7 ;y2 )

(w1;3
1 ;w1;3

2 ;z0 ) (w1;3
2 ;w1;3

3 ;z1 ) (w1;3
3 ;w1;3

4 ;z1 ) (w1;3
4 ;w1;3

5 ;z1 ) (w1;3
5 ;w1;3

6 ;y1 ) (w1;3
6 ;w1;3

7 ;y3 )

(w2;0
1 ;w2;0

2 ;z1 ) (w2;0
2 ;w2;0

3 ;z0 ) (w2;0
3 ;w2;0

4 ;z0 ) (w2;0
4 ;w2;0

5 ;z0 ) (w2;0
5 ;w2;0

6 ;y2 ) (w2;0
6 ;w2;0

7 ;y0 )

(w2;1
1 ;w2;1

2 ;z1 ) (w2;1
2 ;w2;1

3 ;z0 ) (w2;1
3 ;w2;1

4 ;z0 ) (w2;1
4 ;w2;1

5 ;z1 ) (w2;1
5 ;w2;1

6 ;y2 ) (w2;1
6 ;w2;1

7 ;y1 )

(w2;2
1 ;w2;2

2 ;z1 ) (w2;2
2 ;w2;2

3 ;z0 ) (w2;2
3 ;w2;2

4 ;z1 ) (w2;2
4 ;w2;2

5 ;z0 ) (w2;2
5 ;w2;2

6 ;y2 ) (w2;2
6 ;w2;2

7 ;y2 )

(w2;3
1 ;w2;3

2 ;z1 ) (w2;3
2 ;w2;3

3 ;z0 ) (w2;3
3 ;w2;3

4 ;z1 ) (w2;3
4 ;w2;3

5 ;z1 ) (w2;3
5 ;w2;3

6 ;y2 ) (w2;3
6 ;w2;3

7 ;y3 )

(w3;0
1 ;w3;0

2 ;z1 ) (w3;0
2 ;w3;0

3 ;z1 ) (w3;0
3 ;w3;0

4 ;z0 ) (w3;0
4 ;w3;0

5 ;z0 ) (w3;0
5 ;w3;0

6 ;y3 ) (w3;0
6 ;w3;0

7 ;y0 )

(w3;1
1 ;w3;1

2 ;z1 ) (w3;1
2 ;w3;1

3 ;z1 ) (w3;1
3 ;w3;1

4 ;z0 ) (w3;1
4 ;w3;1

5 ;z1 ) (w3;1
5 ;w3;1

6 ;y3 ) (w3;1
6 ;w3;1

7 ;y1 )

(w3;2
1 ;w3;2

2 ;z1 ) (w3;2
2 ;w3;2

3 ;z1 ) (w3;2
3 ;w3;2

4 ;z1 ) (w3;2
4 ;w3;2

5 ;z0 ) (w3;2
5 ;w3;2

6 ;y3 ) (w3;2
6 ;w3;2

7 ;y2 )

(w3;3
1 ;w3;3

2 ;z1 ) (w3;3
2 ;w3;3

3 ;z1 ) (w3;3
3 ;w3;3

4 ;z1 ) (w3;3
4 ;w3;3

5 ;z1 ) (w3;3
5 ;w3;3

6 ;y3 ) (w3;3
6 ;w3;3

7 ;y3 )

Let [v]
def
= f 0; : : ; v ¡ 1g. We de¯ne the 1-1matching M¼ betweenTrans(C1) and
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Trans(C2) as follows:

f x i ¡ y¼(i ) ) X ¼(i )g0· i<v [ f z0 ¡ z0; z1 ¡ z1g [ (8.6)

f ul ;¼(l );¼(l+1)
k ¡ w¼(l);¼(l+1)

k ) W l
kg1· k· 2 log v+3 and 0· l<v ¡ 1 [ (8.7)

f u0;i;j
k ¡ wi;j

2 log v+4 ¡ kg1· k· 2 log v+3 and (i;j )2 [v]2nf (¼(l );¼(l+1)) j 0· l<v ¡ 1g (8.8)

First we note that this is indeeda 1-1 matching sinceno variable in Trans(C1)

or Trans(C2) is usedtwice in M¼, and all variables in Trans(C2) are present in it

(the clauseTrans(C2) has fewer variablesthan Trans(C1)).

Parts (8.7) and (8.8) determinethe matchingsbetweenauxiliary variables(those

coming from the transformation Trans); part (8.6) matchesoriginal variables. As

we seenext, (8.7) and (8.8) are designedso that atoms in lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2)

survive2 | this is doneby (8.7) | and everything elsedisappears(8.8).

We carefully study lggM ¼(Trans(C1); Trans(C2)). We observe that M¼ matches

auxiliary variablesu¤;i;j
¤ ¡ wi;j

¤ . This hasthe e®ectthat in the resulting pairing, only

atoms coming from clausesP¤;i;j ;¤;¤ 2 Trans(C1) and Pi;j ;¤¤ 2 Trans(C2) survive.

Hence,it su±cesto study the e®ectof the matching on clausesP¤;i;j; ¤;¤ £ Pi;j ;¤¤ only.

In the casethat i = ¼(l) and j = ¼(l + 1) for somel 2 f 0; : : ; v ¡ 2g, we observe that

the auxiliary variablesare matched following their order in the chain f ul ;¼(l );¼(l+1)
k ¡

w¼(l);¼(l+1)
k ) W l

kg1· k· 2 log v+3 (8.7), and henceclausesPl ;¼(l );¼(l+1) ;x l ;x l +1 2 C1 and

P¼(l);¼(l+1) ;y¼( l ) ;y¼( l +1)
2 C2 survive in the pairing preciselyas

P¼(l);¼(l+1) ;X ¼( l ) ;X ¼( l +1)
¼ Trans(p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) ))

where the auxiliary variables used in the transformation are W l
1; : : ; W l

2 log v+3 . To

seethat atoms in the product P¤;i;j ;¤;¤ £ Pi;j ;¤¤ do not survive when (i; j ) 62[v]2 n

f (¼(l); ¼(l + 1)) j 0 · l < v ¡ 1g, it is su±cient to observe that the auxiliary vari-

2By a \surviving literal" we mean a literal that is the product of literals in the respective
clausesincluded in the pairing becausetheir arguments are matched accordingto the 1-1 matching
inducing the pairing.
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ablesare matched in reversedorder f u0;i;j
k ¡ wi;j

2 log v+4 ¡ kgk (8.8), so that in order to

survive it is required that an atom p(wi;j
k+1 ; wi;j

k ; ¤) exists in Trans(C2) which is not

possibleby construction. Therefore:

lggM ¼(Trans(C1); Trans(C2))

¼
_

0· l<v ¡ 1

P¼(l);¼(l+1) ;X ¼( l ) ;X ¼( l +1)

¼
_

0· l<v ¡ 1

Trans(p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) ))

¼ Trans(
_

0· l<v ¡ 1

p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) ))

¼ Trans(lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2)) :

Example 19 Following Example 18, the matching M (3201) is as follows. Corre-

sponding to 8.6:

f x0 ¡ y3 ) X 3; x1 ¡ y2 ) X 2; x2 ¡ y0 ) X 0; x3 ¡ y1 ) X 1g [ f z0 ¡ z0; z1 ¡ z1g

Corresponding to 8.7:

f u0;3;2
1 ¡ w3;2

1 ) W 0
1 ; u0;3;2

2 ¡ w3;2
2 ) W 0

2 ; : : ; u0;3;2
7 ¡ w3;2

7 ) W 0
7 g [

f u1;2;0
1 ¡ w2;0

1 ) W 1
1 ; u1;2;0

2 ¡ w2;0
2 ) W 1

2 ; : : ; u1;2;0
7 ¡ w2;0

7 ) W 1
7 g [

f u2;0;1
1 ¡ w0;1

1 ) W 2
1 ; u2;0;1

2 ¡ w0;1
2 ) W 2

2 ; : : ; u2;0;1
7 ¡ w0;1

7 ) W 2
7 g

Corresponding to 8.8:

f u0;0;0
1 ¡ w0;0

7 ; u0;0;0
2 ¡ w0;0

6 ; : : ; u0;0;0
7 ¡ w0;0

1 g [ f u0;0;2
1 ¡ w0;2

7 ; u0;0;2
2 ¡ w0;2

6 ; : : ; u0;0;2
7 ¡ w0;2

1 g [

f u0;0;3
1 ¡ w0;3

7 ; u0;0;3
2 ¡ w0;3

6 ; : : ; u0;0;3
7 ¡ w0;3

1 g [

f u0;1;0
1 ¡ w1;0

7 ; u0;1;0
2 ¡ w1;0

6 ; : : ; u0;1;0
7 ¡ w1;0

1 g [ f u0;1;1
1 ¡ w1;1

7 ; u0;1;1
2 ¡ w1;1

6 ; : : ; u0;1;1
7 ¡ w1;1

1 g [
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f u0;1;2
1 ¡ w1;2

7 ; u0;1;2
2 ¡ w1;2

6 ; : : ; u0;1;2
7 ¡ w1;2

1 g [ f u0;1;3
1 ¡ w1;3

7 ; u0;1;3
2 ¡ w1;3

6 ; : : ; u0;1;3
7 ¡ w1;3

1 g [

f u0;2;1
1 ¡ w2;1

7 ; u0;2;1
2 ¡ w2;1

6 ; : : ; u0;2;1
7 ¡ w2;1

1 g [ f u0;2;2
1 ¡ w2;2

7 ; u0;2;2
2 ¡ w2;2

6 ; : : ; u0;2;2
7 ¡ w2;2

1 g [

f u0;2;3
1 ¡ w2;3

7 ; u0;2;3
2 ¡ w2;3

6 ; : : ; u0;2;3
7 ¡ w2;3

1 g [

f u0;3;0
1 ¡ w3;0

7 ; u0;3;0
2 ¡ w3;0

6 ; : : ; u0;3;0
7 ¡ w3;0

1 g [ f u0;3;1
1 ¡ w3;1

7 ; u0;3;1
2 ¡ w3;1

6 ; : : ; u0;3;1
7 ¡ w3;1

1 g [

f u0;3;3
1 ¡ w3;3

7 ; u0;3;3
2 ¡ w3;3

6 ; : : ; u0;3;3
7 ¡ w3;3

1 g [

Notice that the portion of the matching

f u0;3;2
1 ¡ w3;2

1 ) W 0
1 ; u0;3;2

2 ¡ w3;2
2 ) W 0

2 ; : : ; u0;3;2
7 ¡ w3;2

7 ) W 0
7 g

makessure that the atoms P0;3;2;x0 ;x1 in Trans(C1)

(u0;3;2
1 ;u0;3;2

2 ;z1 ) (u0;3;2
2 ;u0;3;2

3 ;z1 ) (u0;3;3
3 ;u0;3;3

4 ;z1 ) (u0;3;2
4 ;u0;3;2

5 ;z0 ) (u0;3;2
5 ;u0;3;2

6 ;x0 ) (u0;3;2
6 ;u0;3;2

7 ;x1 )

and the atoms P3;2;y3 ;y2 in Trans(C2)

(w3;2
1 ;w3;2

2 ;z1 ) (w3;2
2 ;w3;2

3 ;z1 ) (w3;2
3 ;w3;2

4 ;z1 ) (w3;2
4 ;w3;2

5 ;z0 ) (w3;2
5 ;w3;2

6 ;y3 ) (w3;2
6 ;w3;2

7 ;y2 )

appear in the pairing lggM (3201)
(Trans(C1); Trans(C2)) as

(W 0
1 ;W 0

2 ;z1 ) (W 0
2 ;W 0

3 ;z1 ) (W 0
3 ;W 0

4 ;z1 ) (W 0
4 ;W 0

5 ;z0 ) (W 0
5 ;W 0

6 ;X 3 ) (W 0
6 ;W 0

7 ;X 2 ):

Finally, lggM (3201)
(Trans(C1); Trans(C2)) =

(W 0
1 ;W 0

2 ;z1 ) (W 0
2 ;W 0

3 ;z1 ) (W 0
3 ;W 0

4 ;z1 ) (W 0
4 ;W 0

5 ;z0 ) (W 0
5 ;W 0

6 ;X 3 ) (W 0
6 ;W 0

7 ;X 2 )

(W 1
1 ;W 1

2 ;z1 ) (W 1
2 ;W 1

3 ;z0 ) (W 1
3 ;W 1

4 ;z0 ) (W 1
4 ;W 1

5 ;z0 ) (W 1
5 ;W 1

6 ;X 2 ) (W 1
6 ;W 1

7 ;X 0 )

(W 2
1 ;W 2

2 ;z0 ) (W 2
2 ;W 2

3 ;z0 ) (W 2
3 ;W 2

4 ;z0 ) (W 2
4 ;W 2

5 ;z1 ) (W 2
5 ;W 2

6 ;X 0 ) (W 2
6 ;W 2

7 ;X 1 )
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Recall lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) is

(z1; z1; z1; z0; X 3; X 2) (z1; z0; z0; z0; X 2; X 0) (z0; z0; z0; z1; X 0; X 1)

and henceTrans(lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2)) is

(Y 1
1 ;Y 1

2 ;z1 ) (Y 1
2 ;Y 1

3 ;z1 ) (Y 1
3 ;Y 1

4 ;z1 ) (Y 1
4 ;Y 1

5 ;z0 ) (Y 1
5 ;Y 1

6 ;X 3 ) (Y 1
6 ;Y 1

7 ;X 2 )

(Y 2
1 ;Y 2

2 ;z1 ) (Y 2
2 ;Y 2

3 ;z1 ) (Y 2
3 ;Y 2

4 ;z1 ) (Y 2
4 ;Y 2

5 ;z0 ) (Y 2
5 ;Y 2

6 ;X 2 ) (Y 2
6 ;Y 2

7 ;X 0 )

(Y 3
1 ;Y 3

2 ;z1 ) (Y 3
2 ;Y 3

3 ;z1 ) (Y 3
3 ;Y 3

4 ;z1 ) (Y 3
4 ;Y 3

5 ;z0 ) (Y 3
5 ;Y 3

6 ;X 0 ) (Y 3
6 ;Y 3

7 ;X 1 )

the readercan check that

lggM (3201)
(Trans(C1); Trans(C2)) ¼ Trans(lgg(3201)[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2))

via the variable renaming f Y 1
k $ W 0

k ; Y 2
k $ W 1

k ; Y 3
k $ W 2

k j 1 · k · 7g:

Theorem 105 Let S be a signature containing a predicate symbol of arity at least

3. The number of distinct pairings between a pair of function free S-clausesusing

O(v3 logv) variables,O(v3 logv) literals can be ­( v!). ¥

Corollary 106 Let S be a signature containing a predicate symbol of arity at least

3. The number of distinct pairings between a pair of function free S-clausesusing

at most v variablesand v literals can be ­(2 v=4) for su±ciently large v. ¥
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Chapter 9

Conclusions and Future Work

In this thesis we have studied the complexity of learning ¯rst order and proposi-

tional classesin the model of exact learning from queries. An upper bound for

the ¯rst order problem has beenobtained by constructing the algorithm Learn-

Closed-Horn in Chapter 5 that learnsan interesting subclassof ¯rst order Horn

expressions.Its complexity is exponential in two parameters:a (the maximal arity

of the predicatesused) and v (the bound on the number of variablespermitted in

any clause). The natural question after presenting this algorithm is whether it is

optimal in the sensethat this exponential dependenceis necessaryor whetherbetter

(polynomial) learning algorithms exist. Chapter 6 tries to answer this questionby

characterizingthe VC Dimensionof the classof ¯rst order Horn expressionswhich is

known to give a lower bound for the complexity of learning in our model. However

the VC Dimensionis ~£( cl + ct) so that it givesa lower bound of ~­( cl + ct). Hence,

the VC Dimensioncannot settle our question.

While studying the VC Dimension of ¯rst order Horn expressions,we realized

that there wasa disparity betweenhow the complexity of the expressionswasmea-

sured in the learning algorithms found in the literature (that used¯rst order syn-

tactic properties such as the number of variables or number of clauses,etc.) and

how the formal de¯nitions werepresented (where the notion of sizeis usedwithout

explaining how to measureit). At that point it wasnot clear what the best way to
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measurethis complexity was. Chapter 4 clari¯es this question,with the conclusion

that two fundamentally di®erent ways of measuringthe complexity exist: what we

call TreeSizeand what we call DAGSize. TreeSizeis consideredmorestandard and

it is closelyrelated to the number of symbolsneededto write a ¯rst order expression

in its usual form; DAGSize encodesthe term in a smarter way by allowing shared

terms to be represented just once. In Chapter 4 we show that three parameters,the

number of clauses(c), number of terms per clause(t), and number of literals per

clause(l), capture the notion of DAGSize. However, in the caseof TreeSize, none

of the parametersusually consideredcan capture it. From this last observation we

concludethat none of the existing results on learnability of ¯rst order expressions

are valid if one considersTreeSizeas the way of measuringthe complexity of ¯rst

order expressions.Surprisingly, this fact had never beennoticed before.

Returning to the question of whether our learning algorithm of Chapter 5 is

optimal, we have seenthat the VC Dimension does not give a complete answer.

Hence,a more powerful tool, the certi¯cate size,needsto be considered.As a ¯rst

step towards characterizing the certi¯cate sizeof ¯rst order Horn expressions,we

compute in Chapter 7 the certi¯cate sizeof various propositional classes.In some

caseswe are even able to give exact characterizations: for example, Theorem 77

and Theorem 65 show that the certi¯cate size of unate DNF formulas is exactly

m + 1 +
¡ m+1

2

¢
if m < n. However, if m ¸ n, the result obtained is weaker: the

upper bound is O(mn) (Theorem 63) but the lower bound of ­( nm) applies to

the strong certi¯cate size only, which is a weaker version of the certi¯cate size.

To obtain a complete characterization of the certi¯cate size in the casem ¸ n,

we need to obtain a strong version of our Theorem 78 (similar to the stronger

Theorem77 versionof Theorem76). When quantifying the certi¯cate sizeof Horn

CNF expressionswhere m ¸ n, we have not only that the lower bound of ­( mn)

appliesto the strong certi¯cate sizeonly, but there existsa gap to the upper bound

which is O(m2). Here, the questionof whether we can prove a higher lower bound

or elseif we can createcerti¯cates of smaller sizeto match the lower bound is still
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open. Our ¯nal result involving certi¯cates answers an open questionby Feigelson

(1998): a slight generalizationof Horn CNF, renamableHorn CNF, doesnot have

polynomial certi¯cates and is thereforenot learnablein the model of exact learning

from membership and equivalencequeries.

Clearly, the question of whether our algorithm Learn-Closed-Horn is opti-

mal remains open. It is possiblethat our learning algorithm is optimal but our

analysis is not tight. Towards this we compute in Section 8.3 lower bounds for

the number of pairings betweentwo clauses,which is the main reasonfor the algo-

rithm's exponential dependenceon v. Our construction shows that there areclasses

for which the number of pairings is indeedexponential in v, thus showing that the

complexity analysisis tight.

A way of answering the questionof the algorithm's optimalit y is by computing

the certi¯cate size of ¯rst order Horn expressions. This is important not only

becauseof its applications to learnability, but also from the point of view of a

logician as it would provide great insight into the structure of the very important

classof ¯rst order Horn expressions.A ¯rst attempt of generalizingthe construction

in Theorem 73 of Chapter 7 led us to the study of the length of proper chains of

¯rst order clausesw.r.t. the subsumption relation which appears in Chapter 8.

Our initial generalizationattempt failed due to technical subtleties, however, we

could still prove a weaker result: no polynomial learning algorithm can exist if just

membership queriesare allowed (Section8.2).

We concludeby mentioning broader challengesfor the future. The ¯rst is con-

cernedwith establishingthe theoretical boundariesof what is considerede±ciently

learnable. For example,in our particular learningsetting and problem, we have two

possiblescenarios.If it turns out that our algorithm is optimal, then no polynomial

algorithm canexist for our class.Hence,we shouldidentify which restrictions of the

classof closedHorn expressionsare learnablewith polynomial complexity. On the

other hand, if our algorithm is not optimal and polynomial learning is possible,then

we should identify more generalclassesfor which e±cient learning is still possible.
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The secondgeneral challenge is concernedwith how to apply query-learning

algorithms in practice. In the introduction we have mentioned how someexisting

systemsdo this: by simulating the queriesusing a databaseof examples,by per-

forming actual experiments or simulations, or by seekinghuman help. Here the

challengeis to identify new domainswherethis is possibleand bene¯cial.
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