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Abstract

This thesisstudiesthe complexity of learning logical expressionsn the model of
Exact Learning from Membership and EquivalenceQueries. The focusis on Horn
expressionsgn rst order logic but results for propositional logic are also derived.
The thesisincludesse\eral cortributions towards characterizing the complexity of
learning in thesecornexts.

First, a new algorithm for learning rst order Horn expressionsis preserted
and proved correct. The algorithm improves on previous work in two ways. It
can learn a larger classof expressionghan previously known, and its query and
time complexity improve on previous algorithms. In particular the algorithm can
learn both the classof range-restricted expressions,and the classof constrained
expressionswhich were previously consideredin the literature.

Second,the thesisincludesse\eral lower bound results and techniquesstudying
the optimal complexity of theselearning problems,thus trying to idertify whether
it is possibleto improve over the complexity of our algorithm.

We study the VC Dimensionof Horn expressionsa tool that giveslower bounds
on query complexity in our model. Our results characterize exactly the VC Di-
mensionof Horn expressionsproviding the best lower bound possible using this
technique. This technique leaves a gap to the upper bound provided by our al-
gorithm. Our analysis also highlights problematic aspects of measuringlearning
complexity in rst order logic that have beenignoredin previouswork.

We study the Certi cate Size,a tool that characterizesthe query complexity of

learning in our model. Our results give certi cate constructionsfor seweral classes



of important propositional expressionsjncluding Horn CNF expressions.We also
shaw that any certi cate for a slight generalizationof Horn CNF expressionsthe
classof renamableHorn CNF expressionsis of exponertial size,thus shaving that
this classis not exciently learnable.

Finally, we study the lattice structure induced by generality relations in rst
order logic expressionsand derive someconclusiongor learning complexity in more

restricted scenarios.
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Chapter 1

In tro duction

This thesisis concernedwith the problem of learning conceptsexpressedn rst or-
der logic. First order logicis a highly expressie languagethat allows usto descrike

complicated phenomenaconcisely As an example, take the following imaginary
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To expressthe concept\ two cities are connected by a major highway' we just

needthe following rst order rule: \for all cities x, y and z, if x is connectedto y



and y is connectedto z, then x is connectedto z" which we formally write in the

languageof rst order logic as:

8x8y8z connectedx; y) * connectedy;z) ! connectedx; z) (1.2)

From sud a rule we can extract all the pairs of cities that are connected,just
by applying it repeatedly and assumingthat initially the connectedcities are those
adjacent in our map. If we wereto usea propositional formalism to descrike the
sameconceptwe would have to explicitly list the cities that are connectedin our
map, partially represeted by the following table that cortains 212 = 441 ertries

for a map with 21 cities:

City 1 City 2 Conne cted? City 1 City 2 Conne cted?

Casablanca Ceuta YES Caracas Casablanca NO
Casablanca Abuja YES Casablanca Harare YES
Harare Abuja YES Harare Caracas NO

Notice also that if we were to changethe map, the propositional description
would have to changein order to re°ect the changesmade. Howewer, the rst order
description of the conceptremainsunchangedsinceit refersto the transitive nature
of connectednessind henceit appliesto every map imaginable.

In this work we study the complexity of learning rst order Horn expressions
which are essetfially sets of rules sudh as 1.1. We adopt a supervised learning
scenariothat assumesthat there is a teader (or oracle) available that answers
questions(or querieg posedby the learning algorithms. We assumethat thereis a
setof rst order rules known only to the teader; the task of the learning algorithm
is to discover theserules (or a set of equivalert rules) by asking questionsto the
teadher. It is important to distinguish this learning scenariofrom the more passie
one where algorithms are just presened with a seriesof labeled examplesand no
active questionsare allowed.

Interest in learning conceptsexpressedn logic is not new. In fact, during the

last two decadeghe madine learning community has produced an impressie list



of results related to learning di®eren types of logic formalisms, both theoretical
and empirical. For example,learning algorithms for decisiontrees or rule systems
have beendeweloped and applied to numerousreal-world problemsvery successfully
(Mitc hell, 1997).

Inductiv e Logic Programming

In the cortext of learningin rst order logic, Plotkin (1970) introducesin his pio-
neeringwork an algorithm for computing the least generalgeneralizationof a pair
of clausegw.r.t. a generalizationrelation known assubsumption| seeSection2.3
for details). This algorithm waslater incorporated into a whole theory of inductive
learningin rst order clausallogic (Plotkin, 1971). The notion of least generalgen-
eralization and subsumptionis still certral to rst orderlearning, and in particular,
certral to our learning algorithm in Chapter 5. Another exampleof early work in
“rst order logic learning is that of Shapiro (1983), where he formalizesthe maodel
inference problemthat is the problem of inferring a rst ordertheory that is capable
of explaining someobsened facts. Basedon his theory, he developsthe madel infer-
ence systemand appliesit to the problem of debugginglogic programs. Other early
examplesof theoretical studies of the complexity of learningin rst order logic are
(Valiant, 1985;Haussler,1989). Learning rst orderlogicis currently studied under
the name of Inductive Logic Programming (ILP). Work in ILP rangesfrom appli-
cations, the dewelopmen of systemsand algorithms, to theoretical studies. While
the work presetted in this thesisis purely theoretical, it is of interest to follow the
ewlution of machine learning systemsdeweloped within the ILP community.

ILP systemscan be viewed asalgorithms that perform a seart guidedby exam-
plesor queries(or both) over the lattice formedby rst order clausesand their sub-
sumption relation | seeSection2.3for details. Early ILP systemssud as CIGOL
(Muggleton and Buntine, 1988)or GOLEM (Muggleton and Feng, 1992)perform a
bottom-up seard, i.e. they produce hypotheseshat are increasinglymore general,

starting with the most speci ¢ hypothesis. All thesesystemssu®erfrom very high



computational costs, and top-down systemswere deweloped to improve on their
exciency. Systemssud as FOIL (Quinlan, 1990), PROGOL (Muggleton, 1995)
and ICL (De Raedt and Van Laer, 1995)use a greedycovering method where the
systemaddsone clauseat a time to the hypothesisand eat clauseis constructed
by a generalto speci ¢ re nemert sear®. LogAn-H (Khardon, 2000),basedon the
algorithm in (Khardon, 1999b),is the rst bottom-up systemintroducedafter some
time.

While most of ILP systemsare basedon examples,someof the early systems
learn from queries: MIS (Shapiro, 1983), MARVIN (Sammnut and Banerji, 1986),
CIGOL (Muggleton and Buntine, 1988),CLINT (De Raedtand Bruynooghe,1992)
and alsothe morerecert LogAn-H (Khardon, 2000). Someof thesesystemsrequire
the presenceof an expert to answer the questionsposedby the system. This is
for example the caseof MIS (Shapiro, 1983) where the system is integrated in
a programming dewelopmen and debuggingenvironment. In the caseof MIS it
seemsnatural that the expert (the programmer) is available during the process.
Howe\wer, this is quite rare and query-basedsystemsusually simulate the answers
to the queriesusing examples.This is easyin the caseof equivalencequeries,which
askwhether a given hypothesisis correct or not. Herethe hypothesiscan be tested
againsta set of examplesand if a discrepancyis found then the answer to the query
is Nowhereasif no discrepancyis found the answer should be Yes It is well known
that if the setof examplesis large enough,then good guararteesabout the accuracy
of the hypothesiscan be obtained (Angluin, 1988). Membership queriesare usually
harder to simulate and a more ad-hoc solution hasto be found for every system.
This isin fact what LogAn-H (Khardon, 2000)doesin its \batc h" mode, sothat no
interaction from the useris required and the systemjust runs using a databaseof
labeled examples. Query-basedlearning algorithms can also be usedwithin larger
systemsthat somehav are able to experimert with the hypothesesprovided by the
systems. This is the caseof the experimerts of Reddy and Tadepalli (1999) in the

context of planning. In this system,they cantest the hypothesegyeneratedby their



learning algorithm (Reddy and Tadepalli, 1997) by simulating the planning process
using the hypothesisoutput by the learning algorithm. The sameidea appliesto
the work of Bryant and Muggleton (2000) and also Muggleton et al. (1999), whose
aim is to automate the scieni ¢ discovery processby having a madine learning
algorithm proposing hypothesesand a robot testing the hypothesesby performing

someexperimerts.

Complexit y of learning in rst order logic

Unfortunately, Cohen (1995) shaws that excient learning algorithms do not exist
ewven for very simple classesof rst order concepts. These negative results apply
to the PAC learning model (Valiant, 1984), where examplesare drawn according
to someunknown distribution and algorithms have no cortrol over which exam-
plesthey are allowed to see. To overcomethis, we relax the problem by allowing
algorithms to actively selectexamples. More precisely we considerthe stronger
model of exact learning from menbership and equivalencequeries(Angluin, 1988).
Informally, in an equivalencequery, the learning algorithm suggestsa hypothesis
and an oracleanswers Yesor Nodepending on whether the hypothesisis (logically)
equivalent to the target conceptor not. In a membership query, the learning algo-
rithm preserts an exampleand an oraclereturns Yesif it is a menber of the target
concept,otherwiseit returns Na The model of exactlearning from membershipand
equivalencequerieshas beenstudied extensiwely, mostly in the cortext of learning
in propositional logic. Indeed, someproblemsthat are provably hard in the PAC
model* (or still open) becometractable when queriesare allowed. Examples of
this are propositional Horn expressiongAngluin, Frazier, and Pitt, 1992; Frazier
and Pitt, 1993), read once formulas (Angluin, Hellerstein, and Karpinski, 1993),
k-term DNF formulas for xed k (Angluin, 1987a),regular sets (Angluin, 1987hb)

and monotoneDNF formulas (Angluin, 1988;Valiant, 1984),amongothers.

IHardnessresults in the PAC model are commonly proved assumingplausible conditions such
asP 6 NP or RP 6 NP or assumingthat certain cryptographic problems are hard.



As we have mertioned, early studies of learning in relational domains using
queriescan be found in Shapiro (1983), Valiant (1985) and Haussler(1989). Re-
cenrtly, algorithms have beendeweloped in the model of exact learning from queries
capableof idertifying expressie subsetsof rst order Horn expressions.Someof
thesealgorithms usemore powerful typesof queriesthat partially revealsomeof the
syntactic structure of the target conceptssud as subsumptionqueries (Arimura,
1997; Rao and Sattar, 1998) or derivation order queries (Reddy and Tadepalli,
1998). Other algorithms, including our own in Chapter 5 (Reddy and Tadepalli,
1997; Khardon, 1999a;Khardon, 1999b; Arias and Khardon, 2002) use the stan-
dard menbership and equivalencequeriesonly. All of these algorithms resentble
the propositional learning algorithms of Angluin, Frazier, and Pitt (1992) and Fra-
zier and Pitt (1993). In fact, they can all be viewed as a generalizationof these
algorithms to the rst order setting. Naturally, the operations of the propositional
algorithm needto be lifted to rst orderlogic. This is doneby usingvariants of the
least generl genealization or Igg of Plotkin (1970) or by using direct products of

“rst order interpretations and other appropriate operations.

Results

One of the main cortributions of this thesisis in presening a learning algorithm
for an important classof rst order Horn expressions(Chapter 5). This result
improveson earlier work by learning a larger subsetof rst order Horn expressions
with provably fewer queries. The learning algorithm usesequivalence queriesto
test whether its incrementally constructed hypothesesare equivalernt to the target
concept,and usesa variant of the least generalgeneralization(Plotkin, 1970)and
menbership queriesto update incorrect hypotheses.

To quartify the complexity of our learning algorithm, we useparametersthat are
basedon the syntactic componerts usedto descrike the target concept. Important
parametersare the number of clausesthe maximum number of variablesin a clause

v (in our exampleclausel.1, v = 3 due to variables x, y and z), the maximum



number of terms in a clauset (in our exampleclausel1.1,t = 3 also since the

variablesare the only terms), and the maximum number of literals in a clausel (in

our exampleclausel.1,| = 3 dueto two atoms in the anteceden and onein the

consequet). The useof sud syntax-basedparametersis commonin ILP, howewer,

there has newer been a theoretical justi cation for this. Chapter 4 introducesa
seriesof parametersthat quartify the complexity of rst order expressionslt also
includestwo fundamenally di®eren ways of computing the size of an expression:
TreeSizeand DAGSize TreeSizeis consideredthe standard notion of sizefor rst

order expressionand courts essetially the number of symbols neededto write

down a rst order expressionin its usual string form. DAGSizeis basedon a more
excient encaling of the expressionghat avoids repetitions of multiple occurrences
of identical terms. Chapter 4 provides a framework that characterizesunder which

circumstancesit is justi ed to use one set of parametersor another. It relates
DAGSizeto the three parametersc;l; t and shovsthat no conbination of parameters
can relate to TreeSize From this we concludethat it is sutcient to take into

account the three parametersc, | and t if onewants an algorithm that is excient

w.r.t. DAGSize

The complexity of our algorithm in Chapter 5 is exponertial in the number
of variables. This cortrasts with the algorithms of (Arimura, 1997; Reddy and
Tadepalli, 1998; Rao and Sattar, 1998) whose complexity is only polynomial in
this crucial parameter. Howewer, as we mertioned earlier, these algorithms use
very powerful queries. It is thus interesting to investigatewhether this exponertial
dependenceis necessaryor in other words, whether onecan nd better algorithms
if only menbership and equivalencequeriesare available.

Chapter 6 takesa rst stepin this direction by studying the VC Dimension of
“rst order Horn expressions.The VC Dimensionof a classis known to give a lower
bound for the number of queriesneededto learn the classwhen using menbership
and equivalencequeries(Maassand Turfin, 1992). In Chapter 6 we shaw that the

VC Dimensionof rst order Horn expressionds not exponertial in the number of



variables(it is polynomial in all the relevant parameters)and henceit leavesa gap
to the exponertial upper bound provided by the learning algorithm. The remainder
of this thesisis concernedwith closingthis gap.

After the introduction of the model of exact learning from queries (Angluin,
1988) there has beengreat e®ort put into characterizing learnability when certain
types of queriesare available by meansof combinatorial quartitativ e character-
izations of the concept classesto be learnt. A summary of these combinatorial
characterizations can be found in (Angluin, 2001). Particularly relevant to this
work is the notion of certi c ate size which is directly related to the number of
gueriesneededto learn from menbership and equivalence queries (Hellerstein et
al., 1996;Hegedus,1995). Chapter 7 studiesthe certi cate sizeof various classeof
propositional expressionsjncluding propositional Horn expressions.Constructions
of certi cates of polynomial size are given for unate CNF/DNF and Horn CNF;
thesecan be viewed as alternative proofs of their learnability. Somematching lower
bounds for certi cate size are also given. Chapter 7 shaws also that renamable
Horn CNF, a slight generalizationof propositional Horn CNF, has certi cates of
exponertial size. This implies that there is no polynomial algorithm that learns
this slightly more generalclassand solvesan open question of Feigelson(1998).

Finally, Chapter 8 studies someproperties of the subsumptionlattice over rst
order clauses.We rst show that subsumption chains of exponertial length exist;
this fact is then usedto shaw the impossibility of exciently learning rst order
Horn clausesin the restricted model where only menmbership queriesare available.
Then we show that a pair of clausescan have an exponertial number of pairings (a
pairing is a variant of the Igg usedby our learning algorithm to generalizeclauses).
This meansthat there are casesn which the learning algorithm in Chapter 5 must
make an exponertial number of queries,thus showving that our analysisis tight.

In summary, the thesis provides a new algorithm and complexity upper and
lower bounds for the problem of learning rst order Horn expressions.Chapter 9

includesfurther discussionof the results and directions for further work.



Chapter 2
Logic Review

In this chapter we review the standard de nitions and results of logic and that are
usedin this thesis. We do not attempt to give a comprehensie review of logic;
readersunfamiliar with mathematical logic can refer to standard textb ooks e.g.
(Lloyd, 1987;Chang and Keisler, 1990).

2.1 Prop ositional logic

2.1.1 Syntax

Expressionsn propositional logic (also calledformulas) are built usinga non-empty,
“nite set of propositional variablesV = fvy;::;v,g with n 2 N*, the logical con-
nectives™: ' (negation), ™' (conjunction), ~_' (disjunction), ! ' (implication), and
two punctuation symbols (" and °)' usedto resole ambiguities with the logical
connectives. An exampleof a well-formedformula is “(vi ™ : v3) _ (Va2 va! vy).
Of particular importance are formulas that are in Disjunctive Normal Form or
DNF which is a disjunction of conjunctions, and its dual the Conjunctive Normal
Form or CNF which is a conjunction of disjunctions. The formula above has as
DNF represemation “(vi ™ : v3) _: Vo, :Vvz_ Vs and asCNF represemation (v, _

TVo V3 V)N (Vs Vo V3 V).

10



In propositional logic, a conjunction of literals sud as v, " : v3' is calleda term.
A disjunction sudhas: vs _: VvV, _:V3_ V4 iscalleda clause A clausewhich has
at most one positive variable is calleda Horn clause Examplesof Horn clausesare
V3 Vo Vs Vi andalso: vz : Vv, :v3'. A Horn clauseis usually denoted
by an implication "/A! a', whereA is a conjunction of positive variablesand a is
a positive variable. A is commonly referredto asthe antecedent of the clauseand
a asits consejuent In the Horn clause’A ! a, the variablesin A are negatiwe,
and a is the (at most one) positive variable. Both A and a can be empty. As an
example,the Horn clause™ vs _ : v, V4" iswritten as vz v, ! v, and the Horn
clause™ v;3' is written as vz ! '. A Horn CNF formula is a conjunction of Horn
clauses.

We note that there are many corvertions concerningthe priorities of the logical
connectivesand the usageof the parerthesesthat we do not descrike here.

We also note that in this section we have written formulas in quotes ™ ' to
distinguish them from regular text. From now on we stop doing this, and hope that

notation and context are enoughto make this distinction.

2.1.2 Semantics

An assignment assignsa truth value (we use '0' and "1") to ead propositional
variable in V = fvy;::;vy0. It is typically denoted by a string in f0;1g". For
example,assumingn = 5, the assignmeh 00110assignsv; to 0, v, to 0, vz to 1, v4
to 1, and vs to O.

Given an assignmeh x and a formula f , we can evaluatethe truth or falsity of
f under x in the following way: rst substitute every occurrenceof a variable in f
by its correspnding truth value given by x, and then recursiwely apply the rules
dictated by the classicaltruth tables of the logical connectivesto obtain its nal
value. We say that an assignmen x satis es a formula f , noting this by x E f, if
the formula f evaluatesto 1 under x. Otherwise,we say that x falsi es the formula

f and denotethis x 6 f .

11



Giventwo formulasf, and f,, we say that f, logically implies f , and denotethis
f1 E f, i®for every assignmeh x 2 f0;1g" if x F f; then x E f,. Two formulas
fq;f, arelogically equivalert (denotedf, ~ f,) i®f,F f,andf, F f;.

A booleanfunction g : f0;1g" ! f0;1g assignsto ewvery assignmeh in f0; 1g"
a value from f0; 1g. Notice that ead propositional formula f representsa boolean
function g in the natural way: for any assignmehnx 2 f0;1g": g(x) = 1if f F x and
g(x) = Oif f 6§ x. Di®eren formulas canrepresem the samebooleanfunction: e.g.
the formulas (v : v3)_: Vo _:Vva_ Vg and (Vi_: Vo : Vs Vg)(i Va_: Vo_: Va_Vy)
represemn the samebooleanfunction. Clearly, two formulas represeting the same
booleanfunction must be equivalert. We sometimesabuseour notation and identify
formulaswith their represeted booleanfunctions. | shouldbe clearfrom the cortext

which onewe refer to in eat case.

2.2 First order logic

2.2.1 Syntax

A signature S consistsof a set P of predicate symbols (with assaiated arities) and
a set F of function symbols (with assaiated arities). Syntactically, there is not
much di®erencebetween function and predicate symbols, with the exceptionthat
predicate symbols cannot be nested;the main distinction betweenthem is given by
their semairtics (see Section 2.2.2). Given a signature S and a non-emply set of

variablesV we construct rst order terms! as follows:
2 avariablein V isa rst orderterm

2 if f 2 F is a function symbol of arity a (denoted by f =a), and ty;::;t, are
‘rst orderterms,thenf (ty;::;t,) isalsoa rst orderterm; we call theseterms

functional terms

Termsin propositional logic are ertirely di®eren from terms in rst order logic!

12



Typically, we usex; y; z; : : to denotevariables,f ; g; h; : : to denotefunction sym-
bols. Constarts (specialfunction symbolsthat have arity 0) are denotedby a;b;c;::
and 1;2;3;::

If p2 P is a predicate symbol of arity a (denotedby p=a and ty;::;t, are rst
order terms, then p(ty;::;t,) is an atom. We also considera special type of atom:
the inequality (t; 6 t,), wherety;t, are rst order terms.

Atoms can be combined using the logical connectives : ' (negation), ™' (con-
junction), =" (disjunction), ! ' (implication), and the two punctuation symbols ('
and ) of propositional logic into rst order formulas (equivalertly, we referto rst
order formulas by rst order expressions). Additionally, rst order logic has the
quanti ers for all 8" and exists '9' which allow to quartify variablesuniversally or
existertially to form formulas of the sort ‘8v A' or "9v A, wherev is a variable and A
is an arbitrary formula. A literal is anatom p(ty;::;ts) orits negation: p(ty;::;ta).

We have seenhow to build complexformulas or expressionggiven a set of vari-
ables, a signature S, the logical connectives and the quarti ers. The set of rst
order expressionsguilt from S is denotedby F Os. When we want to make explicit
that a formula isin F Og, we referto it asa S-formula or S-expression.

Notice that if a signature S cortains predicate synbols of arity 0 only or no
function symbols and variables are allowed, then S-expressionsare propositional
formulas. Hence,propositional logic is a special caseof rst order logic.

In this work we only considerformulas that are in prenex normal form (the
expressionsare ‘Q.vs::Q,v, A where Q; are quarti ers and the formula A is
quarti er-free). Moreover, we consider universaly quanti ed expressionswhich
are expressionghat arein prenexnormal form and do not cortain existertial quan-
ti ers.

Givena rst order expressionE 2 F Og, we de ne the following sets
2 Vars(E) is the set of variablesappearingin E

2 Terms(E) is the setof rst order terms appearingin E, including subterms.
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2 Atomsp (E) is the set of atomsthat canbe built from the termsin Terms(E)

and predicate symbolsin P.
Example 1 SupposeP = fp=2;g=1g and r is a predicate of arity 1.
2 Vars(f (x;9(y))) = fx;yg
2 Terms(f (x; 9(a)) = fx;a;9(a);f (x; 9(a))g
2 Atomse (r(f (1)) = fp(1;21); p(1;f (1)); p(f (1);1); p(f (1);f (1)); a(1); a(f (1))g

The de nition of Vars, Terms and Atomsp can be extendedto setsof expres-
sionshy taking the union of the result of ead individual expression.For example,
Terms(fE1; E,; EzQ) = Terms(E;) [ Terms(E,) [ Terms(Ej).

A rst orderclauseis a universallyquarti ed disjunction of literals. For example
the expression'8x8y8z : add(x;y;z) _add(y;x; z)' is a clause.Moreover, it is rst
order Horn sinceit cortains at most one positive literal. Since all variables are
universally quarti ed, we do not needto write the quarti ers and usually write
clausesutilizing the ! ' notation as ‘add(x;y;z) ! add(y;Xx;z). We also use set
notation to denote a clause. In this case,the clause above can be denoted by
f. add(x;y;z);add(y; x; z)g. Finally, a rst order Horn expressionis a conjunction

of universally quarti ed rst order Horn clauses.

De nition 1 A rst order Horn clauses ! b is rangerestricted if Terms(b) p

Terms(s). A rst order Horn clauses! bis constrained if Terms(s) p Terms(b).

For example,the clausep(x) ! p(f (x)) is constrainedbut not rangerestricted.
On the other hand, the clause: add(x; O; sucdx)) is rangerestricted but not con-

strained.
De nition 2 A Horn clauseis non-trivial if it is not a tautology.

De nition 3 Let ineq(s) be the set of all possibleinequalities between rst order

terms appearingin s. A rst order Horn clauses ! b is fully inequated if its
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anteceden cortains all the possibleinequalities betweenpairs of rst order terms

in it, i.e.,if ineq(s[ fbg) 1 s.

As an example, let s be the set fp(x;y); q(f (y))g cortaining the rst order
terms fx;y;f (y)g. Thenineq(s) = fx 6 y;x 6 f(y);y 6 f(y)g alsowritten as
(x 6 y 6 f(y)) for short.

De nition 4 A meta-clauses a setof Horn clauseghat sharethe sameanteceder.
A meta-clauseis denoted by [s;c] where s and c are sets of atoms. Formally,

mq@vm@!m

Meta-clausesprovide a compactway to represen setsof clauseswith the same

anteceden and are extensiely usedin Chapter 5 of this thesis.

De nition 5 A rangerestricted rst order Horn expression is a conjunction of
rangerestricted rst order Horn clauses.Similarly, constrained Horn expressionis
a conjunction of constrained rst order Horn clauses.Finally, a fully inequatel rst

order Horn expressionis a conjunction of fully inequated rst order Horn clauses.

2.2.2 Semantics

Givena signature S, an S-interpretation (also called S-model or S-structure) is the

“rst order analogueof the assignmeh The elemerts of an S-interpretation | are:
2 acourtable setD called domain whoseelemerts are referredto as objects

2 for eath f=a 2 F, | denes a function mapping f' : D2 ! D. Notice
that function mappings assigna domain object to ead constart: a' = o.
The function mappingsguide how rst order terms are evaluated to domain

objects

2 for eah p=a2 P, | includesa subsetof fP(0;;::;0,)j0 2D;1- i- ag.
This is called the extension of predicate p and it lists which of the instances

of the predicate P are true in |

15



Now we brie°y explain how rst order S-formulas are evaluated given an S-
structure. Given an S-structure with domain D and a rst order expressionE, a
variable assignment(w.r.t. S) is an assignmeh to ead variable in E of an object
in D.

Given an S-structure with domain D, a rst order expressionE and a variable

assignmeh V w.r.t. S, aterm assignment(w.r.t. S andV) is de ned as:
2 Ead variable in E is givenits assignmen accordingto V.
2 Eacdh constart is E givenits assignmeh accordingto S.

2 If t9;::;12 are the term assignmets of t;;::;t, and f % is the assignmen of

the a-ary function symbol f, then f t9;::;t%) 2 D is the term assignmen of
f(ty;::;t).

Let I be an S-interpretation with domain D, let V a variable assignmenh and

E a rst order formula. Then the truth value of E can be given asfollows:

2 If E is an atom p(ty;::;ta), then the truth valueis 1i® p(t9;::;t9) isin I's
extensionfor p, wheret?;::;t2 are the term assignmets for t;;::;t, w.r.t. |

and V.

2 |If E isaninequality t; 6 t,, then its truth valueis 1 i® the term assignmets

for t1;t, are the sameobject t°in D.

2 If Eisoftheform: E;, E;» E;, E;_ E,or E; ! E,, then the truth value

is given by the usual truth table for : ;~; _and!

2 |f E is of the form 9x E° then the truth valueis 1 i® there exists an object

d 2 D sud that E®hastruth valuelw.rt. | andV [ fx 7! dg.

2 |If E is of the form 8x E° then the truth value of the formula is 1 i® for all

d2 D, E%hastruth valuelw.rt. | andV [ fx 7! dg.
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If an interpretation | makesan expressionT ewaluate to 1, then we sa that |
satis es T and denotethis by | E T. In this case,we alsosay that | is a model of
T. If T ewaluatesto O under |, then we say that | falsi es T and denotethis by
| 6 T. A rst order expressionT; entails or logically implies another expression
T, (denoted T, E T,) if every model of T; is alsoa model of T,. Two expressions

Ty; T, arelogically equivalent (denoted T, * T,) i® Ty F T, and T, E T;.

2.2.3 Deduction

A substitution is a mapping from variablesinto rst order terms. We denote sub-
stitutions as sets of ordered pairs fx; 7! ti;::;x, 7! t,g where x; are variables
and t; are rst orderterms for all i = 1::n. We usually refer to substitutions by
the Greek letter p and variations of it. Substitutions can be applied to rst order
terms, atoms, sets of atoms, and any rst order expressionin general. The e®ect
of applying a substitution p= fx; 7! ty;::;x, 7! t,g to a rst order expression
E, denotedasE ¢, is to (simultaneously) replacethe free variablesx; that appear
in E by the correspnding terms t;. Notice that if E doesnot contain any of the
variablesin the domain of |, then applying pu to E leaves E unchanged. We say

that E ¢%is an instance of the expressionE.

De nition 6 A substitution u is non-unifying w.r.t a rst order expressionsE if

for every pair of distinct rst ordertermst; t°2 Terms(E) we have that t ¢u6 to¢u.

We can prove the following:

Lemma 1 Let p (and subscripte variations of it) be substitutions, let S and s be
two setsof atoms, b a singleatom, and | a non-unifying substitutionw.r.t. s[ fhg.

Then,
1. If b2 s, thenb¢u2 scu

2. If b6, then bty 625 Cuy .
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3. If b2 Sns, thenb¢u2 S¢uns ¢y unlessbtu2 s
4. If b2 Sns, thenbCuy 2 SCuy NS Ty .
5. If u= (W Cp) andt ¢u6 to¢y, thent ¢y 6 tOCu,.

6. f TEs! bthenT fE s¢u! bcu

Pro of. We prove someof the properties, the rest are immediate. For Property 2,
supposethat b 62s. The substitution py is non-unifying w.r.t. s[ fhbg, therefore,
distinct terms in b remain distinct after applying . Thereforewe canreversepy ,
and we concludethat if b¢uy 2 s¢uy then b2 s. Hence, bty 62s ¢y . Notice that

this is not necessarilytrue if the substitution involved is unifying. As an example,
let s= fp(a)g, b= p(x), and p= fx 7! ag. Then, b¢u= p(a) and s ¢p= s sinces
doesnot cortain x. Clearly, b62 but b¢u2 s¢u This is becausgu hasuni ed the
terms x; a of s[ fhbg. Properties 2 and 3 imply Property 4. For Property 5, notice
that if t ¢py = tOCpy, then p cannot distinguish the terms t and t° ¥

The properties stated in the previouslemmaare repeatedly usedthroughout the
proof of the algorithm Learn-Closed-Horn in Chapter 5, although this is not
always explicitly stated. Next, we describte a soundand completedeductionrule for

“rst order Horn expressions.

De nition 7 A derivation of a clauseC = A! a from a Horn expressionT is a
“nite directed acyclic graph G with the following properties. Nodesin G are atoms
possibly cortaining variables. The node a is the unique node of out-degreezero.
For ead node bin G, let Pred(b) be the setof nodesk’in G with edgesfrom Pto b.
Then, for every node bin G, either b2 A or Pred(b) ! bis an instanceof a clause
in T. A derivation G of C from T is minimal if no proper subgraphof G is alsoa

derivation of C from T.

De nition 8 Let C;D be two arbitrary rst order clauses.We say that a clause
C subsumesa clauseD and denotethis by C * D if there is a substitution p sud
that C ¢up D.

18



Theorem 2 LetT be any Horn expressionand C be a non-trivial Horn clause. If

T F C, then there is a minimal derivation of C from T.

Pro of. First, we showv that if we apply a substitution p to all the nodesin a
derivation graph G° (re-de ning its edgesaccordingly) of someclauseD from T
then the resulting derivation graph which we denote G°¢p is a derivation graph of
D dqufrom T: considerany node’in G If Pred(lf) ! Kis aninstanceof a clausein
T,thenPred(P)qu! Hauistoo. If 2 Antecedent(D), then P4 2 Antecedent(D du)
aswell. This coversall the nodestP ¢ in G ¢ sowe are done.

The Subsumption Theorem for SLD-derivation (Nienhuys-Chengand De Wolf,
1997) guarartees that there is a SLD-derivation of C from T. Brie®y, a SLD-
derivation is a linear derivation Rg! R;! ::! Ry = C°whereCis sud that
C% subsumesC, Ry is a clausein T, and eah R; for 1 - i - Kk is obtained by
resolving someclauseC; in T with the previous R;; ; using the consequeh of C;
and a selectedatom in the anteceden of R;; ; asthe literals resoled upon.

Now we shawv how to transform any SLD-derivation of R, = C°from T into a
derivation graph of C°from T by induction on the depth of the SLD-derivation k. If
k = 0 then the SLD-derivation consistsof just the clauseC®in T. In this case,our
derivation graph has as nodesall the literals in C° and edges(l; Consguent(C9%)
for ead literal |1 2 Antecedent(C9. Clearly this is a derivation graph for C°from T.

For the induction step (k > 0), supposewe have a derivation graph Gy; 1 of Ry; 1
from T. We show how to extendit to a derivation graph G¢ of R from T. Let Cy be
the clausein T that resultsin Ry by resolvingit with Ry; ;; let ¥%be the substitution
that uni es the consequen of Cy and the selectedatom {*in the anteceden of
Rk; 1. Resolving Consejuent(Cy) with {2 Antecedent(Ry; 1) resultsin the clause
Re = (Antecedent(R,; ;) nffg[ Antecedent(Cy)) ¢%! Conseuent(R,; 1) ¢% To
obtain our desiredderivation graph G, considerGy; ; ¢¥and add the literals in
Antecedent(Cy) &4 as new nodes. Add the edges(l ¢3/4f\¢% for ead literal | 2
Antecedent(Cy). Let the resulting graph be our G¢. Now, we claim that Gy is

a derivation graph for Ry from T; it sutcesto guarartee that the new/modi ed
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nodessatisfy the conditions of a derivation graph. First, the node {'¢¥satis esthat
Pred(f'¢3) ! f¢%is an instance of a clausein T, in particular it is an instance
of Cx 2 T sincewe added edgesfrom all the literals in the anteceden of Cy ¢%to
f*¢34which is preciselythe consequen of Cy ¢3% We have added new nodes| ¢
for eah | 2 Antecedent(Cy). Clearly, thesenodesappear in the anteceden of Ry
which contains Antecedent(Cy) ¢%

Finally, to obtain the derivation graph of C from T, we just apply the substi-
tution p, where p is the substitution s.t. C°¢u p C to the derivation graph of
Ry = COfrom T. By our remark above this is a valid derivation graph for C°¢p
which is also a valid derivation graph for C sinceC°¢up C and, more concretely

Antecedent(C9 ¢up Antecedent(C). ¥

De nition 9 Let T bea rst order Horn expression.Then T is closeal if for any
non-trivial clauseC sud that T F C it holds that all minimal derivations of C

from T use rst order terms appearingin C only.

Lemma 3 Rangerestricted Horn expressionsand constrained Horn expressionsare

closal.

Pro of. Rangerestricted Horn expressionsif I appearsin any derivation of T £
s! Db whereT is arangerestricted Horn expressionand s is a set of atoms, then
obviously, T F s! . T is rangerestricted and therefore i’ is made out of terms
in s only. Thus, 2 Atomsp(s) 4 Atomsp(s! b).

Constrained Horn expressions:considerany minimal derivation of s! b from
a constrained Horn expressionT. If b’ appearsin the derivation, then, since T
is constrained, i’ must be made out of terms in b only. Thus, i’ 2 Atomsp (b) p

Atomsp(s! D). ¥
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2.3 The subsumption lattice

In this sectionwe descrile how the subsumptionrelation inducesa lattice over the
setof rst order clauses.This establishesa clear notion of generality amongclauses
and it is very useful in visualizing the generalizationoperator that is usedin the

learning algorithm of Chapter 5.

2.3.1 Subsumption as a generalit y relation

We recall the de nition of subsumption: we say that a clauseC subsumesa clause
D and denotethis by C * D if there is a substitution p sud that C ¢u p D.
Moreover, they are subsume-guivalent denotedC » D,ifC* DandD?* C. C
strictly or properly subsumesD, denotedC A D, if C* D but D 6:C.

De nition 10 A relation ! imposesa quasi-oder onasetS if 1 is re°exive and

transitive w.r.t. the elemerns in S.

De nition 11 A relation * imposesa partial-order on a set S if 1 is re°exive,

anti-symmetric and transitive w.r.t. the elemens in S.

Theorem 4 If C* D then,C F D.

Pro of. The Subsumption Theorem for SLD-derivation in (Nienhuys-Chengand
De Wolf, 1997) guararteesthat there is a SLD-derivation of D from C. By (the
proof of) Theorem 2, we know how to convert the SLD-derivation into a derivation
graph of D from C. Soundnessof derivation graphs (directly derived from the

soundnesf forward chaining) shavsthat C F D. ¥

Becauseof Theorem4, we interpret 1 asa generality relation betweenclauses.
The relation * is re°exive and transitiv e, and thereforeit imposesa quasi-orderon
the set of rst order clauses. Howewer, this is not a partial order since! is not
anti-symmetric: there exist clausesC;; C, that are subsume-equialert but are not

idertical, e.g.,Cy = fp(x;y); p(y; X); p(x; x)g and C, = f p(X; X)g.
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Clausesthat can be obtained by renaming variables are consideredidentical.
E.g., the clausesC; = fp(x;y);p(y;z)g and C,4 = fp(X1;X); p(X; z3)g are variable
renamings, also called syntactic variants. Notice that in this casethe variable
renamingis givenby fx $ x;;¥y$ X;z$ z30.

The subsumptionrelation 1 and the setof rst order clausesinduce a lattice?.
This is an important conceptsincegeneralizingor specializinga clausecan be seen

as moving up or down in the subsumptionlattice.

2.3.2 Least general generalization as least upp er bound

In the subsumptionlattice, the leastupper bound or lub of a pair of clausesC;; C,
is de ned asa clausewhich is more generalthan both C; and C,, and which is the
least generalsud clause(w.r.t. subsumption). This is preciselycomputed by the

least geneal genealization or Igg proposedby Plotkin (1970).

De nition 12 A pair of literals are compatible if they usethe samepredicate sym-
bol (and hencesamearity) and have the samesign. A pair of rst order terms are
compatible if they agreeon their leftmost function symbol (and henceon their arity

aswell).

The algorithm computing the Igg is asfollows:

2Strictly speaking, the relation ! is a quasi-orderand not a partial-order, sothat (Clauses? )
doesnot induce a lattice in the standard set-theoretic sense.Howewer, we relax the de nition of
lattice to work for quasi-orderswhich is enoughfor our purposes.
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lgg (Cy; Cy)
1 if C4, C, areclauses

2 then SA ;

3 for ead pair of compatibleliterals I, 2 C, and 1, 2 C,

4 do SA S lgg (I1;12)

5 return S

6 if C,, C, are compatible literals

7 then if Cy = p(ti::ty), Co = p(t?::t2) are compatible positive literals
8 then return p(lgg (t1;t9) ::lgg (tn;t2))

9 else =o C;=:p(ty::ty) andCy = : p(t9::1%) o=

10 return : p(lgg (t1;t9) ::lgg (tn;t0))

11 if C4, C, are rst order terms

12 then if Cy = f(t;1::t,), Co = f (t2::t%) are compatible terms
13 then return f (lgg (t1;t9)::1gg (t,;t2))

14 else return a newvariable x

This procedureis designedto be initially called with two clausesas argumernts;
in the subsequenrecursiwe callsthe argumerts are either compatible literals of rst
order terms.

It isimportant to note that whene\er the Igg returns a new variable (step 14 in
lgg ) the algorithm storesthe fact that the pair C;; C, hasbeenmappedto x into
what we call the Igg table If this pair of terms comeup again, they are mapped
to the samevariable. More formally, the Igg table producedby the computation of
lgg(Cy; Cy) is a mapping from Terms(C,) £ Terms(C,) into the new set of terms
Terms(lgg(Cs; C,)). We denotethe Igg tables as setsof orderedtriplets of the form
[ty - t, =>t3], meaningthat t; and t, are mappedto tz = Igg(ts;t,).

Example 2 Let C; = fp(a;f (b);p(a(a;x);c);q(a)g and C, = fp(z;f (2));q(2)g.

Their pairs of compatible literals are

fp(a;f(b)i p(z;f(2); pla(ax);0)i p(z;f(2); a@i az)o:
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Their 1gg is 1g9(Cy; C,) = fp(X;f(Y));p(Z;V);q(X)g. The Igg table produced
during the computation of Igg(Cy; Cy) is

[ a-z=>X] (from p(a; f (b)) with p(z;f (2)))
[ b-2=>Y] (from p(a;f (B) with p(z;f (2)))
[ (0 - £(2) =>1(Y) ] (from p(af (b)) with p(z;f (2)))
[ 9(@x) - z=>Z] (from p(g(a; x); c) with p(z;f (2)))
[ c-f(2) =>V] (from p(g(a;x); o) with p(z;f (2)))

The number of literals in the Igg of two clausescan be as large as the product
of the number of literals in ead clauseif all the literals involved are compatible. In
Chapter 5 we introduce the notion of a pairing which is a special subsetof the Igg
that avoidsthe explosionin sizeof the Igg. Pairings are a key aspect of our learning
algorithm of Section5.1. Notice that a pairing is more generalthan the Igg sinceit
Is a subsetof the Igg; a pairing is therefore a generalizationof the original pair of

clauses,just not the minimal one.
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Chapter 3

Learning From Queries

In this chapter we formalize our learning model. This involvesformally de ning the
following: examples,concepts,typesof queriesavailable to the learning algorithms,
and criterion of succes®f a learning algorithm.

Fix a signature S = (P;F); considerF Og, the set of rst order S-expressions.
We distinguish two di®eren learning settings: learning from interpretations and

learning from entailment

Learning from interpretations. In this setting, examplesare rst order S-
interpretations. That is, interpretations must de ne a function mapping of the
correctarity for every function symbol in F, and their extensionmust cortain atoms
built from predicatesin P with the correct arity only. The universeof examples
(all S-structures) is noted by | s.

A concept is a subsetof | s, i.e., a set of S-interpretations. A conceptC u | s is
representel by a rst order expressionE if | F E, | 2 C, wherel 2 | 5. Notice
that not all possiblesubsetsof | s can be represeted by rst order expressions.
In this thesis we consider conceptsthat can be represeed by rst order Horn

expressions.
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Learning from entailmen t. In this setting, examplesare rst order S-clauses.
The universeof examplesis noted by Gs.

A concept is a subsetof Gs, i.e. asetof rst order clauses.A conceptC p G is
representel by a rst order expressionE if E = ¢, c¢2 C, wherec2 Gs. In this
thesiswe considerconceptsthat canbe represeted by rst order Horn expressions.

Moreover, we restrict the universeof examplesto Horn clausesonly.

Parameterizing concept classes. In both caseg(learning from interpretations

and learning from ertailment) we useT to refer to conceptclasses.In this thesis,
conceptclassesare de ned by restricting the typesof rst order expressionghat

are allowed. When the conceptclassis restricted to rst order Horn expressions,
we denotethe conceptclassby H instead. We note that throughout this thesiswe
somehaev blur the distinction betweena classof conceptsand the set of rst order
expressiongepreseting the class.

Supposethat the function
Size:FOgj! N

assignsto ewvery rst order expressiona positive integer. Then, SizgC), whereC is

a conceptin someconceptclassT, is de ned as
Sizg(C) = min fSize(R)] R 2 FOs and R represems Cg:

That is, the sizeof a conceptis the sizeof the minimal rst order expressiorrepre-
serting it. Given a positive integerm, we de ne T S?¢ ™ asthe set of conceptsrep-
reseried by expressionf sizeat mostm, i.e., TS?® ™ = fC 2 Tj SizgC) - mag.
When it is clear from the cortext what sizewe are referring to, we canwrite T- ™.

In Chapter 4 we study various notions of sizesfor rst order expressionsn detail.
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3.1 Queries

Assumethat the target concepthasbeen xed, and that it is represeted by some
“rst order expressionT. The query typeswe considerwere introduced by Angluin
(1988) and are:

Interpretation membership query. Givena rst order interpretation | 2 |,
the query MQ(l) returns Yesif | E T or Nootherwise. The input to the query in

this caseis | .

Interpretation equivalence query. Givena rst orderexpressiorH, the query
EQ(H) returns Yesif H °~ T, otherwiseit returns a counterexamplel 2 | s sud
that |  H and| 6 T orviceversa. That is, in caseH 6 T, the query returns an

exampleproving this fact. The input to the query in this caseis H.

Entailmen t membership query. Givena rst order clausec 2 G, the query
EntMQ (c) returns Yesif T E c or Nootherwise. The input to the query in this

caseis C.

Entailmen t equivalence query. Given a rst order expressionH, the query
EntEQ (9 returns Yesif H ~ T, otherwiseit returns a counterexampleC 2 G such
that H = C and T 6§ C or vice versa. That is, in caseH 6 T, the query returns

an exampleproving this fact. The input to the queryin this caseis H.

3.2 Computational complexit y of queries

For completenesswve include a partial survey of the computational power that is
required from the oraclesresponding to the queriesmade by the algorithms. 1t is
well known that if we do not restrict the expressionsnvolved, oraclesarerequiredto
solve undecidableproblems! In our case howewer, the useof closedHorn expressions

makes all the queriesdecidable. Next, we list some of the problems (and their
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computational complexity) asseiated with answering menbership and equivalence
queriesthat are of particular relevanceto us. We assumethat the inputs to our
queriesare both the target conceptand the input to the query per se'. We assume

that all the inputs to the queriesaswell asthe target conceptare nite.

On model checking. Cheding whetherl F C wherel is a nite interpretation
and C a clauseis in generala decidable problem | one can exhaustiely apply
the rules of semartic satis ability for rst order expressiongsee Section2.2) and
exploreall combinations possible. Howeer, this might be an expensive procedure.
In fact, Vardi (1982) shaved that the complexity of this problem is exponertial
in the size of C. Papadimitriou and Yannakakis (1997) re ned this result and
shaved that the exponertial dependenceis in the number of variablesin C rather
than its total size. They shaw this by reducing Clique to the problem of deciding
I £ C, whereC is a rangerestricted function free Horn clause. Hence,answering
interpretation membership queries,even for extremely simple target expressionsis

at least NP-hard.

On single-clause implication. Sdmidt-Schauss (1988) shows that cheding
whether C E D is undecidableif C and D are arbitrary clauses.More concretely
deciding C £ D is semi-decidablein the sensethat if the answer is Yes then we
can always nd a proof witnessingthis fact. On the other hand, if the answer is
Nowe might never know. Marcinkowski and Padcholski (1995) strengthenthis result
by proving that C £ D remains semi-decidable,even if C and D are Horn. On
the other hand, if C and D are datalog clauses, the problem becomesiecidable;in
particular, Gottlob and Papadimitriou (2003)shaw that the problemis EXPTIME-

complete. In Section5.1 we prove Theorem 14 stating that if closedHorn clauses

IThis is what in the databasetheory is called \combined complexity" as opposedto \data
complexity" and \expression complexity" where one assumesthat the target conceptis xed, or
that the input to the query is xed, respectively. These complexities are quantitativ ely di®eren
asmany results in databasetheory shaw.

2Datalog expressionsare those cortaining terms that are either constarts or variables.
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are involved, the problem is decidable. Moreover, it is decidablewith a polynomial

number of subsumptiontests (assumingconstart arity).

On subsumption.  Unfortunately, subsumption between Horn clausesis NP-
complete (Kietz and LéAbbe, 1994). However, Arimura (1997) shows that the sub-
sumption problemif the Horn clausesare constrainedis sohablein polynomial time;
this is not hard to seesincethe only mapping from variablesinto terms one has
to consideris the one dictated by the consequets of the clauses. It follows then
from Theorem 14 in Section5.1 that the implication problem for constrainedHorn
expressionss sohable in polynomial time aswell. Finally, Khardon (1999b) shaws
that the implication problem for range restricted Horn clausesis decidablewithin
exponertial time. This result is implied by Theorem 14.

These results suggestthat our models are too demanding: where can we nd
oraclesto answer theserather dizcult questions? Despite this, algorithms that
learn from querieshave beenproved usefulin practice in various ways. First, they
give huge insights into the structure of the classeghat the algorithms learn, thus
allowing to exploit this structure in perhapsmore practical scenarios.Second,some
queriescan be simulated easily: for example, equivalence queries can always be
well approximated by using a polynomial-sizedset of labeled examples(Angluin,
1988). In fact, equivalencequeriescan be seenasa usefulabstraction of the learning
scenariowhere labeled examplesare available. Usually menbership queriesare a
little harderto simulate, howewer, ad-hoc methods can be engineeredn many cases
to simulate these. Examplesof successfufjuery-basedsystemsare (Shapiro, 1983;

De Raedt and Bruynooghe,1992;Reddy and Tadepalli, 1999;Khardon, 2000).

3.3 Mo dels of learnabilit vy

In this thesiswe usethe model of exact learning from equivalenceand membership

queries. Other models using di®eren types of queries, or models restricting the
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possible queriesto membership queriesonly or equivalencequeriesonly are also
possible. All theseare reviewed in (Angluin, 1988;Angluin, 2001).

The following de nitions assumehat we have a notion of sizefor both rst order
expressionand examples.In casethat examplesare interpretations in | 5 (learning
from interpretations), the size of an interpretation is de ned as the number of
elemernts in its domain. When examplesare clauses(learning from entailment),
then we usethe samenotion of sizeasfor rst order expressiongseeChapter 4).

Given someexpressionT in someconceptclassT, a learning algorithm for T
is required to output a hypothesislogically equivalert to T after asking a nite
number of menbership and equivalencequeries. We usetwo complexity measures
to parameterizethe \go odness"of sud a learning algorithm: the query complexity

and the standard time complexity.

De nition 13 The query complexity of a learning algorithm A at any stagein a
run is the sum of the sizesof the (i) inputs to equivalencequeries,and (ii ) inputs
to menbership queriesmade up to that stage. Notice that (i) refersto the size of

“rst order expressionsand (i) refersto the size of examples.

De nition 14 The time complexity of a learning algorithm is de ned in the stan-
dard way, with queriestaking just 1 time step, regardlessof the sizesof the inputs
to the queries. Nonethelessijf the algorithm makesan equivalencequery with a very

big hypothesis,its sizeis somehav accoured for in the time spert to construct it.

Finally, we de ne excient learnability of a conceptclass:

De nition 15 A classT is polynomial query-larnable (polynomial time-learnable
resp.) if there exists a learning algorithm A and a two-variable polynomial p(¢ ¢
sud that, for any positive integerm, and for any unknown target conceptT 2 T- ™

all of the following hold:

(i) A usesmenbership queriesand equivalencequerieswith hypothesesrepre-

serning conceptsin T
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(i) A terminates and outputs an expressionh represeting the target T

(ii ) at any stage, if n is the size of the longest courterexample received so far

in responseto an equivalencequery, the query complexity (time complexity,

resp.) of A at that stagedoesnot exceedp(n; m).
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Chapter 4

Complexit y of First Order

EXxpressions

In this chapter we introduce di®erenn ways of quartifying the represetation or
description complexity of rst order expressiongcommonly referredto simply as
size). Having a clearideaof what the di®eren possiblenotions of sizeare and of how
they interact seemscrucial, sincethe main de nitions of query and time complexity
depend on the sizesthat one uses,and hencea®ectthe learning model directly. We
relate thesedi®eren description sizesusingthe notion of polynomial relation, which
captures precisely those situations for which we can useinterchangeablydi®erer

sizeswithout changingthe learning model.

4.1 Complexit y measures

In this sectionwe introduceall the complexity measuresusedthroughout this doc-

umert. We illustrate them using the following expressionE :
(8X add(zero;X; X)) M (8X 8Y 8Z add(X;Y;Z)! add(sucdX);Y;sucqZ)))
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StringSize (@: asits name suggests,StringSize courts the number of syntactic
symbols usedto write down the input expression,ignoring spaces. Predicate and
function symbols which usemore than oneletter cortribute just 1. In our example,
StringSizgE) = 44.

WSize (@: similar to StringSize, WSize courts the number of syntactic symbols
in the input expressionhowever, it doesnot court commas,parerthesesor spaces.
Function symbol occurrencescortribute 2 (and henceits name| W comesfrom
\w eighted") and other symbol occurrencescortribute just 1 to the total WSize. In

our example,WSize(E) = 27.

TreeSize(@: this sizemeasurecourts the number of nodesin a tree constructed
recursiwely in the following manner. If the expressionis a quarti ed expression,
then put the quarti er in the root (labeledwith the quarti er, FORALDbr EXISTS,
the quarti ed variable asits left child and the rest of the expressionas the right
child. If the expressions a conjunct, then add as children to the root (labeledwith
ANDall its conjuncts. Disjuncts are treated analogously having ORasthe root and
the disjuncts as children. For implications the root is labeled with IMPLIESand
the left child is the anteceden and the right child the consequetr With a negation
the node is labeled with NOTand the only child is the rest of the expression. For
atomic formulas, the root is labeledwith the predicate symbol and the children are
its argumernts. If the expressionis a variable, then the root is a leaf labeled with
the variable name. For functional terms, the root is the outermostfunction symbol
and the children are its argumens. In our example, TreeSiz§dE) = 24, and the

assaiated tree is:
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X Y z

DAGSize (§: courts the number of nodesin a DAG constructed by identifying
idertical subtreesin the tree constructed as explained above. We assumethat
expressionsare standadized apart, that is, we avoid re-useof variable namesthat

belongto scopesof di®erert quarti ers. This corverts our expressionE into the

equivalert EC
(8X Yadd(zero; X & X 9) A (8X 8Y 8Z add(X;Y;Z)! add(sucdX);Y;sucqZ)))

In the example,the only repetition of terms are of variablesX ; Y; Z; X ®which appear

3times eadh. Wesave4£ (3; 1) = 8, henceDAGSizdEY = TreeSizdE) 8= 16.

NT erms (@: if the input expressionis a CNF expression,NTerms courts the
maximum number of distinct terms (including sub-terms) appearingin any clause
of the input expression.If the input expressionE®is not a CNF, then NTerms(E’)

is exactly jTerms(E9j. In the example,NTerms(E) = 5, correspnding to term set

in the secondclausef X;Y; Z;sucqX);sucqZ)g. Throughout this documert, we

denotethis parameterby t.

WT erms (®: similar to the previously de ned NTerms, with the only di®erence
that functional terms are given twice as much weight asvariables. In our example

WTerms(E) = 7, correspnding to fX;Y; Z; sucdX);sucqZ)g.
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NV ariables (@§: if the input expressionis a CNF expression,NVariables courts
the maximum number of distinct variables appearing in any clauseof the input
expression.If the input expressionE®is not a CNF, then NVariablegE9 is exactly
jVars(E)j. In the example,NVariableg E) = 3, correspnding to variable setin the

secondclausef X; Y; Zg. We denotethis parameterby v.

Depth (@: the maximum depth of any functional term appearing in the input
expression. In the example, Depth(E) = 2 correspnding to the deepest term

sucq X ) (or sucqZ)). We denotethis parameterby d.

NLiter als(@: if the input expressionis a CNF expression,NLiterals equalsthe
maximum number of literals in any clause of the input expression. Otherwise,
it just courts the number of literals in the input expression. In the example,

NLiterals(E) = 2 from the secondclause. We denotethis parameterby |.

NPr edicates (@: the number of distinct predicatesymbolsappearingin the input
expression. In the example, NPredicates(E) = 1 correspnding to fadd=3g. We

denotethis parameterby p.

NF unctions (®: the number of distinct function symbols appearingin the input
expression.Iln the example,NFunctions(E) = 2 correspndingto f zero=0; succ=g.

We denotethis parameterby f .

Arity (9. the largestarity of any predicate and function symbols appearing in
the input expression.In the example,Arity (E) = 3 correspnding to the predicate

add=3. We denotethis parameterby a.

NClauses (9: only de ned for CNF expressionsNClausesequalsthe number of

clausesin it. In our example,NClauseg4E) = 2. We denotethis parameterby c.
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Size of meta-clauses

When quantifying the complexity of a meta-clause we adopt a di®eren approad:

De nition 16 Let Sizebeany complexity measureon rst orderexpressions.Then
Sizg([s; c]) is de ned asthe pair (Siz&(s); Sizg()).

Accordingly, we say that the meta-clausds;; ¢;] is more complexthan the meta-
clause|[s;; ¢;], denoted by Size([sy;¢1]) - Sizg([sz; C]), if Size(s;) < Size(s,) or
(Size(sy) = Size(sy) and Size(c;) - Sizg(c,)). Also, Sizg([sy; ¢1]) < Sizg[s;; ¢)), if
Size(s;) < Sizg(s,) or (Size(s;) = Size(s;) and Sizg(c;) < Size(,)).

4.2 Relating complexit y measures

De nition 17 Let Cbe a classof rst order expressions.Let k and | be positive
integers. Let C = fCy;::;Ccg be a list of complexity measureson expressions
in C, and let D = fDy;::;D;g be an alternative list of complexity measureson
expressiondn C. We sa that C and D are polynomially related w.r.t. Cif there
exist polynomials py;::; p of arity j and polynomialsay;::;q of arity k sudh that

foreveryE 2 C

(i) foralli= 1;::;k: G(E) - p(D1(E);::;D;(E)), and

@) foralli=1;::;j: Di(E) - g(Cy(E);::;Ck(E)).

Lemma 5 The polynomial relation between setsof complexity measuresis re°exive,

transitive, and symmetric. ¥

In the remainderof this section,we investigatewhich setsof complexity measures
are polynomially related and which are not. Our main motivation in studying this
problem comesfrom the discrepancyobsened betweenthe complexity measureused
in the formal de nitions of learnability (usually denotedby Size, without further
explanation), and the complexity measuresactually usedby the algorithm dewelop-

ersin the literature (which usecombinations of the following: NTerms, NVariables
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Depth, NLiterals, NPredicates, NFunctions, Arity , and NClause9. Here, we ex-
plore which of TreeSize DAGSize StringSize and WSize are polynomially related
to the set of alternative measuresM = fNTerms, NVariables Depth, NLiterals,

NPredicates, NFunctions, Arity , NClauses:

4.2.1 Relating StringSize and WSize
Lemma 6 StringSizeis polynomially related to TreeSize

Proof. Let E be an arbitrary rst order expression. Clearly, TreeSizdE) -

StringSizgE) since ead node in the tree of E is courted by StringSize To see
that StringSizgE) - pi(TreeSizdE)) for somepolynomial p;, notice that the only
syntactic objects that StringSize counts but TreeSizedoesnot are parerthesesand
commas. First we account for the parerthesesand commasdue to function and
predicate symbol applications. To eat of the nodesin the tree of the arbitrary

expressionE we can chargea costof 3 in the following way: if the node represeis
an atom or functional term, the root is charged an extra unit for the predicate
symbol and the opening parerthesis, its children are charged with an extra unit

for the commas, and the rightmost child for the ending parerthesis. The total

of 3 comesfrom the fact that a child might be a functional term itself. Finally,
we account for the parernthesesdue to expressiongrouping. To do this, we note
that every time we useparerthesesto group a subexpressionwe are in fact \using
up" someatom in the expressionsince otherwise it does not make senseto add
parertheses.There are a maximum of TreeSiz§E) atoms, sowe can charge?2 extra
units of costto eat atom in the tree (for opening and closingparertheses). Thus,
StringSizgE) - 5TreeSiz€E). ¥

Lemma 7 WSizeis polynomially related to TreeSize

Proof. Let E be an arbitrary rst order expression. Clearly, TreeSizdE) -

WSize(E) since ead node in the tree of E is certainly courted by WSize, in
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somecaseseven twice. To seethat WSize(E) - pi(TreeSiz€E)) for somepoly-
nomial p;, notice that the only di®erencebetween TreeSizeand WSize is that in
WSize functional terms cortribute 2 ead instead of just 1 asin TreeSize Thus,
WSize(E) - 2TreeSizgE). ¥

Sincethe relation is symmetric and transitive, everything we say from now on

about TreeSizeis valid for StringSize aswell asfor WSize.

4.2.2 Relating TreeSize

The questionnow is whetherwe can nd a comnbination of the alternative parameters
in M that is polynomially relatedto TreeSize Supposethat E is a rst-order Horn

expressions.t.

NTerms(E) =t NVariableE) = v Depth(E) = d
NLiterals(E) = | NPredicates(E) = p NFunctions(E) = f
Arity (E) = a NClausegE) = c

Obsene that any term appearing in E has size at most O(a). Hence, any
atomic formula hassizeat most 1+ O(a®!) = O(a®?!) (1 for the predicate symbol,
a®*! for the argumeris). Hence, any Horn clause can have size no more than
1+ 2v+ 1O(a™t) = O(v+ la®*!) (1 for the implication symbol in the clause,2v for
the quarti ers and quarti ed variables,and O(a®!) for ead atom in the clause).
Finally

TreeSizdE) = O(cv+ cla®?!):

On the other hand, it is clear that all the parametersabove are bounded by

TreeSiz€E). The next theoremshows that the conversedoesnot hold:

Theorem 8 TreeSizeis not polynomially boundel by any combination of parame-
ters that includesNTerms for classesover signatureswith at least one constant and

one function symiol of arity at least 2.
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Pro of. Weneedto nd someexpressionE sud that its TreeSizeis exponertial in
NTerms. Let E = p(t1), wheret; is a completetree of degreea with internal nodes

labeledwith function symbol f and leaveslabeledwith constarnt 1:

G (F(F (L) f (s 1)) f (P Q1) f (L) 1)
The following gure represets t; whena= 2,d = 3:
f
/\
f f
VAN
AN
1

1 11 11 11 1

The complexity measuredor E are:

NTerms(E) = d NVariable§E) = 0 Depth(E) = d
NLiterals(E) = 1 NPredicates(E) = 1 NFunctions(E) = 2
Arity (E) = a NClause§E) = 1  TreeSizdE) = £( a9
Henceno polynomial combination of the available complexity measuresupper
bounds TreeSiz€E). ¥

This is a surprising fact that hasnot beennoticedin previouswork working with
theseparameters. No polynomial combination of the parametersabove canreplace

TreeSize

Lemma 9 If wedo not allow function symiwls of arity greater than 1, then the set

of parametersf NClauses NLiterals; Depthg is polynomially related to TreeSize

Pro of. Follows from the fact that in this caseTreeSize= O(clad). ¥

On the other hand, exponertial lower boundsin terms of arity have beenderived

whenignoring NLiterals. Theseessetially re°ect the following fact:
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Lemma 10 If the numler of literalsis ignored then TreeSizeand DAGSize are not

polynomially boundel by Arity

Pro of. Let p be a predicate of arity a. Let f1;::;tg be a setof t distinct terms
built e.g. by oneconstart and oneunary function. Let P be the set of all di®eren
p() atomsbuilt from theseterms;jPj = t2. Let p be a particular elemen in P. Let

E be the expressionE = P nfpg! p. The complexity of E is given by:

NTerms(E) =t NVariable§E) = 0 Depth(E) =t
NLiterals(E) = t2 NPredicates(E) = 1 NFunctions(E) = 2
Arity (E) = a NClausegE) = 1

TreeSizdE) = -( t?) DAGSizgE) = -( t?)

Hence,the tree sizeis exponertial in the arity when| is ignored. ¥

4.2.3 Relating DAGSize

As in the caseof TreeSize DAGSizealsogivesan upper bound for all the alternative
parametersin M . This time the relation in the other direction is also polynomial.

Notice that a DAG encales terms in a smarter way, since multiple occurrences
of a term are only courted once. Hence,t terms in a clausecortribute £(t) to

the DAGSize only. An atomic formula cortributes only 1 sinceits argumerts are
encaledwith the terms already Hence,ewery clausehassizeat mostO(v+t+1) =

O(t+ 1) and

c+l+t- DAGSizgdE) = O(ct+ cl):

Theorem 11 The set of parametersf NTerms; NLiterals; NClauseg is polynomi-

ally related to DAGSizew.r.t. the classof rst order Horn expressions. ¥

Notice that the theoremis true for any valuesof the other parameters. The
previous claim shovs DAGSize can be exponertial in arity but as the theorem
shows in sud a caseoneof c;l;t must be largeaswell. It is alsointeresting to note

that seweral resultson learningwith queries,including oursin Chapter 5, give upper
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boundsin terms of t* and other parameters(Arim ura, 1997;Reddy and Tadepalli,
1998;Rao0 and Sattar, 1998). While | - p¢t? theseboundsdo not directly relate to
DAGSizeor TreeSize

4.3 Relating complexit y measures and learning
mo dels

In this sectionwe show that the notion of polynomial relation among complexity
measurescaptures exactly the situations in which one can substitute the related
complexity measureswithout changing the learning model (Lemma 12). For sim-
plicity we assumethat both examplesand hypothesesare drawn from the same
class,asit is, for example,in the caseof learning from entailment. The result for

the generalcasefollows along similar lines.

Lemma 12 Let C be a classof rst-or der expressions. Let Cq;::;C¢ be a set of
complexity measures that is polynomially related to Size w.r.t. the classC, whee
Size is somenotion of sizefor the expressionsin C. Let py(®;::;pc(® andg(¢::; 9
ke the polynomials witnessingtheir polynomial relation.

Supmsethat A is a learning algorithm for C with query complexity (w.r.t. alter-
native complexity measuresCy; : :; Cy) boundel by polynomialss;(cy;::; ¢ cd; i)
for i = 1;::;k, whee cy;::; ¢ bound the complexity measures Cy;: :; Cy for target
conceptsand ¢?;: :; ¢ boundsthe complexity measuresfor counterexamplesreceived.

Then, A is a learning algorithm for C.

Pro of. Noticethat items (i) and (ii) from the de nition of learnability hold trivially

since we have assumedthat A is a learning algorithm for C working in the same
model. We shaw that item (iii) holds. Namely, there is a polynomial r (¢ ¢ s.t. at
any stage,if n is the sizeof the longestcounterexamplereceived sofar in response
to an equivalencequery, the query complexity of A at that stagedoesnot exceed

r(n; m).
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In the following, f (args) stands for fi(args);::;f«(args). We dene r(n;m)
as q(s(p(m); p(n))). Obsene that all the functions si;::;s¢, pi;::;p« and g are
polynomials and hencer is a polynomial, too. It is left to show that r boundsthe
query complexity for A.

Notice that ¢ 2 G, implies that ¢ 2 Gym) becausep;(m);::; p«(m) bound the
complexity measuresn Cg;::;Cy. By hypothesis,the query complexity (for com-
plexity measuresC;;::;Cy) of A is boundedby s(p(m);p(n)). Hence,the query
complexity of A is boundedby g(s(p(m); p(n))). ¥

Remark 1 Notethat werequirepolynomial boundsin both directionsto guarartee
learnability. This is neededor learningwith queriesand for proper PAC learnability
(where hypothesisclassis the sameas conceptclass), whereasa one sided bound
suzxcesfor PAC predictability.

It is usefulto highlight what can go wrong if this doesnot hold. In the gure
belov we can seethree terms: t; has TreeSizeexponertial in the depth while its
DAGSizeis just linear; t, hasboth TreeSizeand DAGSizeexponertial in the depth;
‘nally t; hasboth TreeSizeand DAGSize linear in the depth. Now, if one hasan
algorithm that learnsw.r.t. TreeSizethen whenlearning an expressionncluding t;
the algorithm is allowed to include t, in a query but this is not possiblefor learning
w.r.t. DAGSizesincet; is just polynomial in the depth whereast, is exponertial.
On the other hand, if one hasan algorithm that learnsw.r.t. DAGSize then when
learning an expressionincluding t3 the algorithm can uset; in its query. If we try

to usethis algorithm to learn w.r.t. TreeSizethis query is too large.
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1 11 11 1 1 1 3 45 6 8 1

t1 t2 t3
TreeSizgt;) = £(29) TreeSizgty) = £(29)  TreeSizdts) = £(d)
DAGSize(t1) = £(d) DAGSize(t,) = £(2¢9) DAGSize(ts) = £( d)
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Chapter 5

Learning Closed Horn Expressions

Herewe presemn oneof our main results: an algorithm that learnsthe classof Closed
Horn Expressions. The learning algorithm described in this section generalizes
the learning algorithm for the classof propositional Horn expressiongFrazier and
Pitt, 1993)to rst order Horn expressionsand it inherits its high-level structure.
Roughly speaking, our algorithm, like theirs, constructs hypothesesbottom-up |
from speci ¢ to general| starting with the most speci ¢ hypothesis (the empty
one)and further generalizingit by either adding new clausesor generalizingexisting
ones.

After every update of the hypothesis,the algorithm cheds whether the current
hypothesisis equivalert to the target expressionby using the equivalence query
oracle. If the answer is Yes then the algorithm quits and returns the current
hypothesiswhich is guararteed to be correct. Otherwise, the algorithm usesthe
courterexamplegiven by the oracleas part of the answer to further generalizethe
current hypothesis. This generalizationoccursthrough two important medanisms

in the algorithm: minimization and pairing.

Minimization. Upon receipt of a courterexample from the equivalence query,
this counterexample,which is a clause,is generalizedoy substituting complexterms

by fresh variables and/or removing atoms from its anteceden while the clauseis
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still a courterexample| this can be cheded with the menbership query oracle.
This operation is called minimization becausethe size of the clausethat is being

minimized is reduced.

Pairing. After the counterexampleis minimized, the algorithm tries to combine
it with existing clausesn the current hypothesisby constructing a pairing between
them and cheding whether the result is implied by the target | again, we use
the membership query oracle to ched this. A pairing is an operation basedon
the least generl geneanlization or Igg (Plotkin, 1970; Plotkin, 1971); given two
clausesit constructsa third clausewhich is strictly more generalthan the original
ones. If the result of pairing a clausein the hypothesiswith the courterexampleis
correct| i.e. implied by the target | then the clauseparticipating in the pairing
is replacedby the result of the pairing. If there is no successfupairing between
the courterexampleand someclausein the hypothesis,then the courterexampleis
appendedto the current hypothesis.

Finally, the algorithm usesmeta-clausesinstead of standard clauses. Meta-
clausesprovide a compactway of represeting setsof clausesthat sharethe same
anteceden. This allows a more excient manipulation of the hypothesesthus sav-
ing time and queries. This idea was used already by Angluin, Frazier, and Pitt
(1992) to improve the complexity of their learning algorithm of propositional Horn

Expressions.

5.1 The learning algorithm

Beforedescribingthe learning algorithm, we intro ducesomeusefulde nitions. Sup-

posethat the classC is closed. Supposethat H; T 2 C. Then we de ne:
2 Cons-Closure(T;[s;c]) = [s;fb2 Atomsp(s[ ¢)nsj T F s! bg]

2 Ant-Closure(H;[s;c]) = [fb2 Atomsp(s[ ¢)jH E s! bg;
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2 rhs(T;[s;c]) = fb2cjTF s! bg

Example 3 Let T = fp(x;y) ! q(x);qx)! r(x)gandH = fp(x;x) ! r(x)g.
Then,

2 Cons-Closure(T; [f p(a;a)g; fq(b)g]) = [f p(a;a)g; fq(a); r(a)d]
2 Ant-Closure(H; [f p(a; @)g; fa(b)g]) = [fp(a;a); r(a)g; f g(b)d]
2 rhs(T; [fp(a;a)g; fa(b)a]) = [fp(a;a)g;fg]

The algorithm hasto compute Cons-Closure and rhs for the casewhenT is the
target expressiononly. Although it doesnot know what the target expressionT
is, it can usethe EntMQ oracleto ched, for appropriate atoms b, if T £ s! b

Hence,the following algorithms compute these operations:

Cons-Closure ([s;c])
1 CONSA fb2 Atomsp(s[ ¢)nsj EntMQ(s! b) = Yeg
2 return [s;CONS]

rhs ([s;c])
1 CONSA fb2cj EntMQ(s! b) = Yeg
2 return CONS

Notice that, in general,the set Ant-Closure(H; [s;c]) is not computableif H is
not closed. Howewer, in our case we show that we cancomputeit with a polynomial
number of subsumptiontestsby simpleforward chaining. This is dueto the fact that
we only ched for atomsin the polynomially boundedset Atomsp (S[ ¢) aspotential
consequets. We incremertally construct the setof atomsin the antecedern (AN T

in the following algorithm), starting with the initial anteceden s.
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Ant-Closure  (H;[s;c])

1 ANT A s

2 repeat for every atompin Atomsp(s[ ) nANT

3 if clauseANT ! bis subsumedby a clauseC 2 H
4 then ANT A ANT [f bg

5 until no more atoms are addedto ANT

6

return [ANT ;]

Lemma 13 The algorithms Cons-Closure ([s;c]), Ant-Closure (H;[s;c]), and
rhs ([s;c]) compute Cons-Closure(T; [s; c]), Ant-Closure(H; [s;c]), and rhs(T; [s;c])
respectively, where EntMQ is a memtership entailment oracle for sometarget ex-

pressionT.

Pro of. The correctnessof the algorithms Cons-Closure and rhs follows triv-

ially from the assumptionthat the oracleis always correct. For the correctnessof
Ant-Closure , take any atom b 2 Ant-Closure(H;[s;c]). By Theorem 2, there
is a derivation of s! bfrom H. Moreover, H is closedand sois the derivation.
Algorithm Ant-Closure  seartesthrough all possibleclosedderivations system-
atically, thereforeit evertually readesthe node b in the correspnding derivation,
and b is included in the set ANT . Soundnessf forward chaining guararteesthat

atoms not in Ant-Closure(H; [s; c]) are never addedto the set ANT . ¥
As a consequenceye obtain:

Theorem 14 The problemof checking whetherT = C, whee T is a closel Horn

expressionand C is a closa Horn clause,is decidable. ¥

Since subsumption can be solved in polynomial time for constrainedHorn ex-

pressions(Arimura, 1997), we obtain the following:

Theorem 15 The problemof checking whetherT = C, where T is a constrained
Horn expressionand C is a constrained Horn clause, is decidable in polynomial

time. ¥
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The situation with rangerestricted Horn expressionss di®eren. For this type
of clausesVardi (1982) and Papadimitriou and Yannakakis (1997) show that the

implication problem is NP-hard:

Theorem 16 The problem of checking whether T E C, where T is a rangere-

stricted Horn expressionand C is a rangerestricted Horn clause,is NP-hard. ¥

We nally presen our learning algorithm.

Learn-Closed-Horn

1 SA[LHA;

while EntEQ(H) returns (NgA ! a)
do [sc;c ] A Minimize(H;A! a)

A WODN

Find the rst [si;G] 2 S s.t. [s;c] 2 Basic-Pairings([sy; ¢]; [Si; G])
satis es (i) rhs ([s;c]) 6 ; and (ii) WSizg([s;c]) < WSize([si; G])
if sud an|[s;;q] is found

then replaceit by the meta-clause[s;rhs ([s; c])]

else append][sy;c]to S
H A V[s;c]ZSfS! bj b2 cg

© 00 N o O

return H
It remainsto descrilte how to computethe operations Minimize(H;A! a) and

Basic-Pairings([sx; &]; [Si; G ).

5.1.1 Minimizing the counterexample

The minimization proceduretransforms a courterexampleclauseA ! a asgener-
ated by the equivalencequery oracleinto a more generalmeta-clausecourterexam-

ple [sx; c]. The following procedureimplemerts Minimize(H;A ! a):
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Minimize (H;A! a)
1 [sy;c] A Cons-Closure (Ant-Closure (H;[A;fag]))
2 for ewery functional term t in s, [ Cq, in decreasingorder of size
do Let [s2; c?] be the meta-clauseobtained from [s,; ¢] after
substituting all occurrencesof the term t by a new variable x;
if rhs (s?%;c0) 6 ;
then [s,;c] A [s2;rhs (s2; ¢)]
3 for everytermt in s, [ ¢, in increasingorder of size
do Let [s9; %] be the meta-clauseobtained after removing
from [sy; c] all those atoms cortaining t
if rhs (s2;c0) 6 ;
then [s,; ] A [s2;rhs (s2; ¢)]
4 return [sy; ]

Example 4 This exampleillustrates the behavior of the minimization procedure.

Parerthesesare omitted; function f is unary. SupposeT consistsof the single

clausep(a;f x) ! q(x), andthe algorithm hasreceived ascournterexamplethe clause

p(a;f 1);q(2);r(1) ! q(1). After step 1 of the minimization procedure,the coun-

terexampleis transformed into the (equivalert) meta-clause[p(a;f 1);q(2);r (1) !

g(1)]. The next table shavs the execution of the following loopsin lines 2 and 3.

The leftmost column shows the actual courterexample[sy; ¢] asit is being general-

ized. The middle column shows the term that is being generalizedto a variable or

that is being dropped. The rightmost column shows the resulting clauseafter the

generalization[s?; c?], with the implied atoms framed in a box.
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[Sx; C] After geneanlizing term

[p(a;f 1);0(2);r(1) ! q(1)] fi7t X [p(a; X);a(2);r (1) ! a(1)]
[p(a;f 1);0(2);r(1) ! q(1)] 17t X [p(a;f X);a2);r(X) ! [a(X) |
[p(a;f X);q(2);r(X) ! q(X)] 27Y [p(a;f X);q(Y);r(X) ! | a(X)

[p(a;f X);q(Y);r(X) ! a(X)] a7tz [P(Z;fX);0(Y)r(X) ! o(X)]

[Sx; &l After droppingterm

[p(a;f X);q(Y);r(X) ! a(X)] X [a(Y) ! ]

[p(a;f X);a(Y);r(X) ! a(X)] Y [p(a;f X);r(X) ! 1alX) ]
p(a;f X);r(X) ! o(X)] a [r(X) ! oX)]
[p(a; f X);r(X) ! a(X)] fX [r(X)! a(X)]

[p(a;f X);r(X) ! q(X)]

Notice that the minimized courterexampleis very similar to the target clause.
In fact, it is the casethat every minimized courterexample cortains as a subseta
syntactic variant of one of the target clauses(Lemma 28). Howewer, it may still
cortain extra atomsthat the minimization procedureis unableto getrid of | like

r(X) in Example4 | thesehaveto disappearin someother way: pairing.

5.1.2 Pairing two meta-clauses

A crucial processin the algorithm is how two counterexamplesare combined into
a new one, hopefully yielding a better approximation of sometarget clause. The
operation proposedhere usespairings of clausesbasedon the Igg.

We have two meta-clauses|sy; ¢] and [si; ¢] that needto be conbined. To do
S0, we generatea seriesof matchings betweenthe termsof s, [ ¢, ands;[ ¢; eah

of thesematchings producesa candidateto re ne the sequences.

De nition 18 A matching betweentwo setsofterms T, and T; isaset¥u Ty £ T

that includesall the termsin oneof the participating sets,i.e.: j% = min (jT4j ;jTij).

De nition 19 A matching %is 1-1if terms are not re-used. Formally:
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2 Forall t, 2 T, it holdsthat jft9 (t,;t9 2 %gj - 1, and
2 Forallt; 2 T; it holdsthat jft% (t%t;) 2 3gj - 1.

Example 5 Let T, = fa;bgand T; = f1;2;f (1)g. Notice that pairs are not de-

noted by the usual notation (a;b) but by aj b. The possiblel-1 matchings are:

% =faj 1,;bj 29 Y% =faj 2,bj 19 ¥ = faj f(1);bj 19
¥% =faj L,bj f(1)g %="faj 2bj f(1)g ¥%="faj f(1);bj 29

De nition 20 An extende matching is an ordinary matching with an extra ele-
mert addedto ewery erntry of the matching. This extra elemern contains the Igg of
every pair in the matching. The lggs are simultaneous,that is, they sharethe same
table.

De nition 21 An extended matching %is legal if every subterm of someterm
appearing as the Igg of someenry, also appearsas the lgg of someother entry of

% An ordinary matching is legal if its extensionis.

Example 6 Parerthesesare omitted as functions f and g are unary. Let % be
faj c;faj biffaj fbgffaj gffcgand3 = faj c;faj b;ffaj fbyg. The
matching %; is not legal, sincethe term f X is not presen in its extensioncolumn

and it is a subterm of gf f X, which is presert. The matching % is legal.

Extendal 34 Extendel 3%

[a - ¢ =>X] [@a - ¢ =>X]
[fa - b =>Y] [fa - b =>Y]
[ffa - fb =>fY] [ffa - fb =>fY]

[offa - gffc => gffX]

Our algorithm considersyet a more restricted type of matching.

De nition 22 A basic matching %is a 1-1, legal matching betweentwo sets Ty

and T;. This operation is asymmetricand the order in which the argumerts is given
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isrelevant. It isonly de nedif jT,j - jTij, whereTy isthe rst argumert and T; the
second.lt restricts how the functional structure of the terms is matched. Formally,

if entry f(ty;::;th)i t2%thent="f(ry;::;ry) andtij ry 2 34foralli = 1;::;n.

As we show below, a basicmatching mapsall variablesin T, to termsin T; and
then addsthe remaining entries following the functional structure of the terms in
Ty. Thereforean ertry x i f (y) might be included in a basicpairing but an ertry
f(y) i x cannot. The following procedureshaws how to construct basic matchings

betweensetsof terms T, and T;.

Basic-Ma tchings (Ty;T))
1 Match ewery variable in T, to a di®erer term in T;. Every possibility
potentially yields a basic matching betweenT, and T;
2 Completeall potential basic matchings by adding the functional termsin Ty
to the basic matchings as follows:
for ewery potential basic matching createdin step 1
do Considerall functional termsin Ty in an upwards fashion,
beginningwith simpler terms:
for every term f (ty;::;t,) in T¢ sud that all
tii ri (with i = 1;::;n) appearin the basic matching already
do Add anewenry f(ty;::;th) i f(re;::;rn)
if f(rqy;::;rn) doesnot appearin T,
or the term f (rq;::;r,) hasbeenusedalready

then discardthe matching

Example 7 Let Ty = fa;x;fxgand T, = fa;1;2;f 1g. No parerthesesfor func-
tions are written. The algorithm starts by matching variablesin T, to terms in
T;. Then, it matchesfunctional terms in T, usingthe constrairts described in the

procedureabove. This computation is described in the table below.
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Terms Matching 1 Matching 2 Matching 3 Matching 4

X Xj a Xxji 1 Xij 2 xj f1l

a NO!aj a aj a aj a aj a

fx DISCARDED fxj fl NO!fxi f2 NO!fxj ffl
DISCARDED OK DISCARDED DISCARDED

The table is interpreted as follows. In the rst column we have the terms in
Ty in the order consideredby our algorithm. In the columnsthereafter, we have
all potential matchings. The last row indicates which of the matchings has been
discarded. The erntries on top of the \OK" matchings cortain the matching's pairs.

Notice that we have only 1 basic matching betweenthe set of terms f a; x; f xg
and fa;1;2;f 1g. Comparethis with the 24 di®eren 1-1 matchings that would be
consideredby previous algorithms. This di®erencegrows with the complexity of

the functional structure in the examples.

Lemma 17 BasicMa tchings (Ty;T;) nds all basic matchings.

Pro of. First, we show that every matching constructedby the procedureis basic.
It is 1-1 becauseafter step 1 the matchings are 1-1, and the new pairs added in
step 2 are chedked not to be included in the matchings already It is legal because
only terms which have all of its subtermsincluded in the matching are added. It is
basic becausefunctional structure is respectedwhen adding a new pair.
Second,we show that ewvery basic matching is found by the procedure. First
notice that matchings including the conmbination of a pair (functional term in T,
variable in T;) is not permitted, since subterms of the functional term in T, have
to beincluded in the matching and they would not have any possiblelegalterm to
be matched to becausea variable has no subterms. Therefore,the only possibility
involving variablesis (variable in Ty, term in T;). All theseare found in step 1 of

the procedureand appropriately completedin step 2. ¥

One of the key points of our algorithm liesin reducingthe number of matchings

that needto be chedked by ruling out someof the candidate matchingsthat do not
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satisfy the restrictions imposed. By doing so we avoid testing too many pairings
and henceavoid making unnecessaryallsto the oracles.One of the restrictions has
already beenmertioned, it consistsin consideringbasic pairings only, as opposed
to consideringevery possiblematching. Let t be an upper bound on the number of
termsin T, and T;, and let v be an upper bound on the number of variablesin Ty
and T;. There are t! possibledistinct matchings but only tV distinct basic pairings:
we only combine variables of T, with terms in T;,. The other restriction on the
candidate matching consistsin the fact that every oneof its erntries must appearin
the original Igg table, aswe are goingto seeshortly.

Given two meta-clausedsy; ci] and [s;; 6], the ideais to rst compute the set
of basicmatchings asgiven by Basic-Ma tchings (Terms(sc[ c); Terms(si[ G)).
Ead of thesebasicmatchings computeddeterminesthen a distinct pairing between
the meta-clausedsy; ¢] and [s;; ¢ ].

Pairing is an operation that takestwo meta-clausesand a matching betweenits
terms and producesanother meta-clause. We say that the pairing is induced by
the matching it is fed asinput. A legal pairing is a pairing for which the inducing
matching is legal; a basic pairing is one for which the inducing matching is basic.

The anteceden s of the pairing is computed as the Igg of s, and s; restricted
to the matching %zinducing it; we denotethis by lgg, (s«;si). An atom is included
in the pairing only if all of its top-level terms appear as entries in the extended
matching. This restriction is quite strong in the sensehat, for example,if an atom
p(f (x)) appearsin both s, and s; then their Igg p(f (x)) is not included unlessthe
ertry [f(x) - f(x) =>1f(x)] appearsin the matching. In case[x - x => X]
appearsbut [f(x) - f(x) =>1f(x)] doesnot, the atom p(f (x)) is ignored. We
only considermatchings that are subsetsof the Igg table.

The consequenc of the pairing is computedasthe union of the setslgg, (sx; ),
lgg, (¢ si) andlgg, (c; ¢ ). Notethat in the consequenall the possiblelggs of pairs
amongfsy;cg and fs;; ¢ g are included exceptlgg,, (sx; si), which constitutes the

anteceder.
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When computing any of the Iggs, the sametable is used. That is, the same
pair of terms is bound to the sameexpressionin any of the four possiblelggs that
are computedin a pairing. The pairing between(sy; c] and [s;; ¢] induced by %is

computed asfollows:

Pairing (% [sx; &I [si; )

1 sA lgg,(sx;si)

2 cA lgg,(s;ac)[ lgg,(c:s) [ lgg,(c:a)
3 return [s;(]

Finally, we descrike the algorithm that computesBasic-Pairings([sx; ¢]; [Si; G]1),

the set of basicpairings betweentwo meta-clausedsy; ¢] and [s;; ¢]:

Basic-P airings ([sx; ¢]; [si; G])
1 PAIRINGS =,
for eat %2 Basic-Ma tchings (Terms(sx [ c«); Terms(si [ G))
do if ¥ Iggtable(sy [ c;si[ G)

2
3
4 then PAIRINGS A PAIRINGS [f Pairing (%[sx;c];[si;c])g
5 return PAIRINGS

Example 8 The table belonv describes two examples. Both exampleshave the
sameterms asin Example 7, so there is only one basic matching. Ex. 8.1 shavs
how to compute a pairing. Ex. 8.2 shavs that a basic matching may be rejected if
it doesnot agreewith the Igg table (entries [x - 1 => X] and [fx - f1 => fX]

do not appear in the Igg table).
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Example8.1 Example8.2

Sx fp(a;f x)g fp(a;f x)g
Si fp(a;f 1);p(a; 2)g fa(a;f 1);p(a;2)g
lgg(sx; si) fp(a;f X);p(a;Y)g fp(a;Y)g
lgg table [@a - a =>a4a] [a - a=>a]
X - 1=>X] [fx - 2 =>Y]
[fx - fl => fX]
[fx - 2 =>Y]
basic % [a-a=>a] [a-a=>a]
[X-1=>X] [X-1=>X]
[fx-f1=>fX] [fx-f1=>fX]
lgg,,.(s«; i) fp(a;f X)g PAIRING REJECTED

As the examplesdemonstrate, the requiremen that the matchings are both
basicand comply with the Igg table is quite strong. The more structure examples
have, the greaterthe reduction in possiblepairings (and hencequeries),sincethat
structure needso be matched. While it is not possibleto quartify this e®ectwithout
introducing further parameters,we expect this to be a considerableimprovemen

in practice.

A note for potential implemen tations In practice, whentrying to construct
basic pairings betweens, and s; it is better to consideras ertries for the matching
thoseertries appearingin the Igg table only. That is, when combining meta-clauses
[sx;ck] and [si; ], onewould rst compute the Igg(sy;si) and record the Igg table.
The next step would be to construct basic pairings using the ertries in the Igg
table. Instead of consideringany pair betweenterms of s, and s;, the choicewould
be restricted to those pairs of terms presen in the Igg table. The advantage of
this method is that subsetsof the Igg table that constitute a basic matching are
systematically constructed. This implies that there is no needto chedk whether a

given basic matching agreeswith the Igg table and only subsetsof the Igg table
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are generated. This considerationis not re°ected in the boundsfor the worst case

analysis. Howewer, it should constitute an important speedupin practice.

5.2 Pro of of correctness

Before going into the details of the proof of correctnesswe descrile the transfor-
mation U(T) performedon a target expressionT. It extendsthe transformation
descrited by Khardon (1999a) (where expressionsvere function-free) and it senes

analogouspurposes.

5.2.1 Transforming the target expression

This transformation is never computedby the learning algorithm; it is only usedin

the analysis. The transformation intro ducesnew clausesand addssomeinequalities
to ewery clause'santeceden. This avoids uni cation of terms in the transformed
clauses. Related work by Semeraroet al. (1998) also usesinequalitiesin clauses,
although the learning algorithm and approad are completely di®erert.

The ideais to createa new set of clausesU(C) from ewery clauseC in T. Every
clausein U(C) correspnds to the original clause C with its terms uni ed in a
unique way, di®eren from ewery other clausein U(C). Every possibleuni cation
of terms of C are covered by one of the clausesin U(C). The clausesin U(C) are

only satis ed if the terms are uni ed in exactly that way.
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U(T)

1 UA;

2 for everyclauseC =s.! kinT

3 do for ewery partition Ya= f¥%4;Y;::;%g of Terms(C)

4 do Ay, A TA(ty:;t)jt 2 Y foralli=1;::;1g

5 Let %, be an mgu of Ay,

6 if no mgu existsor there existi 6 j s.t. % ¢%,= Y4 (%,
7 then discardthe partition

8 else Uy(C) A ineq(C ¢3) " s, ¢¥%! b, ¢¥

9 UA U~ Uy(C)
10 return U

We construct U(T) from T by consideringevery clauseseparately For a clause
C in T we generatea set of clausesU(C). To do that, we considerall parti-
tions of the set of terms in Terms(C); ead sud partition, say ¥ can generate
a clauseof U(C), denoted U, (C). Therefore, U(T) = VC2T U(C) and U(C) =
VVQVa”dPamtions (terms(cy) YAC). The setValidPartitions (Terms(C)) capturesthose
partitions for which a simultaneous uni er of all of its classesexists and whose
represemativ es are all di®eren. The use of A, provides the simultaneous mgu;
uniquenessof represerativ esis tested on line 6 in the transformation algorithm.
We call a representativeof a class¥% the only elemen in %4 ¢%, where%,is an mgu

for the set Ay, asdescribed in the algorithm above.
Example 9 Let C be p(f (x);T(y);9(z)) ! d(x;y;z): The terms appearingin C
arefx;y;z;f(x);f(y);9(z)g. We considersomepossiblepartitions:

2 When Y= fx;yg;fzg; ff (x);f (y)g;fg(z)g, then

A(x;z;f(y);9(2)
A(y;z;f(x);9(2)
A(y;z; T (y); 9(2))

8

% A(x; Z; (x);9(2))
Ay, =
:
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An mgu for Ay, is %, = fy 7! xg. Therefore,
U/C) = (x6 26 f(x) & g(2)); p(f (x);f (x);9(2)) ! a(x;x; 2):
2 When¥9= fx;y;zg;ff (x);9(2)g;ff (y)g, then
8
AT (x); T (y)
A(x; 9(2); T (y)
Ay F(x):f(y)
§ A(Y; 9(2); f ()

A(z; T (x);f(y)
A(z;9(2); T (y))

Al/p =

There is no mgu for the set A.p, thereforethis partition doesnot cortribute

to the transformation U(C).

2 When ¥8%= fx; yg; fzg; ff (x)g;ff (y)g;f9(z)g, then

8
ao AT ():9(2)

ypo =
Aly; z:f(x): T (y):9(2)

An mgu for Ay is ¥ = fy 7! xg. Howewer, this partition is discarded
becausethe represemativ esfor classes/s and ¥, coincide: ¥4 ¢3%,= ff (X)g =
Ya ¢¥%, Notice that the partition Ya2coversthe casewhenthe terms f (x) and
f (y) are uni ed into the sameterm, so adding this clausewould introduce

repeated clausesin the transformation.

We write the fully inequatedclause\ineq(s;! h)”" s;! h" as\s 1° "

The following facts hold for T and its transformation U(T).

Lemma 18 If an expressionT has c clauses,then the numker of clausesin its
transformation U(T) is at most ct’, whee t (v, resp.) is the maximum numtler of

di®etent terms (variables, resp.) in any clausein T.
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Pro of. It sutcesto seethat any clauseC producesat mostt¥ clausesn U(C). We
shaw that if Ysand ¥# aretwo partitions that are not discardedby the transformation
algorithm and %, = %y, then ¥4a= %4 Suppose, then, that Y2and ¥4 are two
successfubartitions sud that 3, = 3. Let t and t° be two distinct terms of C
in the sameclassin ¥z Notice that since %, is a uni er for A,, t and t° have the
samerepresemative. Therefore, thesetwo terms have to fall into the sameclass
in ¢ (otherwise ¥2 would be rejected). Sincethe sameargumen also holds in the
oppositedirection (i.e. from ¥2to %) we concludethat for all termst; t°of C, t and t°
are placedin the sameclassin %if and only they are placedin the sameclassin %%.
Hence,¥%= Y2 Finally, the bound follows sincethere are at most tV substitutions

mapping the at most v variablesinto the at mostt terms. ¥

Lemma 19 T E U(T).

Pro of. Follows from the fact that every clausein U(T) is subsumedby the clause

in T that originated it. ¥

Corollary 20 If U(T) g C, thenT E C. Also, if U(T) E [s;c], thenT [ [s;c].

Howewer, the inverseimplication U(T) E T of Lemma 19 doesnot hold. To see

this, considerthe following example.

Example 10 We presen an expressionT, its transformation U(T) and an inter-
pretation | sudhthat |  U(T) but | § T. The expressionT isfp(a;f(a)) ! qg(a)g
and its transformation U(T) = f(a 6 f (a));p(a;f (a)) ! q(a)g. The interpretation
| hasdomain D, = f1g; the only constart a = 1; the only function f (1) = 1 and
the extensionext(l) = fp(1;1)g.

| § T becausep(a;f (a)) evaluatesto 1 under| but g(a) evaluatesto O.

I E U(T) becauseinequality (a 6 f (a)) evaluatesto 0 and therefore the an-

teceden of the clauseis falsi ed. Hence,the clauseis satis ed.
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5.2.2 Some de nitions and notation

During the analysis,p standsfor the cardinality of P, the set of predicate symbols
in the language;a for the maximal arity of the predicatesin P; v for the maximum
number of distinct variablesin a clauseof T; t for the maximum number of distinct
termsin a clauseof T; t°for the maximum number of distinct termsin a courterex-
ample; ¢ for the number of clausesof the target expressionT ; c® for the number of

clausesof the transformation of the target expressionU(T).

De nition 23 A meta-clausels; c] covers a fully-inequated clauses; ° b if there
existsa mapping p from variablesin s; [ fhg into termsin Terms(s[ c) sud that

the following three conditions are satis ed:
2 s Cup s
2 ineq(s; [ fhg) ¢up ineq(s[ o)
2 I ¢u2 Atomsp(s[ ©).

The condition ineq(s; [ fhg) ¢up ineq(s[ c¢) establisheghat the substitution p
IS non-unifying, i.e., it doesnot unify termsin s; ! h in the sensehat two distinct

termsin s, ! b remain distinct after applying the substitution

De nition 24 A meta-clause][s; c] captures a clauses; ° kb if [s; ] coverss; ° b

and, in addition, ky ¢u 2 c, for somep witnessingthe fact that [s; c] coverss; ° L.

De nition 25 A meta-clausel[s; c] is correct w.r.t. an expressionT if T | [s;d],

le. TFEs! bforallb2c

De nition 26 A meta-clause[s;c] is completew.r.t. an expressionT if b2 c for

all atomsb2 Atomsp(s[ ¢gnsst. TE s! b

De nition 27 A meta-clauses;c] is full w.r.t. an expressionT if it is correctand

completew.r.t. T.
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Example 11 LetT =f(x6 y);p(x;y)! a(x);q(x)! r(x)g. Then,

2

2

[p(a;b) ! g(a)] covers(x 6 y);p(x;y) ! q(x) with p= fx 7! a;y 7! bg.
[p(a;b) ! g(a)] captures(x 6 y);p(x;y) ! q(x) with pu=fx 7! a;y 7! bg.

[p(a;a) ! g(a)] doesnot cover (x 6 y);p(x;y) ! q(x) becausex andy are

uni ed and hencex 6 y doesnot hold.

[p(a;b) ! r(a)] doesnot cover (x & y);p(x;y) ! q(x) becausethere is no u

sud that g(x) ¢y appearsin the meta-clause.

[p(a;b);q(a) ! r(a)] covers(x & y);p(x;y) ! q(x).

[p(a;b);g(a) ! r(a)] doesnot capture (x 6 y);p(x;y) ! q(x) becauseg(a) is

not in the consequen

[p(a;b) ! r(a)] is correctw.r.t. T.

[p(a;b) ! r(b)] is not correctw.r.t. T.

[p(a;b) ! r(a)] is not completew.r.t. T becauseg(a) is missing.
[p(a;b);q(a) ! r(a)] is completew.r.t. T.

[(@) ! r(a)]is completew.r.t. T.

[p(a;b) ! g(a);r(a)] is completew.r.t. T.

[p(a;b) ! q(a);r(a)] is full w.rt. T.

[p(a;b) ! r(b)] is not full w.r.t. T becauseit is not correctw.r.t. T.

[p(a;b) ! r(a)] is not full w.r.t. T becausat is not completew.r.t. T.
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5.2.3 Brief description of the pro of of correctness

If the algorithm stops, then the returned hypothesisis correct. Thereforewe focus
our attention in proving that the algorithm nishes. To do so,aboundis established
on the length of the sequenceS, that is, only a nite number of courterexamples
can be addedto S. Sinceewery re nement of an existing meta-clausereducesits
size,termination is guararteed.

To bound the length of the sequences the following condition is proved. Every
elemen in S capturessomeclauseof U(T) but no two distinct elemerts of S capture
the sameclauseof U(T) (Lemma 46). The bound on the length of S is thereforec®,
the number of clausesof the transformation U(T).

To seethat ewery element in S captures some clausein U(T), it is shavn
that all courterexamplesin S are full meta-clausesw.r.t. the target expression
T (Lemma 37) and that any full meta-clausemust capture someclausein U(T)
(Lemma 22).

To seethat no two distinct elemeits of S capture the sameclauseof U(T), two
important properties are establishedin the proof. First, Lemma 38 shows that if
a counterexample [sy; cc] captures someclauseof U(T) which is covered by some
[si; 6] then the algorithm replaces|s;; ¢] with one of their basic pairings. Second,
Lemmag35 showsthat a basicpairing cannot capture a clausenot captured by either
of the original clauses.Theseproperties are usedin Lemma46to prove unigueness
of captured clauses.

Once the bound on S is established,we derive our nal theorem by carefully

courting the number of queriesmadeto the oraclesin every procedure.

Notation.  Throughout the proof, we adopt the following corvertions. We use
the letter s and subscriptedvariants of it (like s;; sy, etc.) to denote setsof atoms
constituting anteceden of clausesor meta-clauses. Similarly ¢ and subscripted
variants denote setsof atoms forming the consequets of meta-clauses.The letter

b and its subscripted variants denote a single atom, and are mostly used as in
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the consequen of a clause,e.g. asin s; ! h. T refersto somearbitrary Closed
Horn Expressionassumedo be the hiddentarget concept. Arbitrary clausesn the
target T arenotedass; ! h, and s, !(5 b denotessomefully-inequated variant
of the clauses; ! b appearingin U(s; ! k). The letter t refersto two things
(hopefully it is clear from the cortext which one is referred to ead time). It is
usedto either denotethe upper bound on the number of terms in ead clauseof T,
or to denote arbitrary terms occurring in clausesand meta-clausegqtogether with
variants of it). H standsfor the hypothesesconstructedduring the executionof the
learning algorithm Learn-Closed-Horn . The meta-clause[sy; ¢(] refersto the
result of minimizing a courterexample, although when arguing about the behavior
of Minimize , it also refersto the courterexample in intermediate stagesof the
process. The meta-clause[s;; ¢] denotesany of the meta-clausesthat are added
to the sequences of the algorithm Learn-Closed-Horn . Finally, [s;c] refersto
somebasic pairing betweenthe minimized courterexample([sy; ¢ ] and somemeta-
clause[si;G] 2 S, and it is alsousedto denotearbitrary meta-clausesWe proceed

with the analysisin detalil.

5.2.4 Prop erties of full meta-clauses
Lemma 21 If C subsumegs;c|, then [s; c] captures someclausein U(C).

Pro of. Assumethat C = s, ! k. subsumegds;c]. Hence,there is a substitution
M sud that sc ¢pp s and b, ¢u 2 c. To seewhich clausein U(C) is captured by
[s; c] considerthe partition %de ned by the way termsin s.[ fh.g are uni ed by
the substitution . More precisely two distinct terms t; t°in Terms([s.; k.]) fall into
the sameclassof Yif and only if t ¢pu= t°¢u. Assume¥ihas| classes.The proof
arguesthat the clauseU,(C) appearsin U(C) and that [s;c] capturesU,(C).

We obsene that pis a unier for Ay, = fTA(ty; ;) jt1 2 %" Nt 2 Y.
Thus, an mgu %, exists. Therefore, p = ¥, ¢{i for some substitution (L The

transformation procedurerejectsa partition Yawhenany of the following conditions
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holds. Either A, is not uni able (however, we have seenit is) or the represemativ es
of two distinct classesare equal. The secondcondition does not hold because
Y4 0¥y, = Y4 %, (for i 6 j) implies % ¢u= % ¢, which is not true by construction.
Finally, we show that [s;c] captures U,(C) = (s ° k) via ﬁ Notice that
Sc 0%, = s and b, ¢%, = h. We needto ched (1) s; ¢{ip s, (2) ineq(s:[ fhg) ¢fip
ineq(s[ c) and (3) b ¢{i2 c. Condition (1) is easy: s; ¢l = sc ¢%,¢i= s CU M S
by hypothesis. For (2), let t; t° be two di®eren termsin s, [ flg. It is suxcient to
ched that t ¢{i; t°¢{i are alsodi®eren terms (i.e., {l doesnot unify them). Let t;t?
be the two terms in C sud that t. ¢3%,= t and t? ¢, = t°% Sincet 6 t° it follows
that t.;t belongto a di®eren classof ¥ (otherwise %, would have uni'ed them).
Therefore, by construction, t. ¢ 6 t2 ¢y Equivalertly, t. ¢%, ¢{i 6 t° ¢¥, ¢{i and
hencet ¢{i6 t°¢{i asrequired. Condition (3) is like (1). ¥

Lemma 22 If [s;c] is full w.r.t. someclosal target expressionT and c 6 ;, then

someclauseof U(T) must be captured by [s; c].

Proof. Fix any b2 c. Clearly, T £ s! b (sincewe have assumeds;c] full and
hencecorrect and complete). Considerany minimal derivation graph G of s! b
from T, which is guararteedto exist by Theorem2. Notice that all the participating
atomsin G arein Atomsp(s! b) sinceT is closed. Hence,they also appear in
either s or ¢ becausds; | is complete. Let Pred(x) the set of atomsthat have an
edgeendingat x in G. Let I’ be an atom in G s.t. Predl®) p s and 2 c. Sudh
an atom must exist by de nition of derivation graph. Hence,Predl) ! His an
instance of a clausein T and thereforeit also subsumegs;c]. By Lemma 21, we

concludethat someclausein U(T) is captured by [s;c]. ¥

Lemma 23 If [s;c] captures someclauseof U(T), then rhs(T;[s;c]) 6 ;.

Pro of. By assumption,there is a clauses, ! k. in T and a substitution p sud
that sc¢ppn sandb.¢u2 c. Clearly, T E s¢! b F sc¢u! b ¢y, therefore
b ¢ 2 rhs(T;[s;c]), and hencerhs(T;[s;c]) 6 ; asrequired. ¥
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Corollary 24 1If [s;c] is full w.r.t. T andc6 ;, thenrhs(T;[s;c]) 6 ;. ¥

5.2.5 Prop erties of minimized meta-clauses

This sectionincludesproperties of minimized meta-clausess producedby the min-
imization procedure. Throughout the proof, we refer to the minimized meta-clause
as [sx; &

Lemma 28 shows that every minimized courterexample cortains a syntactic
variant of someclausein U(T), if we ignore inequalities. This is an important

property and it is responsiblefor one of the main improvemerts in the bounds.

De nition 28 A meta-clause[s;c] is a positive courterexample for sometarget
expressionT and somehypothesisH if T F [s;c], c 6 ; and for all atomsb 2 c,
H&s! b

Lemma 25 Every minimized [sy; c(] is full w.r.t. the target expressionT.

Pro of. We proceedby induction on the updatesof [s,; ¢] during computation of
the minimization procedure. Our basecaseis the rst versionof the courterexample
[sx; c] as producedby step 1 of the algorithm. This meta-clauseis full, sinceit is
the output of Cons-Closure  which producesfull meta-clausesy de nition.

To seethat the nal meta-clauseis correctit suxcesto obsene that every time
the candidate meta-clausehas beenupdated, the consequeh part is computed as
the output of rhs . Therefore,it must be correct.

To seethat the nal meta-clauseis complete, we prove rst that after gener-
alizing a term the resulting courterexample remains complete. Let [sy; cc] be the
meta-clausebefore generalizingt and [s?; 0] after. Let i = fx; 7! tg. Then,
s? ¢k = s, and ¢ = < ¢, becausex; is a new variable that does not appear in
[sx; ¢]. By way of cortradiction, supposethat someatom b2 Atomsp (s [ c?) ns?
sudthat T s2! bisnotin . Notice that the substitution  is non-unifying

w.r.t. O ¢, and thereforeusing properties 2 and 4 in Lemma 1 we concludethat
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be¢w 2 Atomsp(sc [ C) NSy and be¢u 62c,. SinceT FE s, ! bew, this cortradicts
our (implicit) induction hypothesisstating that [sy; c] is complete,sincethe atom
b¢y would be missing. Hence,any courterexample[sy; c] after step 2 is complete.
We shav now that after dropping someterm t the meta-clausestill remains
complete. Again, let [sy; c] be the meta-clausebeforeremoving t and [s9; 0] after
removing it. It is clearthat 0 g s, and & p ¢, sinceboth have been obtained
by only removing atoms. By the induction hypothesis,the only atoms that could
be missingare atomsin ¢, nc® and s, ns?. Sincefor the closureof [s2; ] we only
consideratomsin Atomsp (s?[ @) and theseatomsdo not cortain t (all occurrences
have beenremoved), the removed atoms cannot be missingbecausehey all cortain
t. Therefore, after step 3 and as returned by the minimization procedure, the

courterexample|[sy; c] is complete. ¥

Lemma 26 At all times, T = H and all counterexamplesgiven by the equivalene

query oracle are positive, i.e., it is implied by target T but not by hypothesisH.

Pro of. We argue rst that all meta-clausesn S in Learn-Closed-Horn are
correct. This is easyto seesinceevery time S growsis either by adding a minimized
courterexample(line 7 in Learn-Closed-Horn ), which by Lemma 25 is correct,
or by replacing an existing meta-clause(line 6). Notice that the meta-clausethat
replacesthe old one hasrhs asits consequety and henceit hasto be correct. If
all the meta-clausesn S are correct then, by de nition, T F H.

If T = H then ewery counterexample A ! a given by the equivalencequery

oraclemust besudhthat T = A! abutH 6 A! a ¥

Lemma 27 Every minimized [sy; C«] is a positive counterexamplew.r.t. target T

and hypothesisH .

Pro of. Let A! a bethe original courterexample obtained from the equivalence

oracle. To prove that [sy;c,] is a positive courterexample we needto prove that
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T F [sx;C], ¢ 6 ; andfor every b2 ¢, it holdsthat H 6] s, ! b,. By Lemma25,
we know that [sy; ¢c] is full, and hencecorrectsothat T F [s4; cc]. Moreover,a 2 ¢,
after steplsothat c, 6 ;,sinceT = A! abutH & A! asothat aisnot placed
in the anteceden of the clauseafter executing Ant-Closure  but it is placedin
¢« by Cons-Closure . The meta-clauseis further re ned in steps2 and 3 only if
the consequehis non-empty. It remainsto shav that H doesnot imply any of the
clausesin [sy; C«].

The call to the procedure Ant-Closure  guararteesthat ewvery atom implied
by H is placedinto the anteceden sy, leaving no spacefor any atom implied by
H to be put into the consequenc, by Cons-Closure . Thus, after step 1 of the
minimization procedure,[sy; ¢] is still a positive courterexample.

Next, we seethat after generalizingsomefunctional term t, the meta-clausestill
remainsa positive courterexample. Let [sy; ¢c] be the meta-clausebeforegeneraliz-
ing t, and [s2; ] after. Assume[sy; c] is a positive courterexample. Let | be the
substitution fx; 7! tg. Asin Lemma25,s? ¢l = s, and ¢ ¢ = c,. Supposeby
way of cortradiction that H i s0! I, for somelP2 . Then,H | s2du ! P,
which cortradicts the fact that [s,; c,] was a positive examplesinceP ¢y, 2 c,.

Finally, we shawv that after dropping someterm t the meta-clausestill remainsa
positive courterexample. As before,let [sy; ¢c] be the meta-clausebeforeremoving
someof its atoms, and [s%; 0] after. Assume[s,;c,] is a positive courterexample,
hence,H 6 s, ! bforall b2 c. Clearly, H 6§ s2! bforall b2 @ because
sy M s and & p ¢, and [s2; ] is positive. ¥

Lemma 28 If a minimized [sy; c(] captures someclauses; 1° b of U(T), then it
must be via some substitution p such that u is a variable renaming, i.e., 41 maps

distinct variablesof s; into distinct variablesof s, only.

Pro of. [sg;C«] captures s ° lk, hencethere must exist a substitution p from
variablesin s, [ flaginto termsin s, [ ¢, sud that s; Cup sy, ineq(s;[ fhg) Cup
ineq(sx [ ¢) and by ¢u2 c,. We shaw that p must be a variable renaming.
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By way of cortradiction, supposethat pmapssomevariablev of s;[ fhginto a
functional term t of s, [ ¢ (i.e. v@u= t). Considerthe generalizationof the term t
in step 2 of the minimization procedure. We seethat the term t should have been
generalizedand substituted by the new variable x;.

Suppose,then, that [sy;c.] is the meta-clausejust before attempting to gener-
alizet and that [s2; ] is the meta-clauseobtained after generalizingthe term t to
the fresh variable x;. Considerthe substitution 1= punfv 7! tg[ fv 7! x,g. The
substitution °behaveslike p on all terms exceptfor variable v. We seethat [s?; c{]
capturess, I° i via ° and hencerhs (s2;c0) 6 ; (Lemma 23). Thereforet must
be generalizedto the variable x;.

To seethat [s?;c?] captures s, ° b via 1° we needto shav (1) s ¢1° s?,
(2) b o2 @ and (3) ineq(s¢[ fhg) ®lu ineq(s?[ ). For (1), considerany atom
b of s;. We obsene the following: after substitution p b(::v::) ) b(::x;::), and
after substitution p and generalizingt: b(::v::)) b(::t::)) b(::x;::). The part
of the \dots" in the previous expressionds identical for both lines, since p and |°
behave equally for terms di®eren than v. Moreover, the fact that y doesnot unify
termsin s;[ fhg assureghat the rest of terms di®erfrom t and x; after applying p
or L2 Therefore,we getthat b¢y°2 s? i®bdu 2 s, and sinces; (U sy, Property (1)
follows. Property (2) is identical to Property (1). For (3), let t; t° be two distinct
terms of s, [ fhhg. We have to shawv that t ¢p° and t°¢ are two di®eren terms of
s? [ ¢ and thereforetheir inequality appearsin ineq(s [ c2). It is easyto seethat
they are terms of s0 [ ¢ sinceby previous properties (s; [ fhg) ¢ (s2[ <2).
Now, let | be the substitution fx; ! tg and notice that u= P°¢. Sincep does
not unify termsin s, [ fhg, then neither of 1° and p do. Therefore,t ¢°6 tO¢LL.

¥
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5.2.6 On the number of terms in minimized examples

Lemma 29 Let [sy;c] be a minimized meta-clause. Let s; 1° hh be a clause of

U(T) captured by [sy;c]. Then, jTerms(s, [ fcQ)j = jTerms(s; [ fbg)j:

Pro of. Let ny and n; be the number of distinct terms appearing in [s,; c] and
si ! h, respectively. Subtermsshould also be courted. The meta-clause[sy; ]
capturess; ° k. Thereforethere is a substitution p satisfyingineq(s; [ fhg) ¢y
ineq(sx [ c«). Thus, di®eren variablesin s; ! b are mapped into di®eren terms
of s, [ ¢ by i By Lemma 28, we know alsothat every variable of s;; b is mapped
into a variable of s,; c,. Therefore, u mapsdistinct variablesof s;; by into distinct
variables of s,;c,. Therefore, the number of terms in s;; b equalsthe number of
termsin (s;[ fhg)q sincethere hasonly beena non-unifying renamingof variables.
Also, s ¢ s, and b ¢ 2 ¢,. We have to ched that the remaining atoms in
(sx nst ¢ [ (cc nh ¢ do not include any term not appearingin (s;[ fhg) ¢
Supposethere is an atom | 2 (s, ns; ¢Y) [ (¢ nhb ¢Y) cortaining someterm,
say t, not appearingin (s;[ fhg) ¢ Considerwhenin step 3 of the minimization
procedurethe term t was chedked as a candidate to be removed. Let [s?; 0] be
the clauseobtained after the removal of the atoms cortaining t. Then, s; ¢up s
and by ¢u 2 @ becauseall the atomsin (s; [ fhg) ¢u do not cortain t. Moreover,
ineq(s; [ fhg) ¢u pn ineq(s? [ ). To seethis, take any two terms t 6 t°from
st ! h. The termst ¢y and t°¢p appearin s? [ ¢ becausethey cortain terms in
(st [ ) ¢ only (sothey are not removed). Further, sincet ¢u6 toCpin s, [ ¢
and ft ¢ to¢ug pu (0 &) 1 (sx [ c) we concludethat t ¢u 6 t°¢pin sO[ 2.
Thus, [s2; ] still capturess; ® k. And therefore,rhs (s2; %) 6 ; andsuch aterm

t cannot exist. We concludethat n; = ny. ¥

Corollary 30 Lett be an upper boundon the numter of distinct termsin any target

clause. Then, the numker of terms of a minimized counterexampleis at mostt. ¥
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Lemma 31 Let [s;c] be a meta-clausecovering a fully inequateal clause s; ° b.

Then, jTerms(s; [ fhhg)j - jTerms(s[ ©)j

Pro of. Since[s;c] coversthe clauses; ° hy, thereisa ps.t. ineq(s;[ fhg) ¢up
ineq(s[ ¢). Therefore,any two distinct terms of s; [ f g appear asdistinct terms

in s[ c. And therefore,[s;c] hasat leastasmany termsass; ! h. ¥

Corollary 32 Let s ° kb be a fully inequatel clausein U(T). Let [sy;¢] be a
minimized counterexample capturing s; 1° k, and let [s;;c] be any other meta-

clausecovering s ° k. Then, jTerms(sc [ ¢)j - jTerms(si[ G)j. ¥

5.2.7 Prop erties of pairings

Lemma 33 Let[sy;c] and]si; ¢] be two full meta-clausesv.r.t. someclosel target
expressionT. Let|[s;c] 2 Basic-Pairings([sx; ¢]; [Si; G]). Then, [s;rhs ([s; c])] is full
w.rt. T.

Pro of. To seethat [s;rhs ([s;c])] is full w.r.t. T, it is suxcient to show that [s; ]
is complete| rhs takescare of the resulting meta-clausebeing correct. Suppose
TFs! bforsomeb2 Atomsp(s[ c) ns. Sinces = Igg,, (sx;si) U lgg(sx;si), we
know that there exist i and i sud that sCu 1 sy andsCy usi. TEs! b
impliesboth T F s ! beu andT F s¢y ! beu. Let b, = b¢y, and b = bty
sothat T F s, ! boand T F s ! bh. By assumption, [ss; ] and [si;¢] are
full, and thereforeb, 2 s, [ ¢, andh 2 s;[ ¢ becauseh 2 Atomsp(sc [ ¢) and
h 2 Atomsp(si [ ¢) (remenber that b2 Atomsp(s[ ¢)). Also, sincethe samelgg
table is usedfor all Igg(¢ § we know that b= Igg(b; ). Thereforeb must appearin
one of Igg(sx; si); 199(sx; G); 199(cx; si) or lgg(cy; ). But b 62gg(sx;si) sinceb 62s
by assumption.

Note that all terms and subtermsin bappearin s[ c, becauseéb2 Atomsp (S| C).
Let % be the basic matching inducing [s;c]. We know that %is basic and hence

legal, and thereforeit cortains all subtermsof terms appearingin s[ c. Thus, by
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restricting any of the Igg(¢ ¢ to lgg,, (¢ 9, we do not get rid of b, sinceit is built
up from terms that appearin s[ c and hencein % Therefore,b 2 Igg, (sx; G) [

lgg,.(cx;si) [ 19g,,(c; ¢) = casrequired. y

Lemma 34 Let [s;c] 2 Basic-Pairings([sx; c];[Si;¢]). Then, jsj - min(jsij;jsSx))
andjs[ ¢ - min(si [ cj:isx[ &i)-

Pro of. It is sutcient to obsene that in s there is at most one copy of every atom
in sj. This is true since the matching usedto include atomsin s is 1 to 1 and

therefore a term can only be combined with a unique term and no duplication of

atoms occurs. The sameidea appliesto s, and the secondinequality. ¥

Lemma 35 Let[s;; ] and|s;; ¢;] be two full meta-clausesv.r.t. someclosal Horn
expressionT, let [s;c] be any legal pairing between them, and let s; ° b 2 U(T).
The following holds:

1. If [s;c] coverss; 1° hy, both [s;; ci] and [s;; ;] cover s; 1° b.
2. If [s;c] capturess; 1° hy, at least one of [s;;c1] or [s;; C;] capturess; 1° b.

Pro of. Condition 1: by assumption, s ° by is coveredby [s;c], i.e., thereis a pu
sudh that s; ¢ s, ineq(s; [ fhg) Cup ineq(s[ ¢ and ly ¢u 2 Atomsp(s[ ©).
This implies that if t; t° are two distinct terms of s, [ flyg, then t ¢y and t°¢p
are distinct terms appearingin s[ c. Let ¥%be the 1-1 legal matching inducing
the pairing. The anteceden s is de ned to be lgg, (s1;s2), and therefore there
exist substitutions i and [ sud that s¢y u s; and s € 1 S,. We claim that
[s1;¢1] and [sp; ¢;] cover s ° b via p ¢y and p ey, respectively. We prove this for
[s1; c1] only, the proof for [s;; c,] is identical. Notice that s; ¢u s, and therefore
St CUCH 1 SCy. Sinces €y 1S3, we obtain s; ¢y 1 s;. We shav now that
ineq(s; [ fhg) ¢uew 1 ineq(sy[ c;). Obsene that all top-level terms appearingin
s[ calsoappearasoneertry of the matching % becauseotherwisethey could not

have survived the restriction imposedby % Further, sinceis legal, all subtermsof
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terms of s[ c alsoappearasan entry in % Let t; t°be two distinct terms appearing
ins [ fhg. Since(s;[ fhhg) ¢up s[ cand 3includesall terms appearingin s[ c,
the distinct terms t ¢u and t°¢p appear as the Igg of distinct ertries in 3% These
ertries have the form [t ¢uCw - tCul => t Y], sincelgg(t Culuy;t Culy) = t ¢
Since %is 1-1, we know that t ¢u ¢ 6 t°¢Cu ¢, Finally, we needto show that
b Cud, 2 Atomsp(sy[ ¢;). Noticethat sy pu s; andcdy 1 (Sy[ ¢1). Therefore,
st[ fag¢u p s cimpliess [ fhge¢ucwy P (s[ o ¢ U si[ . Thus,
b ¢y 2 Atomsp (S [ ¢1) asrequired.

Condition 2: by hypothesis, iy ¢4 2 ¢ and c is de ned to be lgg, (s1;¢) [
lag,.(c1;s2) [ lgg,.(c1;c2). Obsene that all theselggs sharethe sametable, sothe
samepairs of terms are mapped into the sameexpressions.Obserne alsothat the
substitutions i, and [ are de ned accordingto this table, so that if any atom
| 2 1g9g,,(ci; 9, then | ¢ 2 ¢;. Equivalertly, if 1 2 Igg, (¢cy), then | ¢ 2 c.
Thereforewe getthat if bh qu2 Igg, (c1; 9, then by qu@ 2 ¢; andif b qu 2 Igg,, (¢ c2),
then b ¢u ¢, 2 c,. Now, obsene that in any of the three possibilities for c, one
of ¢, or ¢; is included in the lgg,,. Thusit is the casethat either by ¢u ¢y 2 ¢, or
b ¢l 2 . Sinceboth [s;; c] and [s;; ;] cover s; ° ky, oneof [sy; i) or [sy; G

capturess; 1° b. ¥

It is crucial for Lemma35that the pairing involvedis legal It is indeedpossible
for a non-legal pairing to capture someclausethat is not even covered by someof

its originating meta-clausesasthe next exampleillustrates.

Example 12 In this examplewe presert two meta-clauseqs;; c;] and [s;; C;], a
non-legalmatching ¥and a clauses; ° b sud that the non-legalpairing induced

by ¥acapturess; ° kb but noneof [s;; c;] and [s;; ¢;] do.

2 [sy;a]=[p(ffa;gffa)! qg(f a)] with termsfa;fa;ffa;gf fag
ineq(s;) = (a6 fa6 ffaé gff a).

2 [s2;¢] = [p(fb;gf fc) ! qg(b)] with terms fb;c;f b;f c;f f c;of f cg.
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N

The matching %is[a - ¢ => X]
[fa - b =>Y]
[ffa - fb =>fY]
[gffa - gffc => gffX]

N

[sicl = [p(f Y;gf £ X) 1 a(Y)].

2 Fx@ fx6 ffx?zgffxﬁ y 6 fy?;r)(fy;{gffx;! ﬁ%).

ineq(st) St

2 u=fx7' X;y7!Yq.

N

i =FfX 7aY 7! fag.

N

e = fx 7! a;y 7! f ag.

The meta-clause[s;c] capturess; ° b via u= fx 7! X;y 7! Yg. But [s1;¢]
doesnot cover s ° hh becausethe condition ineq(s;) ¢t 1 ineq(s,) fails to hold
(the terms that violate inequalitiesare highlighted by the boxesbelow, e.g.,f x and

y are both mappedto f a by pCw):

Fas fa] 6 6{gffa6 fa] 6 6uFa6 faé{fa6gfa

(x6Tx6ffx6gffx6y6fy)dudy ineq(s1)

Corollary 36 Let [s1;¢i];[s2;Col; [S3:Cal; i 0 [Sk; &]; i : be a seguene of full meta-
clausessuchthat everymeta-clause]s;+1 ; G+1] is a legal pairing between the previous
meta-clauses;; G] in the sequene and someother full meta-clausegs? ¢, for i , 1.
Supmse some[sg; ¢&] in the seguen@ covers a clauses; ° k. Then, all previous

[si; G] in the sequene (where i < k), must cover the clauses; ° h, too. ¥

5.2.8 Prop erties of the sequence S

Corollary 37 Every meta-clause[s;; ¢] appearing in the sequene S is full w.r.t.

the target expressionT.
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Pro of. The sequenceS is constructed by appending minimized courterexamples
or by re ning existing elemens with a pairing with another minimized courterex-
ample. Lemma 25 guararteesthat all minimized counterexamplesare full and, by

Lemma 33, any basic pairing betweenfull meta-clausess alsofull. ¥

Lemma 38 Let S be the sequene [[s1; C1]; [S2; Col; 05 [Sk; &]]- If @ minimized coun-
terexample[sy; ¢c] is producd suchthat it captures someclauses; ° b in U(T)
covered by some(s;;c] of S, then some meta-clausel[s;; ¢ ] is replaed by a basic

pairing of [sy;c] and[sj;c], wheej - i.

Pro of. We show that if no elemen [s;;c] wherej < i is replaced,then [s;;c]
itself must be replaced. We have to prove that there exists a basic pairing [s;c] in
Basic-Pairings([sx; ¢]; [Si; Gi]) satisfyingthe replacemei conditions: rhs ([s;c]) 6 ;
and WSizg([s; c]) < WSize([s;; ¢]).

We have assumedthat there is someclauses; ° b 2 U(T) captured by [sy; ¢]
and coveredby [s;; g]. Let |0 be the substitution shoving that s ° by is captured

by [sx; ¢ and (P the substitution showing that s, ° hy is coveredby [s;;¢]. Thus:

2 s O M S

N

ineq(s; [ fha) ¢ p ineg(sy [ o)

N

b el 2 o

2 by ¢l 2 Atomsp (¢ [ )

N

St S

N

ineq(s. [ fhg) ¢ 1 ineq(si [ )
2 b ¢ 2 Atomsp(si [ G)
We construct a matching %that includesall entries

[te - tep’ => lgg(t st )]
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sud that t is a term appearingin s [ fhg (one enry for every distinct term).
Example 13 Considerthe following:

2 s = fp(g(c); x; f (y): 2)0.
With terms c;g(c); x;y;f (y) and z.

N

s« = Tp(9(0); x5 T (¥9;2); p(9(0); 9(0); T (¥9); ©)g.
With terms c;g(c); x%y%f (y9 and z.

N

si = fp(g(c); f (1);f (f (2)); 2)9.
With terms c;g(c); L;f (1); 2, (2); f (f (2)) and z.

N

The substitution (2 = fx 7! x%y 7! y%z 7! zg, which is a variable renaming.

N

The substitution p’= fx 7! f (1);y 7! f(2);z 7! zg.

N

The Igg(sx;si) isfp(g(c); X;f(Y);2);p(a(c); Z;f (Y);V)g and it producesthe
following Igg table.

[c - c=>c] [9(c) - g(c) =>g(c)]
X' - f(1) =>X] ly - f(2) =>Y]
[fy) - f(f(2) =>f(V)] [z - z=>7]

[9(c) - f(1) =>2Z] [c - z=>V]

2 The extendedmatching %ais

c ) |J[c -c=>(]

g ) [g(c) - g(c) =>9()])
x ) X - f(1) =>X]
y ) [y -12 =>Y]

fy) ) [fty) - f(f2) =>1(Y)]

z ) [z -z =7
2 The pairing induced by ¥ais lgg,,(s«;si) = fp(g(c); X;f (Y);2)g.
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Claim 39 The matching % as descrited alove is 1-1 and the numler of entries

equalsthe minimum of the numker of distinct termsin s, [ ¢, ands;i[ G.

Pro of. All the ertries of ¥%have the form [t .0 - t ¢° => Igg(t ¢2;t ¢d)] . For %4
to be 1-1it is suxcient to seethat there arenotwo termst; t°of s, [ f g generating

the following entries in %

[te - tep’ => Igg(t ¢t )]

[0 - to¢ => Igg(t°eie; t ¢uf)]
sudh that t ¢ = t°¢0 or t ¢° = t°¢C But this is clear since[sy; ¢] and [si; G]
are covering s, b via W and |, respectively. Thereforeineq(s; [ fhg) ¢ p
ineq(sx [ &) and ineq(s; [ fhg) ¢ ineq(si [ ¢). And thereforet ¢0 and t°¢
appear as di®eren termsin s, [ ¢. Also, t ¢u° and t°¢p appear as di®eren terms
insi[ ¢. Thus %is 1-1.

By construction, the number of ertries equalsthe number of distinct terms in
si[ fhg, that by Lemma 29 is the number of distinct termsin s, [ c,. And by
Lemma 31, [si; ¢] contains at least as many terms as s, [ fhg. Therefore, the
number of ertries in ¥coincideswith the minimum of the number of distinct terms

insy[ cxkandsi[ G. ¥

Claim 40 The matching %is legal.

Pro of. A matching is legal if the subterms of any term appearing as the lgg of
the matching also appear in someother ertries of the matching. We prove it by
induction on the structure of the terms. We prove that if t isaterm in s;[ fhg,
then the term Igg(t ¢0; t ¢u°) and all its subtermsappearin ¥s extension.

Basecase.Whent = a, with a beingsomeconstart. The enry in ¥%for it is [a
- a => a], sinceatu = a, for any substitution pif ais aconstart andlgg(a;a) = a.
Trivially, all of a's subtermsappearin %

Basecase. When t = v, wherev is any variable in s, [ flag. The ertry for it

in %4is [v e - v el => Igg(v ¢l v ¢d)] . Since[sy; ¢ ] is minimized, Lemma 28
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guararteesthat v ¢\ is a variable. Therefore, Igg(v ¢; v ¢ must be a variable,
regardlessof what v ¢ is. Trivially, all of its subtermsappearin %

Step case. When't = f (ty;::;t)), wheref is a function symbol of arity | and
ty;::;t) its argumeris. The ertry for it in Jis

[f(to:t) 6 - f(ty s t) el = |gg(f (ty;:::t) ¢&°;f (ty;:::t) ¢u‘j?]

f (I9g(t1®Q;t1 410);::51gg(t 49t 410)
The ertries [t; ¢10 - t; ¢ => Igg(t; ¢12;t; ¢ )], with 1 - j - |, are also

includedin % sinceall t; aretermsof s;[ fhg. By the induction hypothesis,all the
subtermsof every Igg(t; &0; t; @) areincludedin ¥ and therefore,all the subterms

of lgg(f (t1;::;t) CW0; f (ty;::;t)) ¢W) are alsoincluded in % ¥

Claim 41 The matching %is basic.

Pro of. A basic matching is de ned only for two meta-clauseqsy;cc] and [si; G]
sud that the number of termsin s, [ ¢, is lessor equalthan the number of termsin
si[ ¢. Corollary 32 shaws that this is indeedthe case.The previous claims prove
that %4is 1-1and legal. It is only left to seethat it is basic: if entry f (t1;::;ty) t
isin ¥%thent="f(rqy;::;rp) andt;j r 2 34foralll = 1;::;n.

Suppose,then, that f (t1;::;t,) i tisin % By construction of ¥all entries are
of the form

feli foud;

wheref'is aterm in s, [ fhg. Thus, assumef ¢0 = f (t1;::;t,) and f ¢’ = t. We
alsoknow that |0 is a variable renaming, therefore, the term £ ¢\ is a variant of f.
Therefore, the terms f (t1;::;t,) and f* are variants. That is, f itself hasthe form
f(t2;:::13), whereewery t? is a variant of t; and t? ¢\ = t;, wherej = 1;::;n.
Therefore,t = fel=f (ry = 2 ¢ :;r, = t0 ¢ asrequired. We have seenthat
tj = P ¢ and r; = t? ¢, By construction, %includesthe ertries tj j rj, for any

j = 1;::;n and our claim holds. ¥

The claims above shav that the matching %is a good matching in the sense

that it is oneof the matchings constructedby the algorithm. The next claim shaovs
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that [s;c] = pairing (%[sx; c];[Si;G]) is consideredas a candidate for replacemen

in the learning algorithm Learn-Closed-Horn
Claim 42 pairing (%[sx;cl;[si; G]) 2 Basic-Pairings([sx; ¢];[Si; G]).

Pro of. It is suzcient to obsene that ¥has beenconstructed preciselyusing the
lgg of termsin s, [ ¢, andsi[ ¢, andit thereforeagreeswith the Igg table produced

by the computation lgg(sx [ ¢;Si[ G). ¥

It is left to show that both conditions for replacemen in the algorithm hold.

The following two claims shaw that this is indeedthe case.

Claim 43 rhs ([s;c]) 6 ;.

Pro of. Let W and | be de'ned as follows. An entry in %[t ¢ - t ¢ =>
lgo(t ¢10;t ¢O] sudh that Igg(t ¢2;t ¢ is a variable generatesthe mapping
lgg(t ¢t ¢pd) 7! t ¢ in W and lgg(t ¢t ¢pd) 7! t ¢l in . That is, W =
flgg(t ad;taud) 7! tqlg and = flgg(t ol;t qud 7! t du’y, whenewer Igg(t ¢; t ¢
isavariableandtisatermin s, [ fhg.

In our example,py = fX 7! x8Y 70 y%z 7! zgand = fX 7! f(1);Y 7!
f(2);z 7! zg. Next, we shav that sC p s, ands ¢y 1 S;:

2 sCu U S¢. Let | bean atom in s, | has beenobtained by taking the Igg
of two atoms I, and |; in s, and s;, respectively. That is, | = Igg(l«; ).
Moreover, | only cortains terms in the extension of % otherwiseit would
have beenremoved when restricting the Igg. The substitution  is sud that
[ = Iy 2 s, becausat \undo es"what the Igg doesfor the atomswith terms

in %
2 sC W si. Similar to previous.

Let pbethe substitution that mapsall variablesin s;[ f b gto their correspnding
expressiomassignedn the extensionof % That is, u mapsany variablev of s;[ fhg

to the term Igg(v ¢2; v ¢i9). In our example,u= fx 7! X;y 7! Y;z 7! zg.
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The strategy for the remainder of the proof consistsin showing that s; ° b is
captured by [s; c] via . Applying Lemma 23 we then concludethat rhs ([s;c]) 6 ;.

Finally, the following properties show that s; ° ky is captured by [s;c] via

{ pew = ©0: Let v beavariablein s, [ fhhg. The substitution p mapsv into
lgg(v ¢0; v ¢pd). This is a variable, say V, sincewe know £ is a variable renaming.

The substitution py cortains the mapping

|gg(v ¢&°; v ¢p{? 7! v el
\Y

And v is mapped into v ¢\0 by pCp.
In our example: & = fx 7! x%y 71 y%z 7! zg, and

Hep = fx 70 X5y 70 Y; 270 zgef X 70 x8Y 71 y%z 7! zg.
{ pew = % Asin previousproperty.

{ ssqup s=lgg,(sx;si): Letl beanatomins;. Weshow that | Guisin Igg(sx; Si)
and that it is not removed by the restriction to % Let t be a term appearingin |I.

The matching ¥%corntains the ertry

[tol - tep => Igg(t e;t el ;

sincet appearsin s;.. The substitution p cortains fv 7! Igg(v ¢i2;v ¢dg for
ewvery variable v appearingin s; [ flg (and thusfor every variable in s;), therefore
t ¢p=Igg(t ¢0;t ¢1d). Indeed,lgg(t ¢2;t ¢d) appearsin % The atom | ¢y appears
in lgg(s: ¢12; s ¢ and thereforein Igg(sx;si) sinces; ¢0 1 sy, st ¢ U s and
u= fv 7! Igg(vel;veldjvis avariable of s;,g. Also, | ¢u appearsin lgg,,(sx; Si)
sincewe have seenthat any term in | ¢ appearsin %

In our examplethe only | 2 s; ¢ is p(g(c); x; f (y);z) ¢ = p(g(c); X;f (Y);2).
And lgg, (sx;sy) is preciselyf p(g(c); X; f (Y);2)g.
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{ ineq(st[ fho) Gup ineq(s[ ¢): Wehaveto shav that for any two distinct terms
t;t%0f ;[ fhg, the termst ¢uand t°¢u are alsodi®eren termsin s[ ¢, and therefore
the inequality t ¢u 6 t°¢u appearsin ineq(s[ c). By hypothesis,ineq(s;[ fhg) 4. u
ineq(sy [ ¢). Sincel = poy,, we getineq(s; [ fhg) ¢uew 1 ineq(sx [ ) and so
t ¢uCp, and t°¢ucy, are di®eren terms of s, [ c,. From Property 5in Lemmal it
follows that t ¢u6 t°¢u 2 ineq(s[ ©).

{ b ¢u2 c By hypothesis, b ¢12 2 c,. Also, i ¢° 2 Atomsp(s; [ ) implies
(becausefsi; ¢] is full), that b ¢ 2 s [ G. Notice that b ¢u= Igg, (b ¢; b ¢)
by construction. Thereforel ¢u2 c= lgg, (sx;G) [ 19g,(c:si) [ 19g,.(c:G). ¥

Claim 44 WSize([s;c]) < WSize([si;c]).

Pro of. By de nition, we needto shaw that WSize(s) < WSize(s;) or (WSize(s) =
WSize(sj) and WSize(c) < WSize(c)). By Lemma 34, we know that jsj - jsij,
therefore WSize(s) - WSize(s)) | the Igg newer substitutes a term by one of
greaterweight: either functional terms are substituted by variablesor they remain
the same. Accordingto our de nition of WSize, variablesweighlessthan functional
terms.

If WSize(s) < WSize(s;), then the condition stated in this lemmais true. Oth-
erwise, WSize(s) = WSize(s)). Lemma 34 shows that js[ ¢ - jsi[ ¢j. Since
jsj = jsij, we concludethat j¢ - jGj, and henceWSize(c) - WSize(c) by the same
argumert as above. Thus,s¢y = s and s; ¢4 ' = s. Again, we split the proof
into two cases. If WSize(c) < WSize(c) then the lemmais satis ed. Otherwise
WSize(c) = WSize(c), and [s;d], [si; G] are syntactic variants. The following rea-
soning arrivesto a cortradiction, disproving this case. Since[s;c] and [s;; ¢] are
variable renamings,c ¢y = ¢ and ¢ ¢ ' = c. By the previousclaim, it holds that
b ¢u 2 c and thereforethere existsa b s.t. b = b ¢uey 2 ¢. The substitutions
i and (2 are variable renamings,and (by previousclaim) |0 = p ¢, thereforethe

substitution 1= i * ¢y, is well dened and is a variable renaming. It follows that
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si¢ip s, and b ¢fi= P—G{%ﬂ'} ¢Hi izcl:u} = b ¢ucy = b ¢ 2 ¢, (by assumption).
b A
Therefore,H F s ! b E si¢i! hefiE sc! b (whereb = b ¢ 2 ¢)

contradicting the fact that [sy; c(] is a courterexample. ¥

This nally completesthe proof of Lemma 38. ¥

Corollary 45 If a counterexample[sy;cc] is appendal to S, it is becausethere is

no elementin S capturing a clausein U(T) that is also captured by [sy; ] ¥

Lemma 46 Every time the algorithm is alout to make an equivalene query, it is
the casethat every meta-clausein S captures at least one of the clausesof U(T)

and every clauseof U(T) is captured by at most one meta-clausein S.

Pro of. All meta-clausedncludedin S are full by Corollary 37. By construction,
their consequets are non-empty so that we can apply Lemma 22, and conclude
that all courterexamplesin S capture someclauseof U(T).

An induction on the number of iterations of the main loop in line 2 of Learn-
Horn-Closed shows that no two di®ere meta-clausesin S capture the same
clauseof U(T). In the rst loop the lemma holds trivially (there are no elemerts
in S). By the induction hypothesiswe assumethat the lemma holds beforea new
iteration of the loop. We seethat after completion of that iteration of the loop the
lemma must alsohold. Two casesarise.

The minimized courterexample[sy; ¢] is appendedto S. By Corollary 45, we
know that [sy; c(] doesnot captureany clausein U(T) alsocapturedby someelemert
[si;¢] in S. This, together with the induction hypothesis,assureshat the lemma
is satis ed in this case.

Some[s;; c] is replacedin S. We denote the updated sequenceby S° and the
updated elemen in S°by [s% ¢”|. The induction hypothesisclaims that the lemma
holdsfor S. We haveto provethat it alsoholdsfor S°asupdated by the algorithm.

Assumeit doesnot. The only possibility is that the new elemen [s% ] captures
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someclauseof U(T), say s ° by also captured by someother element [s;; c] of
S® with j 6 i. The meta-clause[s’, ] is a basic pairing of [ss; ] and [s;; ¢], and
henceit is alsolegal. Applying Lemma 35 we concludethat oneof [s,; ¢c] or [Si; G]
capturess; 1° h.

Suppose[si; ¢] captures s ° k. This cortradicts the induction hypothesis,
sinceboth [s;; ¢] and [s;; ¢ ] appearin S and capture s; 1° kb in U(T).

Suppose [sx; ¢] captures s ° h. If j < i, then [sy;c] would have re ned
[sj; G] instead of [s;; ] (Lemma 38). Therefore,j > i. But then we are in a
situation where[s;; ¢;] capturesa clausealso covered by [s;;ci]. By Corollary 36,
all meta-clausesn position i cover s 1° b during the history of S. Considerthe
iteration in which [s;; ] rst captured s ° k. This could have happened by
appending the courterexample[s;; ¢;], which cortradicts Lemma 38 since[s;; ¢i] or
an ancestor of it was covering s; 1° bk but was not replaced. Or it could have
happenedby re ning [s;; ¢] with a pairing of a courterexample capturing s ° (o
But then, by Lemma 38 again, the elemen in position i should have beenre ned,

instead of re ning [s;; G . ¥

5.2.9 Deriving the complexit y bounds

Recallthat c®standsfor the number of clausesin the transformation U(T) and that
by Lemma 18, c®- ct', wheret and v are upper bounds on the number of terms
and variablesin ead clausein T and cis the number of clausesn T. By Lemma46

the number of clausesin U(T) boundsthe number of elemens in S, and therefore:
Corollary 47 jSj - ¥

What follows is a detailed account of the number of queriesmadein every pro-
cedure. Remenber that we usethe following parameterscortrolling the complexity

of the target expressionT :
2 p: number of predicate symbolsin the signature.
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2 a: upper bound on the arity of predicate and function symbols.
2 v: upper bound on the number of distinct variablesper clause.
2 t: upper bound on the number of distinct terms per clause.

2 ¢ number of clauses.

The complexity of the algorithm also dependson the complexity of the courterex-
amplesreceived. To accour for this, we usethe parameter f to denote an upper
bound on the number of distinct terms presern in a clausereturned by the equiva-

lencequery oracle as courterexample.

Lemma 48 If [s«; ¢ ] is a minimized counterexample,then, js, [ ¢j - pt2.

Pro of. By Corollary 30, there are a maximum of t terms in a minimized coun-
terexample. There are a maximum of pt? di®eren atoms built up from t terms if
p is the number of predicate symbols in the signature and a is an upper bound on

their arity. ¥

Lemma 49 The algorithm makesO(cht?) equivalene queries.

Pro of. Notice that any setof atomscorntaining t distinct terms can be generalized
at mostt times. This is becauseafter generalizinga term into a variable, it cannot
be further generalized. The sequenceS has at most c® elemerts. The following
actions can happen after re ning a meta-clausein S (possibly combined): either
(1) oneatom is dropped from the anteceden, or (2) an atom movesfrom anteceden
to consequety or (3) an atom is dropped from the consequety or (4) someterm is
generalized.This can happen c%t? times for (1), cpt? times for (2), cht? times for
(3), and c& times for (4), that is c{t + 3pt?) in total. We needc® extra callsto add
all the courterexamplesto S. In total c{1+ t + 3pt®) = O(cht?). ¥

Lemma 50 The algorithm makesO(pf®*') memlership queriesduring the mini-

mization procedure.
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Pro of. Let B! bbethe clauseinput to Minimize . To computethe rst version
of the full meta-clausewe needto test the pf® possible atoms built up from f
distinct terms appearingin B ! b. Therefore, we make pf® initial calls. Notice
that Minimize newer introducesnew terms, and hencef' remains an upper bound
on the number of terms of the clauseunder construction for the duration of the
process. Next, we note that the rst version of ¢, has at most pf® atoms. The
“rst loop (generalizationof terms) is executedat most f' times, one for every term
appearing in the rst version of [s,;c]. In every execution, at most jcj - pf®
menbership calls are made. In this loop there are a total of pf®*! calls. The
secondloop of the minimization procedureis alsoexecutedat most f' times, onefor
ewvery term in [s¢; ¢]. Again, sinceat most pf® calls are madein the body on this
secondloop, the total number of calls is boundedby pf®*!. This makesa total of
pfe + 2pfel = O(pfet!). ¥

Lemma 51 The algorithm makesat most pt?* memlership queriesto check the va-

lidity of a basic pairing in line 4 of Learn-Closed-Horn

Proof. Let [s;c] 2 Basic-P airings ([sx;c];[Si;¢]) be any basic pairing to be
validated asa successfuteplacemen in line 4 of Learn-Closed-Horn . By Lem-

mas 34 and 48, we concludethat j¢ - jsc [ ¢j - pt?. ¥

Lemma 52 The algorithm makesO(cS%2tafe+! + c¢#s2t2a* k) memlership queries.

Pro of. The main loop is executedas many times as equivalencequeriesare made.
In ewery loop, the minimization procedureis executedonceand for every elemen
in S, a maximum of t¥ basicpairings are chedked.

This is:

PFZ)t? Ef P-?;-l} * HE% ¢ I{%V} ¢ |P2t? g= O(Copztaf‘“l + C(Qp2t2a+V):
In]]

# iter ations minim: #pairings pair ing
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We arrive at our main theorem:

Theorem 53 Learn-Closed-Horn exactly identi es every closel Horn expres-
sion making O(cht?) equivalene queriesand O(ch?t2f*! + c?p2t2+V) memtership

queries. Furthermore, the running time is polynomial in c®+ p+ tV + t2+ 2. ¥

Sincec®- ctY, we obtain:

Corollary 54 Learn-Closed-Horn exactlyidenti es everyclosal Horn expes-
sion making O(cpt®*¥) equivalene queriesand O(cpPtat Vel + c2p?t2a+3V) memler-

ship queries. Furthermore, the running time is polynomial in c+ p+ tV + t2+ f&, ¥

Corollary 55 Assumethe parameters p;a identifying the signature are constant.
Assumethat the numler of distinct terms in any given counterexampleis upper
boundel by t. Then, Learn-Closed-Horn exactly identi es every closal Horn
expressionmaking O(ct?*V) equivalene queriesand O(c?t?2+3V) memlership queries.

Furthermore, the running time is polynomial in c+ t¥ + t2. ¥

5.3 Fully inequated closed Horn expressions

In this sectionwe study the learnability of the classof fully inequatedclosedHorn
expressions. Clausesin expressionsn this classare fully inequated, that is, the
anteceden of every clausecortains all possibleconbinations of the atom t 6 t° for
ead term t and t® appearingin the clause. As a consequencethe anteceden of a
fully inequated clauseis only satis ed by a given interpretation 1, if every term in
the clauseis mapped to a di®eren object of | 's domain. As an example,take the
clausehuman(f ather(x))” human(mother(x)) ! human(x): Its intendedmeaning
is clearly that x 6 f ather(x) 6 mother(x), and hencethis clausecan be assumed
to be fully inequated. As expected, we say that a meta-clauseis fully inequated
if its anteceden cortains all possibleinequalities betweenterms appearing in the

meta-clause.
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For any givenexpressionr, the transformation U(T) describedin Section5.2.1is
fully inequatedby construction. We usedU(9 asatrick in the proof of correctnesso
help quartify how long it takesthe algorithm Learn-Closed-Horn to terminate.
If the target expressionT is fully inequateditself, then U(T) = T and this trick
is not necessary Moreover, the complexity bounds derived are better since the
blow-up in the number of clausesfrom T to U(T) doesnot occur.

In the remaining of this chapter, we describe the (slight) changesthat we needto
make to Learn-Closed-Horn in order to learn the more restricted classof fully
inequated closedHorn expressionswith better bounds. The proof of correctness
is omitted as it is very similar to the one preserted for Learn-Closed-Horn
Completedetails and proof for the caseof learningrangerestricted Horn expressions
can be found in (Arias and Khardon, 2000). The only modi cations neededare in

the proceduresMinimize and Pairing .

Minimization. The purposeof the minimization procedureis to producea meta-
clausecontaining as few terms as possiblewhile maintaining the property that it
is still a courterexample. In addition, now we want the courterexampleto be fully
inequated. The changesproposedhere are to guarartee that the cournterexample
[sx;c«] asit is being minimized is fully inequatedduring all stagesof the process.
Assumethat the courterexample A ! a given by the equivalencequery oracleis
fully inequated. The rst version of the minimized meta-clause[sy; ¢] after line 1
of Minimize is fully inequated| simply becauseA ! ais| sono changethere
is needed. Howe\er, this is not true for subsequet updates of [s,; cc]. The e®ect
of generalizingand dropping terms (lines 2 and 3 of Minimize ) is that of removing
atoms. The result of removing atoms from a fully inequated meta-clauseneednot
be fully inequated. More precisely we might end up with terms in inequalities
that do not appear anywhere elsein the resulting meta-clause. As an example,
suppose[sy; c] = [f(a 6 b);(b& c);(a & c);p(a;b);q(c)g;fr(b);r(c)g]. If we drop
the constart b, then the resulting [s2; ?] = [f(a 8 ¢);q(c)g;fr(c)g]. Notice that
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term a is still amongs? inequalitiesbut it doesnot appear anywhereelse. To avoid
this, we arti cially needto x the inequalities of the resulting [s%; c°] to guarartee

that it is fully inequated,done by the following procedure:

Full y-Inequa ted-Fix ([s;c])
1 sPA s\ Atomsp(s[ ©)

2 return [ineq(s’[ o) [ s%d]

The resulting minimization procedureis:

Full y-Inequa ted-Minimize (H;A! a)
1 [sc;c]A Cons-Closure (Ant-Closure (H:[A;fag]))
2 for ewery functional termt in s, [ ¢, in decreasingorder of size
do Let [s9; %] be the meta-clauseobtained from [s,; ] after
substituting all occurrencesof the term t by a new variable x;
[s%; ] A Full y-Inequa ted-Fix ([s?; %))
if rhs (s2;c0) 6 ;
then [s;c] A [s2;rhs (s?;cD)]
3 for everytermtin s, [ c, in increasingorder of size
do Let [s9; c?] be the meta-clauseobtained after removing
from [sy; c] all those atoms cortaining t
[s2: 21 A Full y-Inequa ted-Fix ([s2;c2])
if rhs (s2;c0) 6 ;
then [s,; ] A [s2;rhs (s2; ¢)]

4 return [Sy;C]

Note that the only di®erencew.r.t. Minimize is the one line that xes the

meta-clause[s?; c?] both after generalizingand dropping terms.

Pairing. Givena matching %and two meta-clausegsy; cc] and [s;; ¢ ], its pairing

[s; c] is computedin the new algorithm as:
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Full y-Inequa ted-P airing (%[sx;cl;[Si; G])

1

2
3
4

VA s\ Atomss (sy)
YA s\ Atomss(s;)
[s;c] A Pairing (%[s; cJ; [s% G1)

return Full y-Inequa ted-Fix ([s;c])

That is, we ignore the inequalities, compute the \normal" pairing, and then we

add all the inequalities neededat the end. Finally our learnability result is:

Theorem 56 The madi ed algorithm learns the classof fully inequated closel Horn

expressionsmaking O(ct?) calls to the equivalen@ oracleand O(c?t?2*V) to the mem-

kership oracle. Furthermore, the running time is polynomial in c+ tV.

It is important to obsene the reduction in the number of queriesmade by the

modi ed algorithm. This is particularly signi cant for the number of equivalence

gueries. This number is reducedto a polynomial if a is consideredconstart. The

number of menbership queriesis alsoreduced,although the exponertial dependen-

ciesremain unchanged.
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Chapter 6

The VC Dimension

The remainderof this thesisis concernedwith nding lower boundson the problem
of exactly learning rst order closedHorn expressionsrom menbership and equiv-
alencequeries. In fact, the lower bounds deweloped here hold even for rst order
Horn expressionsvhich are both rangerestricted and constrained.

This chapter characterizesthe Vapnik-Chervonenkisdimension(VCDim) of rst
order Horn expressions.t is known that the VC Dimensionprovidestight bounds
on the number of examplesfor PAC learning (Ehrenfeudit et al., 1989)as well as
a lower bound for the number of equivalenceand menbership queriesfor exact
learning (Maassand Turfin, 1992). We parameterizethe classof rst order Horn
expressionswith the parametersc, t, and | that stand respectively for number of
clauses,maximum number of (distinct) terms per clause,and maximum number of
literals per clause.

It is well known that for a nite classT, we have VCDIim(T) - logjTj. In
Section 4.2.3 we showv that DAGSizg E) = O(ct + cl) for every rst order Horn
expressionE. Hence,if H' ¢t is the classof rst order Horn expressionswith at
most c clauses,at most t terms per clause,and at most | literals per clause,then
Hoetl . 20et+e) where O(Q is usedto hide logarithmic factors. From this we
canconcludethat VCDim(H" ©t') = O(ct+ cl). The rest of this chapter shows that
VCDIim(H" &ty = -( ¢l + ct).
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We start with the necessaryde nitions (Blumer et al., 1989).

De nition 29 Letl| beaset,H u 2',andSp |. Then! 4(S)=fh\ Sjh2 Hg
is the set of subsetsof S that can be obtained by intersectionwith elemens of H.
If j! 4(S)j = 251, then we say that H shattersS. Finally, VCDim(H) is the sizeof

the largestset shatteredby H (or 1 if arbitrary large setsare shattered).

In our casel is a set of interpretations, and H is someclassof rst order
Horn expressionsinterpreted under .  We identify every h 2 H with the set
of interpretations that satisfy h. Hence, the lower bounds that follow from our
constructionsapply to the setting of learning from interpretations only.

In Theorems57 through 61 we construct setsof interpretations of appropriate
cardinality, and shav how to shatter them by giving families of rst order Horn
expressionsseparating ead possibledichotomy of the interpretation sets. In our
constructionswe make extensiwe useof the function mappingsin the interpretations
to ensurethat terms evaluate to appropriate valuesin the interpretations so that

separationis guararteed.

Theorem 57 There existsa setof c interpretationsthat can be shattered using rst
order Horn expressionsboundel by N Clauses: ¢, NTerms - logc+ 3, NLits = 2,
NVars= 0, Depth= logc, Arity = 2, NFuncs= 4 and NPreds= 2

Pro of. We constructa setof c di®erert termsusingafunction f of arity 2 andthree
constarts 1, 2 and 3 and by forming ground terms of depth logc in the following

manner:
T = ff (a;f (an f (g f (iif (ge;3):))ja 2fl,2gforall 1- i- logeg

Notice that there are exactly 2°9¢ = ¢ such terms. Moreover, every term in T is of
size2logc+ 1 and cortains at most logc+ 3 distinct subterms.
Ead interpretation | in the setof interpretations | to be shatteredcortains in

its extensiona singleatom P (f) wheref' 2 . Hence,jl j = jfj = c. In addition, the
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domain of the interpretation I, consistsof the £(log c) objects correspndingto the
subtermsappearingin f (including itself) and a distinguishedobject =. The function
mappingfor f is de ned to follow the functional structure of the distinguishedterm
f, undened ertries are mapped to o. Notice that any term t°2 T s.t. £6 t%is
mapped to the special object @ under the interpretation | .

Now, we de ne the Horn expressionHs using predicate symbols P=1 and F=0

that separatesany arbitrary subsetS u | as

a

Hg = ©P(f)! FO 1;2S

Any interpretation in S falsi es oneof the clausesin Hg, and hencefalsi es the
wholeHorn expressionany interpretation not in S falsi es every clause'santecedert
in Hs sincethe term preser in the clauseis mapped to the special object & which

doesnot appearin any of the interpretations' extension. ¥

A VC Dimension construction of (Khardon, 1999a)usesa signaturethat grows
with NTerms. The following theorem modi es this construction to usea xed

signature.

Theorem 58 For | - t2, there existsa setof | interpretationsthat can be shattered
using rst order Horn expressionshounded by N Terms = 2t, Nvars - t, Depth=

logt, NLits - I, NPreds= 3, NFuncs= 1, Arity - a and NClauses= 1.

Pro of. We construct a set of interpretations | that is shattered using rst order
Horn expressionswith parametersas stated. Fix a and t. The expressionsuse a
O-ary predicate F (), a unary predicate L and a predicate symbol Q of arity log; |.
Let

Notice that jQgj = t'°9' = 1.
Let f be a binary function, and let f be the term represeted by a binary

balancedtree of depth logt whoseleavesare labeledby the objects1:::t (in order)
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and whoseinternal nodesarelabeledby the function symbol f . Sud aterm cortains
2t subterms. The domain for all the interpretations in | includesobjects f 1, ::;tg,
an object for eat subterm of f, and a special object @. The function mappings
for f follow the functional structure of f with unde ned entries completedby the
special domain object =. Interpretations include in their extensionthe atom L (f)
and all the atomsin Qg exceptone. Hence,there are | interpretationsin | .

The expressionthat separatesan arbitrary S pu | isHgs = Cs ! F(); where
F() is a nullary predicate symbol and Cs is the intersection of the Q() atoms in
the extensionsof all the interpretations in S plus the atom L(f) after substituting
every domain object j 2 f1;::;tg by a correspnding variable X; .

Supposel 2 S. Takethe substitution fx; 7! jg. Then| falsi es Hs becausats
anteceden Cs is satis ed (it is a subsetof the extensionof | ) and its consequeh
F() is falsi ed. Supposeon the other hand that | 62S. Substitutions other than
fx; 7! jg falsify the anteceden of Hs becauseof the atom L(f). The clauseHs is
satis ed under the substitution x; 7! j becausethe \omitted Q" in |'s extensionis

presen in Cs. ¥

Theorem 59 For| - t?2, there existsa setof cl interpretationsthat can be shattered
using rst order Horn expressionshounded by N Clauses- ¢, NTerms = £(log c+
t), NLits - |, NVars - t, Depth= £(log c+ logt), Arity - a, NFuncs= 5 and
NPreds= 3.

Pro of. Let | be the setshatteredin Theorem58. We create a new set of inter-
pretations | * of cardinality cl in the following way. We have an additional set of ¢
terms constructedin the sameway asin Theorem57, let us denotethis set T,. As
in Theorem57, T, cortains c distinct terms of depth logc ead.

We augmert the interpretations in the construction of Theorem58by assaiating
| 2 | with a newterm in T, (and hencewe create ¢ new interpretations in | *
for ead old interpretation in 1), adding logc new objects and the correspnding

functional mappings following the terms' structure, completing unde ned ertries
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with the special object &. Additionally, we include the atom F(r) in ead of the
interpretations' extensiongnotice that aterm c®evaluatesto @ in the interpretations
which do not have c® astheir distinguishedterm). Hencejl *j = cl.

The new expressionseparatingan arbitrary subsetS p | * is Hs:

n — 0
I Fe)e2 T, ;

Cs

¢

where S, is the subsetof interpretations in S with distinguishedterm € and Cs, is
constructedasin Theorem58.

We nally provethat | falsiesHs i®1 2 S. Supposethat € is the distinguished
term in T, assaiated to |. Terms® 6 € evaluate to & under |, and every clause
with consequen other than F(€) in Hs is hencesatis ed. The clausecorntaining

F(€) isfalsied i® 1 2 S, by the samereasoningasin Theorem58. ¥

The next result shows that by varying the number of terms we can shatter

arbitrarily large setswith a xed signature.

Theorem 60 There existsa setoft interpretationsthat can be shattered usingHorn
expressionshoundal by NClauses= 1, NTerms - 4t, NLits = 2, NVars = 0,
Depth= 2logt + 2, Arity = 2, NFuncs- 9and NPreds= 2.

Proof. Lett = klogk for somek 2 N. Using the samesignature as in Theo-
rem 57 we generatea set T of k terms of depth logk eah. We assaiate to every
interpretation a term in T and an index i 2 f1;::;logkg and we denote by Y
the interpretation assaiated to (fi) 2 T £ f1;:;;logkg. Thus, we have a set of
interpretations | s.t. jl j = jfjjf 1;::;logkgj = klogk = t.

Given a subsetS p |, we construct a big term TREEg which intuitiv ely as-
scciatesto every possibleterm fin T a set of indices Iy wherely = ©i_|ei 2 Sa.
We then appropriately de ne the function mappingsin ead interpretation Iy so
that the term TREEs evaluatesto a specialdomain object y i® index i appearsin

the setof indicesfor term f encaledin TREEs. Eadh interpretation includesin its
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extensionthe atom M (y) sothat the clause
Hs = M(TREEs)! F()

is falsi ed by interpretation | i® the term TREEs ewaluatesto y under .

We rst descrike the structure of the term TREEs. Let Sy be the subsetof
S consistingof interpretations |y, in S and let |y = ©i_lﬁi 2 Spa. We encale the
set lp with the term f;, (fi,(¢e¢f; , (a)) ¢¢h wherei; = 0 if j 62l andij = 1
otherwise. Denote this term by t;.. As an example,assumelogk = 6 and let the
setlp = £1;4;5g. Then, t;, = f1(fo(fo(f1(f1(fo(a)))))). Notice that we are using
two unary functionsf, and f; and a constart a. Next we usea binary function g to
encalethe assaiation betweenterms f'and their setsof indicesl, asg(f, t,,). Finally,
TREESs is constructed as a balancedtree (using binary function h) whoseleaves
areterms of the form g(f} t,,), for every £ 2 T. As an example,supposek = 4. Then
T = ;6 f5; f40, wherefy, = £ (1;f (1;3)), £ = f(1;f(2;3)), fs = f(2;f (1;3)) and
fa = f(2;f (2;3)). SupposeS = f(f1; 1); (f2; 2); (f5; 1); (f5; 2)g. Then:

2 o, =1f1g, lp, = f29,lp, = f1;2gand Iy, = fg.
>t = falfo(@). t, = folfa(@). by, = fa(fa(@) andt, = fo(fo(a)).

2 TREEs =
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Let us now descrike in detail the domain and function mappingsfor interpreta-

tion ;. The domain objects are:
2 Three special objects g; y; n.

2 Up to logk + 3 distinct objects that represen all terms and subtermspresett

in the distinguishedterm f.

2 Up to 2k + 1 objects represeting all the possibleterms and subterms of
the vector indices f;, (f;,(¢¢¢f;  , (a)) ¢¢9 for all possiblei; 2 f0;1g where
1-j - logk.

The function mappingsare de ned as follows:

2 The constaris 1; 2; 3 potertially appearingin f are mapped to objects 1; 2; 3.
The mapping for binary function f follows functional structure of f, with

unde ned ertries mapped to the special object x.

2 The constart a is mappedto object a. Unary functions f, and f; alsomimic

the functional structure of terms and subtermsof f;, (f;,(¢¢c¢f; , (a)) ¢¢§ for

iIog k

all possiblei; 2 f0;1g wherel- j - logk.

2 The binary function g(t;;t,) is mapped to special object y i®t; = f and the
unary function usedat depth i in term t, is f;. Otherwise it is setto the

special object n.

2 Finally, the binary function h(al; a2) is mappedto domain object y i® either

al =y or a2 =y, otherwiseit is mapped to object n.

Finally, the only atom true in ead interpretation is M (y).

We prove that |y falsies Hs i® Iy; 2 S. Notice that Iy falsies Hs i® Iy
satis esthe atom M (TREEs) i®the term TREEs is mappedto the domain object
y under |y, i® someterm g(t;;t;) is mapped to y i® term g(f t,) is mapped to y
(other terms g(t1;t,) wheret,; 6 f are mappedto n by construction) i® the unary

function usedat depthi interm ty isf; i®ly 2 S.
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We nally quartify the complexity of the parametersusedin Hs: it has1 clause,
2 literals, no variables,usesonesingleterm of depth £(log k) (that is O(logt)) which
contains £( k logk) subterms(that is £( t) subterms)that are built from 4 constarts,

5 function symbols whosemaximal arity is 2. ¥

Theorem 61 There exists a set of ct interpretations that can be shattered using
Horn expressionsboundeal by N Clauses: ¢, NTerms = £(t + logc), NLits = 2,
NVars = 0, Depth= O(logt + logc), Arity = 2, NFuncs- 9and NPreds= 3.

Pro of. We extend the previousconstruction. Let | be the set shatteredin Theo-
rem 60. We createa new set of interpretations | * of cardinality ct in the following
way. We have an additional set of ¢ terms constructedin the sameway asin The-
orem 57 but using as constarts 1,2,3 and as binary function g; let us denote this
set T.. Asin Theorem57, T, cortains c distinct terms of depth logc ead. Notice
that we can safelyre-usethe constaris 1,2,3and the function g sincetheseare not
conmbined in the previous construction.

As before,we augmert the interpretations in the construction of Theorem60 by
assaiating | 2 | with anewterm in T, (and hencewe createc newinterpretationsin
| * for ead old interpretation in | ), adding logc new objects and the correspnding
functional mappingsfollowing the term's structure. Hencejl *j = ct. In addition
we modify the predicate M which now has arity 2. The only atom true in | is
M (&;y) where¢ is the distinguishedterm in T, assaiated with 1 .

The new expressionseparatingan arbitrary subsetS p | * is:

n — (0]
Hs= M(&TREEg,)! F(O)e2 T, ;

where S, is the subsetof interpretations in S with distinguishedterm €.

We nally provethat | falsiesHs i®1 2 S. Supposethat € is the distinguished
term in T, ass@iatedto I. | cortains the atom M (&;y) in its extension,and every
clauseM (> TREEs,) ! F() in Hs s.t. ¢6 c°is satis ed sinceterm c” does not
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evaluate to domain object ¢ under |. The clauseM (¢;TREEs,) ! F() is falsi ed

i®1 2 Se by the samereasoningasin Theorem 60. ¥

It is not hard to seethat the constructionsgivenabove canbe modi ed by adding
dummy argumerts in the antecedenn and consequeh so that the expressionaused
to shatter the given setsare both range restricted and constrained. For example,
in the construction of the proof of Theorem61, we can useas separating rst order

Horn expression(now rangerestricted and constrained):

n — (0]
Hs= M(¢TREEs,)! F(¢TREEs,) €2 Te ;

and regardlessto what the terms ¢ and TREEs, ewaluate, they are always false
since no atom with predicate symbol F is present in any of the interpretations’

extensions.Similar obsenations hold for the other constructions. Thus we get:

Corollary 62 LetS be a signature with at least 9 function symliols, 3 predicatesand
arity at least 2. The VC Dimension of the classof rangerestricted and constrained
“rst order Horn expressionsover S with at most ¢ clauses,eachusingupto | literals

andt + logc termsis -( cl + ct).

We note that the fact that we get an (almost) asymptotically tight bound of
£( cl + ct) for the VC Dimension supports our result from Chapter 4 stating that
the parametersc;l;t arethe right onesto capture the complexity of rst order Horn
expressions.

From the resultsin (Maassand Tur@in, 1992) and in this chapter we conclude
that any algorithm that exactly learns the classof closedHorn expressionsamust
make <{ cl + ct) menbership and equivalencequeries. Notice that this is the best
possiblelower bound that the VC Dimension can provide. This still leavesa gap
to our upper bound derived from the learning algorithm in Chapter 5 which is
polynomial in c+ t¥. The main discrepancyis in the exponertial dependencein v.

In the next chapter we study the Certi c ate Size which is a powerful technique that
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also giveslower boundsfor the query complexity of learning in our model.
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Chapter 7

The Certi cate Size

This chapter is a rst step towards nding the certi cate sizeof rst order Horn
expressionsHere,we explorethe certi cate sizeof variousclasse®f booleanexpres-
sions. We give constructions of polynomial certi cates for monotone CNF, unate
CNF and Horn CNF. The construction of certi cates for the Horn caseis based
on an analysisof a standardizedrepresetation for Horn expressionsvhich we call
saturation, and that might be usefulin other settings.

Query complexity canbe characterizedusing the combinatorial notion of certi -
cate size (Hellersteinet al., 1996;Hegedus,1995)| seealso(Balc§zar, Castro, and
Guijarro, 1999;Angluin, 2001). In particular, Hellersteinet al. (1996)and Hegedus
(1995)show that aclassT is exciently learnablefrom equivalenceand memnbership
queriesif and only if the classT has polynomial certi cates. Informally, T has
polynomial certi cates if for every conceptnot in T there is a small set of instances
in the domain that distinguishesit from all the conceptsin T (we give formal de -
nitions later). Note that only query complexity is consideredhereand running time
is not measured,sothis notion is wealer than polynomial time learning with equiv-
alenceand menbership queries. However, since nding polynomial certi cates may
be easierthan nding ezcient algorithms for a particular conceptclass,certi cates
make an attractiv e choicefor exploring the learnability question.

The learnability results that follow from our certi cate constructionsfor mono-
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tone, unate and Horn CNF are wealer than the learning algorithms for theseclasses
(Valiant, 1984;Angluin, 1988;Bshouty, 1995;Angluin, Frazier, and Pitt, 1992;Fra-

zier and Pitt, 1993)sincewe obtain query complexity results and the results cited

are for time complexity. Howewer, the certi cate constructions which we give are

di®eren from thoseimplied by theseearlier algorithms, and may be usefulin sug-

gestingnew learning algorithms. We also give new lower boundson certi cate size
for eat of these conceptclasses.For someparameter settings, our lower bounds

imply that our new certi cate constructionsare exactly optimal.

Finally, we also considera natural generalizationof these classeshamely the
classof renamableHorn CNF expressions.While unate CNF and Horn CNF eat
have polynomial certi cates, we give an exponertial lower bound on certi cate size
for renamableHorn CNF. This answers an open question of Feigelson(1998) and
proves that renamableHorn CNF is not exciently learnablein polynomial time

from membership and equivalencequeries.

7.1 De nitions and notation
Here we intro duce someof the notation and de nitions that we usein this chapter.

De nition 30 Let x;y 2 f0;1g" be two assignmets. Their intersectionx \ y is

the assignmen that setsto 1 only thosevariablesthat are 1 in both x andy.

De nition 31 The DNF size of a boolean function f p f0; 19", denotedf jy\r
is the minimum number of terms in a DNF represemation of f. The CNF size of
f, jficne . 1S de ned analogously In general,let R be a represetation classfor
booleanformulas. Then jf j, is the sizeof a minimal represemation for f in R. If

f 62R, we assignjf j; = 1 .

Denition 32 Let B be a booleanclass,i.e. B p 2%9", Then B° ™ denotesthe

subclassof B of conceptsof sizeat most m.
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De nition 33 Let R be a classof propositional expressionsde ning a boolean
conceptclassB. The classR has polynomial certi c ates if there exist two polyno-
mials p(¢ § and q(¢ § sud that for every n; m > 0 and for every booleanfunction
f uf0;19" s.t. jfjz > p(m;n), thereis a setof assignmets Q p f0; 19" satisfying

the following:
1. jQj - g(m;n) and
2. for every g2 B° ™ thereis somex 2 Q s.t. g(x) 6 f (x)

In other words, (2) statesthat no function in B ™ is consiste with f over Q.

7.2 Certi cates for monotone and unate CNFs

In this section we construct polynomial certi cates for anti-monotone CNFs and
then we generalizethe construction to unate DNFs. This is to facilitate the pre-
sertation of certi cates for Horn CNF. A certi cate for unate DNF was given by

Feigelson(1998) (formal de nition of unate DNF can be found below):

Theorem 63 (Feigelson (1998)) The classesof monotone and unate functions
under DNF have polynomial size certi c ates with p(m;n) = m and g(m;n) =

Oo(mn). ¥

Feigelson'sconstruction is basedon the fact that to shov that a unate DNF
function hasmorethan m terms, it is suzcient to provethat it hasm+ 1 minterms,
which can be done by including in the certi cate m + 1 positive assignmets cor-
responding to the minterms and O(mn) negative assignmets correspnding to the
assignmets onelevel below the positive ones. A term t is a minterm for a boolean
function f if t £ f but t°6j f for every other term t°%4 1.

We next showv a construction that achieves a certi cate of size O(m?) which

improves Feigelson'sconstruction whenm < n.
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An anti-monotone CNF expressions a CNF whereall variablesappear negated.

In this casewe have that anti-monotone CNFs satisfy:
8x;y2f0;19" : if x< ythenf(x), f(y);

where< betweenassignmets denotesthe standard bit-wise relational operator.
Notice that an anti-monotone CNF expressioncan be seenas a Horn CNF

whoseclauseshave empty consequets. As an example, the anti-monotone CNF

(a_b~ (b_ &) is equivalert to the Horn CNF (ab! false )~ (bc! false ).

Theorem 64 The classof anti-monotone CNF haspolynomial sizecerti ¢ ateswith

¢
p(m;n) = m and g(m; n) = Imgl +m+ 1

Proof. Fix min> 0. Fix any f u f0;1g" s.t. jfj i moncne > P(M;N) = m. We
proceedby cases.

Casel. f is not anti-monotone. In this case,there must exist two assignmets
X;y 2 f0;19" s.t. x < y but f(x) < f(y) (otherwisef would be anti-monotone).
Let Q = fXx; yg. Notice that by de nition no anti-monotone CNF can be consister
with Q. Moreover, jQj = 2 - g(m;n).

Case?2. f is anti-monotone. Letc, "¢ ™ ::™ ¢y ™ ::”™ ¢ beaminimal
represemation for f. Notice that k , m+ 1 sincejf j i moncne > P(M;N) = m.
De ne assignmeh x[%1 asthe assignmen that setsto 1 exactly thosevariablesthat
appear in ¢'s anteceden. For example,if n = 5and ¢ = vsvs ! false then
x[¢1 = 00101.

Remark 2 Noticethat every x[%] falsi'es ¢ (antecede is satis ed but consequen
is false ) but satis es every other clausein f. If this were not so, then we would
have that someother clauseg in f is falsied by x%], that is, the anteceden of
G is true and thereforeall variablesin ¢ appearin ¢ aswell (i.,e. ¢ p ¢). This
is a cortradiction since ¢ would be redundart and we are looking at a minimal

represemation of f .
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Now, de ne the setQ = Q" [ Q' where

_ a a

. © © —
Q = x 1. . m+1 andQ* = xEI\ x4l 1. i<j. m+1 :

Notice that jQj - im;1¢+ m+ 1= g(m;n). The assignmets in Q' are negative
for f, sincex!®! clearly falsi es clausec (and henceit falsi es f). The assignmets
in Q* are positive for f. To seethis, supposesomex!©l\ x[&1 2 Q* is negative.
Then there is someclausec in f that is falsi'ed by x[€1\ x[G1 2 Q*. That is, all
variablesin c are setto 1 by x[%1\ x[%1 2 Q*. Therefore, all variablesin c are set
to 1 by x[%1 and x[41 and they falsify the sameclausewhich is a cortradiction by
the remark above. Hence,all assignmets in Q* are positive for f .

It is left to show that no anti-monotone CNF g S.t. [Oi.ni-moncne = M IS
consisten with f over Q. Fix any g= ¢ ~ ::”~ with | - m. If gis consistern
with Qi , then thereis a c®2 g falsi ed by two di®eren x5; x[%1 2 Qi | we have
m + 1 assignmets in Qi but strictly fewer clausesin g. Sincethey falsify ¢ all
variablesin caresetto 1 in both x(%1 and x[41. Therefore,all variablesin c® are set
to 1 in their intersection x[%1\ x[41. Hence,clausec® (and therefore g) is falsi ed
by x[61\ xl&l Thus, x61\ x5! 2 Q* is negative for g and g and f cannot be

consister. ¥

By duality of the booleanoperatorsand DNF/CNF represetations we get that
monotone CNF, monotone DNF and anti-monotone DNF have polynomial certi -
catesof sizeO(min (mn; m?)).

Now, we generalizethe previousconstructionto unate DNF. First we needsome

useful de nitions.

De nition 34 Let a;x;y 2 f0; 19" be three assignmets. The inequality between
assignmets X - yyisdenedasx©a - y© a, where- is the bit-wise standard
relational operator and © is the bit-wise exclusive OR. Also, we note X <, y I®

X+ aybuty6,X.
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De nition 35 A booleanDNF function f (of arity n) is unate if there existssome
assignmeh a sudh that 8x;y 2 f0;19" : (X <ay =) f(x) - f(y)): Equivalenly,
a variable cannot appear both negatedand unnegatedin any minimal DNF repre-

sertation of f. Variablesare either monotoneor anti-monotone.

De nition 36 Let a;x;y 2 f0; 19" bethree assignmets. Let ai] be the i-th value
of assignmeh a. The unate intersectionx \ .y is de ned as:
8
. x[i]™ yli] ifafif=0
x\aylil= . _ _
- X[i]_vyl[i] otherwise
The following is a generalizationof Theorem64; its proof follows alongthe same

lines:

Theorem 65 Unate DNFs havepolynomial size certi ¢ ateswith p(m;n) = m and

¢
q(m; n) = Imgl +m+ 1.

¢
Pro of. Let p(m;n) = m and g(m;n) = 'mgl + m+ 1. Fix m;n > 0. Fix any
f uf0 19" s.t. jf j,haeone > P(M;N) = m. Now we proceedby cases.
Casel. f isnot unate. In this casethere must exist four assignmets x; y; z; w 2

f0;1g" and a positioni (1- i - n) sud that:
2 x[j1=y[ilforall 1- j - n;j & i and x[i] < y]i]
2 z[j]=wlj]forall 1- j - n;j 6 i andz[i] > w(i]
2 f(x) > f(y) andf (2) > f (w)

Let Q = fx;y;z;wg. Notice that jQj - q(m;n). To seethat no unate DNF can
be consistert with f over Q, take any unate DNF g and supposeit is. Let a be the
assignmeh mertioned in De nition 35for g. If afi] = 0 (i-th value givenby a) then
we have that x - 5 y but g(x) > g(y). If afi]= 1thenz - 5 w but g(z) > g(w).

Thereforethere can not be any unate function consiste with f over Q.
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Case2. f is unate. Let a be the assignmeh witnessingf being unate. Suppose
w.l.0.g. (just renamevariablesaccordingly)that a= 01" " wherer isthe number of
monotonevariablesin f . Supposethat the variablesin f arefvy;:::;v,0. Therefore,
variablesf vy; ::1; v, g appear always positive in f and variablesfv, ., ;:::; v g appear
always negative. Lett; _t, ity _ ity be a minimal DNF represetation
of f. Notice that k , m+ 1 sincejf j, ,epne > P(M;N) = m. De ne j-th value of
assignmen xlil as(for 1- j - n):

8
% if j - r andv; appearsin t

if j - r andyv; doesnot appearin t;
:

X[ti]l'j ] =
if j > r and ¥ appearsin t;

R O O

if j > r and ¥ doesnot appearin t;

Now, de ne the sets

© _ a
Q"= xMl 1. i . m+1
© — a
Q = xthh xbl 1. i<j. m+1
Q=Q" [ Q"

Notice that jQj - jQ'j+ jQTj - im§1¢+ m+ 1 = g(m;n). The assignmets
in Q* are positive for f , sincex!tl clearly satis'esterm t;. The assignmets in Qi
are negative for f . To seethis, supposesomex!til\ , x[il is positive. Let t 2 f bea
term that is satis ed by x[1\ , xl]l, That meansthat variablesamongfvi;:::;v,g
appearingin t aresetto 1 by x[ti\  x[i! (thereforein x!1l and x!t!, too) and variables
amongfv;.1 ;1 v,g appearingin t are setto 0 by x[i1\ , xl4]1 (thereforein x[t! and
xl, too). That is,t g t; andt p t; which is a cortradiction becausesometerm
in f would be redundart and we have assumedsomeminimal represemation of f .
Hence,all assignmets in Q' are negative for f .

It is left to shaw that no unate DNF g S.t. jOj aepne - M IS CONsistert with

f overQ. Fix any g=t9_::_tPwith | - m. If gis consisten with Q*, then
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there is a t°2 g satis'ed by two di®eren x[il; xltil 2 Q* (becausewe have m + 1
assignmets in Q* but lessthan m + 1 termsin g). Sowe have that x!l = t®and
x[il = t% Hence,all variablesappearing in t° have the samevalue in xi! and xti1,
and thereforethey have the samevaluein x[1\ _x[ti! sothat xtil\ ,x1 = t° Then,

xltil\ , xli12 Qi is positive for g and g is not consisten with f over Q. ¥

Corollary 66 Unate CNF/DNF havecerti ¢ ates of size O(min (mn; m?)):

Pro of. By duality of the DNF/CNF represemations. ¥

7.3 Saturated Horn CNFs

This section dewelops a \standardized" represemation for propositional Horn ex-
pressionswhich can be obtained by an operation we call saturation. We establish
properties of saturated expressionghat make it possibleto construct a set of cer-

ti cates in a similar way to the caseof anti-monotone CNF.

De nition 37 Letf beaHorn CNF. We de ne Saturation(f ) asthe Horn expres-

sion returned by the following procedure:

Satura tion (f)

1 SatA f

2 repeat

3 if thereexists;! h,s;! hinSatst. h6h,s usy,h 6
4 then sPA s [ fhg

5 replaces; ! h with s°! b in Sat.

6 until no changesare madeto Sat

7 return Sat

This proceduremust terminate within O(mn) time steps,wherem is the number

of clausesn the initial expressionand n is the number of variables: we canadd up
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to mn variablesto the antecedens of the clausesin f, and after every execution of
the loop at least onevariable is added.
By a saturation of f we meanany of the possibleoutcomesof the procedure

Satura tion (f).

Example 14 Notice that an expressioncan have many possiblesaturations. As
an example,takef = fa! b;a! cg; this expressionhastwo possiblesaturations:
Sat; = fac! bja! cgandSat, = fa! b;ab! cg. Clearly, the result depends

on the order in which we saturate clauses.

Lemma 67 Every Horn expressionis logically equivalentto its saturation.

Pro of. We shaw inductively that after ewery iteration of the main loop in the
procedureabove the logical value of the expressiorbeing computeddoesnot change.
Suppose, then, that we are about to changethe expressionSat. Let Sat be the
expressionbefore the change and Sat° after. Let s; ! b 2 Sat be the clause
updatedto s°! kK 2 Sat® We have to shov that Sat ~ Sat’® The direction
Sat  Sat%is easy To show this, noticethat s;! b = s°! b sinces? hasjust one
more variable than s;. For the other direction Sat® = Sat x an arbitrary x sud
that x £ Sat® We shaw that x F Sat, too. It holdsthat x | C°for all clauses
C%2 Sat® Trivially, x | C for all C 2 Sat otherthan s; ! . It is left to show
that x F s; ! h also. The two following casesarise: (1) the extra variable in s?
(w.r.t. s)) issetto 1 by x, or (2) it is setto 0. If (1) holds, then it is easyto see
that X F si! Qb i®xF s?! h andwe concludex F s;! Q. If (2) holds, then let
s; ! b be the clausethat was usedto add the extra variable (i) to s?. We have
seenthat x F s; ! Bh andthat b is setto O, therefores; must be falsi ed by x
(that is somevariablein s; is setto 0 by x). Notice, too, that s; p s;. Hence,some

variable in s; must be setto O by x, too. Thusx F s;! b asrequired. ¥

Notice that we usethe notion of a \sequertial* saturation in the sensethat we

usethe updated expressionto cortinue the processof saturation. There is a notion
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of \simultaneous" saturation that usesthe original expressionto saturate all the
clauses. Lemma 67 does not hold for simultaneous saturation. An easyexample
illustrates this. Let f = fa! b;a! cg. Clearly, SimSat(f) = fac! b;ab! cgis
not logically equivalert to f (noticef = a! bbut SimSat(f) 6 a! b).

De nition 38 An expressionf is saturated i® f = Satur ation(f ).

De nition 39 A clauseC in a Horn expressionf is redundantif f nfCg”~ f. An

expressionf is redundart if it corntains a redundart clause.

Lemma 68 If a Horn expressionf is non-redundant, then all of its saturations are

non-redundant, too.

Pro of. We show that if any xed but arbitrary saturation of f is redundart (call
it Sat%, then f hasto be redundart, too. Assumethat Sat®is redundart. We
argue inductively on the number of changesmade to the expressionf during the
saturation process.

Basecase:f is saturated (i.e. f = Sat9. Clearly f is redundart if Sat®is.

Step case: f is not saturated (i.e. f 6 Sat9). Considerthe last change made
by the saturation procedurebefore obtaining Sat®. Let Sat be the expressionjust
before obtaining Sat’ let s; ! h 2 Sat be the clausereplacedby s°! b 2 Sat®
usings; ! b 2 Sat. Notice that s?= s;[ fhg andthat Sat and Sat® coincidein
clausesother than s; ! kK ands?! h. SinceSat®is redundart, there is a clause
C% 2 Sat® that can be deducedfrom the other clausesof Sat’ Therefore, there
is a minimal derivation graph G° of Sat®nC°* C° Denote C 2 Sat the clause
correspnding to C%in Sat®. Now we proceedby cases.In every casewe transform
GP proving redundancyof the clauseC in Sat.

Casela. If s°! b doesnot appearin the derivation graph and C°6 s?! 1k,
then no modi cation is neededto shav that C = C%is redundart in Sat.

Caselb(i). If C°= s°! h and the addedly doesnot appearin G° then no

modi cation is neededand G°shavsthat C = s; ! R is redundart in Sat.
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Caselb(ii). If C°= s?! h and the addedh appearsin G° then we just add
edgesb! b for every b2 s; (rst add nodesb 2 s; not in G° already!). Notice
that this is a valid derivation graph for the redundart C = s; ! b from Sat.

Case2. Now supposethat the updated clauseappearsin the proof. Notice that
the variable j hasto be di®eren from the consequen of the redundart clause. If
this were not so, we would have a smaller derivation graph, cortradicting the fact
that we assumea minimal one. Therefore, the clauses; ! b usedto saturate
cannot be CPitself. We modify G°in the following way. If the variable b hasonly
one edgegoing to b, we simply remove by, the edgelhy ! D, all edgesa ! Q
reacing b and any unconnectedparts remainingin the derivation graph. If b has
more edgespointing at variablesother than by, we remove the edgely ! h but add
edgesb! h for every b2 s; (rst addingany b2 s; not in G%already).

In either case,we obtain that C 2 Sat is redundart. Applying the induction
hypothesis,we concludethat (the possibly unsaturated versionof) C is redundart

in the initial f. ¥

The corverseof the previouslemma doesnot hold. That is, there are redun-
dant expressiond with non-redundan saturations. As an example: f = fab'!
c;c! d;ab! dg is clearly redundart sincethe third clauseab! d can be de-
ducedfrom the rst two. If we saturate the rst clausewith the third, we obtain:
Saturation(f) = fabd! c;c! d;ab! dg which is not redundart! Howeer,
if we saturate the third clausewith the rst, we obtain a redundart saturation

Saturation{f) = fab! c;c! d;abc! dg.

Lemma 69 Letf be a non-redundantHorn expression.Lets; ! bands;! bbe

any two distinct clausesin f with the sameconseuent. Then, s; 6ps;.

Proof. If sip sj,thens;! bsubsumess; ! bandf isredundart. ¥

Lemma 70 Let f be a non-redundant, saturated Horn expression. Let ¢ be any

clausein f . Let x° be the assignmentthat setsto one exactlythosevariablesin the
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antecedent of ¢. Then, x[9 falsi'es ¢ but satis es every other clausec®in f .

Proof. Letc= s! b Clearly, xI¥ falsies ¢ its anteceden is satis'ed but its
consequenis not. It alsosatis es ewery other clausec’= s°! KPin f. To seethis,
we look at the following two cases:if s°6ps, there is a variable in s°not in s. Hence
x[4 6j s®and xI¥ £ & Otherwise, s° p s and Lemma 69 guararteesthat b 6
(otherwisethere would be a redundart clausein f). Furthermore, ’2 s (otherwise

f would not be saturated). Thus, x4 F iPand x4 F ¢ ¥

7.4 Certi cates for Horn CNF

The following characterization is due to McKinsey (1943), although it was stated
in a di®eren cortext and in more generalterms. It was further explored by Horn
(1956). Finally, a proof adaptedto our setting can be found e.g. in (Khardon and
Roth, 1996). Horn CNF expressionsare characterizedby

8x;y2f0;1g": if xE f andyF f; thenx\ yF f (7.1)

Theorem 71 Horn CNFs havepolynomial sizecerti ¢ ateswith p(m;n) = m(n+ 1)

¢
and g(m; n) = 'mgl +m+ L

Proof. Fix m;n> 0. Fix any f p f0;19" s.t. jf j,nene = P(M;N) = m(n + 1).
Again, we proceedby cases.

Casel. f is not Horn. In this case,there must exist two assignmets x;y 2
fO;1g" st. x  f andy F f but x\ y § f (otherwisef would be Horn). Let
Q = fx;y;x\ yg. Notice that by (7.1) no Horn CNF can be consisten with Q.
Moreover, jQj = 3- g(m;n).

Case2. f isHorn. Letc; ™ ¢, ™ ::" ¢o be a minimal, saturated represemation
of f. Notice that k°, m(n+ 1)+ 1 sincejfj,,.cne > P(M;N) = m(n + 1) and
saturation doesnot produceredundart clauseswvhenstarting from a non-redundart

represemation (seeLemma68). Sincethere are more than m(n + 1) clausesthere
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must be at leastm+ 1 clausessharinga singleconsequenin f (there areat mostn+ 1
di®eren consequets amongthe clausesn f | including the constan false ). Let
theseclausesbec; = s; ! b;:ii;cc=s¢! b with k, m+ 1. De ne assignmenh
xl61 as the assignmen that setsto 1 exactly those variables that appear in ¢'s
anteceden. For example,if n = 5and ¢ = vavs ! Vv, then xI%1 = 00101. Dene
thesetQ = Q" [ Q' where

© .- a © _ a
Q = x&l 1. . m+1 andQ* = xlI\ x4l 1. i<j. m+1 :

Noticethat jQj = jQ"j+jQj - imgl ¢+ m+ 1= g(m;n). The assignmets in Qi
are negative for f , sincex[¢! clearly falsi"es clausec, (and henceit falsiesf). The
assignmets in Q" are positive for f . To seethis, we show that every assignmen
in Q" satis esewery clausein f . Take any assignmeh x%1\ x[%1 2 Q*. For clauses
c with a di®eren consequenthan ¢ (thusc 6 ¢;c 6 ¢), Lemma 70 shaws that
xl6l = cand xI41 E ¢. Sincecis Horn, xi&1\ x[61  ¢. For clauseswith the same
consequet as ¢ (and ¢), we have two cases.Either c6 ¢ orc6 ¢. If c6 ¢,
then Lemma 69 guararteesthat s 6us;, wheres is c's anteceden. Therefore some
variable in s is setto 0 by x[%1 and henceby x[%1\ x[%1 too. Thus, x[61\ x[&] = c.
The other caseis analogous.Hence,all assignmets in Q* are positive for f .

It is left to shav that no Horn CNF g S.t. jOj,omene - M IS consisten with f
overQ. Fix anyg= &~ ::APwith | - m. If gis consistett with Qi , then thereis a
2 g falsied by two di®eren x[¢1:x[1 2 Qi (becausewe have m + 1 assignmets
in Q' but strictly fewer clausesin g). Sincethey falsify ¢ all variablesin the
anteceden of c® are setto 1 in both x[%1 and x[41. Also, in both assignmets the
consequenof ®is setto 0. Therefore, the assignmeh x5\ x[51 setsall variables
in the anteceden of c® to 1 and the consequento 0, too. Hence, clausec® (and
thereforeg) is falsi ed by x[@1\ xG1 Thus, x[1\ x[61 2 Q* is negative for g and

g cannot be consisten with f over Q. ¥
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Next, we include an alternative construction of polynomial certi cates for Horn
CNF expressions.The reasonfor this is that this alternative construction, although
having worse query complexity bounds, seemsbetter suited to be generalizedto

“rst order Horn expressions We needthe following fact.

Fact 72 Let (S;* ) be a quasi-order (seepage 21). Let r be the length of the
longeststrict chains; A s, A .2 A's;, 1 A s,. Then, any subsetof S of cardinality

at leastr + 1 must cortain two elemerts s:;s®suc that s 61s®and s°6ts. ¥

Theorem 73 Horn CNFs havepolynomial sizecerti ¢ ateswith p(m;n) = m(n+ 1)

' ¢
and g(m; n) = Im(”+21)+1 +m(n+ 1)+ 1.

Proof. Fix m;n> 0. Fix any f p f0;19" s.t. jfj, nene > P(M;N) = m(n + 1).

Casel. f is not Horn. Exactly asCasel in the proof of Theorem71.

Case2. f is Horn. Let ¢ ™ ¢ ™ :: ™ o be a minimal, saturated repre-
sertation of f. Notice that k° , m(n + 1) + 1 sincejfj,,none > P(M;N) =
m(n + 1). Dene the setQ = Q°[ Q' whereQi = ©x[ci]_l- i~ mn+ 1)+ 1a
and Q°= ©x[Ci]\ xGl 1. i<j. mn+ 1)+ 1a : Notice that jQj = jQJ+ jQi | -
im(n+21)+l ¢ m(n+ 1)+ 1= g(m;n). In cortrast to the proof of Theorem71, the set
Q°may now cortain negative and positive assignmets: supposen = 4 and f con-
tains three clausesv;vo ! va, V4! vzandvy! v, Then, Q' § £110Q000% 100@
and Q% f100Q000@y. Clearly, 1000is negative and 0000is positive.

Fix an arbitrary Horn CNF g= 2~ ::~ P with | - m. Supposeg is consisten
with f over Q. Supposethat eat clausein g is falsi ed only by n + 1 assignmets
in Qi . Then only m(n + 1) assignmets in Qi are negative for g, and henceg
and f cannot be consisten over Qi . Hence,there exists a clausec® in g that is
falsi ed by at leastn + 2 assignmets in Q' . Let n + 2 of theseassignmets be
A = fxl@l;::;xl%2]lg andeath = 7! P forall1- |- n+ 2. Now we consider
chains sy 1/2::1/2S|°p, wherel- I; - n+ 2forall1- j - p(i.e. weconsiderproper
chains under set inclusion among the antecedeits of the clausescorrespnding to

the assignmets in A). Clearly, any sud chain is of length at most n + 1 because
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there are n variablesand s, might be empty. We apply Fact 72 and concludethat
there are two assignmets x[%1; x[91 in A p Q' sudh that s; 6us; and s’ 6ps;.

It holdsthat x!1 6 c®and x97 6j ¢ and we concludethat x1\ x5 & c® and
hencex@1\ x[%1 6] g (following the sameargumert asin the proof of Theorem71).

Now we shaw that x5\ xI&1 | c for every clausec 2 f. For clausesc other
than ¢’ and ¢, Lemma 70 guararteesthat xl%1 E cand x[91 E c. Sincec is Horn,
x\ x5 ¢, Forc= ¢, it holdsthat xI¥1\ xI ¢ becauses 6ps implies
that x7\ xI91 6j s7 sothat xI1\ xI91 £ ¢, Similarly, X7\ xI91 £ . We
concludethat x[1\ xI41 £ f sincex®1\ x[9! satis’es every clausein f. Thus, f

and g disagreeon x1\ x[41 2 QO which is a cortradiction. ¥

7.5 Learning from entailmen t

In the model of learning from interpretations, a certi cate is a set of interpreta-
tions (or assignmets in the caseof propositional logic). So far we have shawved
how to construct interpretation certi cates, sinceour constructions were basedon
assignmets. These constructions provide bounds for the complexity of learning
classesn the model of learning from interpretations. In the model of learning from
entailment, a certi cate is a set of clauses. We presen a generaltransformation
that allows usto obtain an erntailment certi cate from an interpretation certi cate.
Similar obsenations have beenmadebeforein di®eren cortext e.g. (Khardon and
Roth, 1999; De Raedt, 1997) where one transforms excient algorithms instead of
just certi cates. Note however, that for computational exciency we must be ableto

solve the implication problem for the languageof hypothesesusedby the algorithm.

De nition 40 Let x beaninterpretation. Then onegX) is the setof variablesthat

aresetin x.
Lemma 74 Letf be a boolean expressionand x an interpretation. Then,
w
x F f if andonly if f 6 onegx) ! bepnes(x) D
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Pro of. Supposex F f. By construction, x 6§ onegx) ! Wbﬁbnes(x) b. Supposeby
way of contradiction that f F onegx) ! Wbﬁz,nes(x) b. But sincex § onegXx) !

Wbemes(x) bwe concludethat x & f, which cortra\l/(\j/icts our initial assumption. Now,
supposex 6 f. Hence,there is a clauses ! b in f falsi ed by x. This can
happen only if s ©1 oneqx) and b 62onegx) for all i. Clearly, s ! W, h F

W W
onegXx) ! beanes(x) B Thereforef = onegx) ! bopnes(x) P ¥

Theorem 75 LetS be an interpretation certi ¢ ate for a boolean expressionf w.r.t.
w
a classB of boolean expressions. Then, the setfoneqXx) ! beanes(x) PJ X 2 Sg is

an entailment certi c ate for f w.r.t. B.

Pro of. If Sisaninterpretation certi cate for f w.r.t. someclassB of propositional

expressionsthen for all g 2 B there is someassignmen x 2 S sud that x E f

and x 6] g or vice versa. Therefore,by Lemma 74, it follows that f 6 onegx) !
beanes(x) D@Nd g = onegx) ! Wbﬁmes(x) bor vice versa. Giventhe arbitrary nature

of g the theoremfollows. Moreover, both setshave the samecardinality. ¥

7.6 Certi cate size lower bounds

The certi cate results above imply that unate and Horn CNF are learnablewith a
polynomial number of queriesbut as mentioned above this was already known. It
is therefore usefulto review the relationship betweenthe certi cate sizeof a class
and its query complexity. From (Hegedus,1995;Hellerstein et al., 1996) we know
that if CS(B) is the certi cate sizeof a certain classB, then its query complexity
(denoted QC(B)) satis es:

CS(B) - QC(B) - CS(B) log(jBj)

For the classof monotoneDNF there is an algorithm that achievesquery com-

plexity O(mn) (Valiant, 1984; Angluin, 1988). Since Iog(_monotoneDNF' m_) =
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£( mn), acerti cate resultis not likely to improve the known learningcomplexity. In
the caseof Horn CNF, there is an algorithm that achievesquery complexity O(m?n)
(Angluin, Frazier, and Pitt, 1992). Sinceagain Iog(_hornCNF‘ m_) = £(mn) im-
proving on known complexity would require a certi cate for Horn of sizeo(m). The
results in this sectionshow that this is not possibleand in fact that our certi cate
constructions are optimal. We do this by giving lower bounds on certi cate size.
Naturally, thesealsoimply lower boundsfor the learning complexity.

In particular, for every m;n with m < n we construct an n-variable monotone
DNF f of sizegreaterthan m and show that any certi cate that f has more than

m terms must have cardinality at leastq(m;n) = m+ 1+ 'm+1

> - We alsoshaw that

if m > n then there is a monotoneDNF of sizegreaterthan m that requiresa cer-
ti cate of size-( mn): Theseresultsalsoapply to both unate and Horn CNF/DNF

asdescrited below. We rst give the result for m < n:

Theorem 76 Any certi c ate construction for monotone DNF for m < n with

I'm+1

p(m;n) = m hassizeq(m;n), m+ 1+ 7

Proof. Let X, = fXy;::;X,9 be the set of n variablesand let m < n. Let
f =t;_ ¢¢¢_tn.1 wheret; is the term cortaining all variables(unnegated)except

Xj. Sud arepresemation is minimal and hencef hassizeexactly m+ 1. We showv

that any setwith fewerthan m+ 1+ '

m+1

,  assignmets cannot certify that f has

m+1

morethan m terms. That is, for any setQ of sizelessthan m+ 1+ ! )

assignmets,
we shaw that there is a monotone DNF with at most m terms consistert with f
over Q.

If Q cortains at most m positive assignmets of weight nj 1 then it easyto
seethat the function with minterms correspnding to thesepositive assignmets is
consisteh with f over Q. Hencewe may assumethat Q corntains at leastm + 1
positive assignmets of weight nj 1. Sincef only hasm + 2 positive assignmets,

one of which is 1"; Q must include all m + 1 positive assignmets correspnding

m+1

. e [
to the minterms of f: Thusif jQj < m+ 1+ 7

then Q must cortain strictly
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Im+1

¢
lessthan ",° negative assignmets. Notice that all the intersectionsbetween

pairs of positive assignmeis of weight nj 1 are di®eren and there are ' mgl ¢ suth
intersections. It follows that Q must be missing someintersection between some
pair of positive assignmets in Q. But then there is an m-term monotone DNF
consistert with Q which usesoneterm for the missingintersectionand mj 1 terms

for the other m j 1 positive assignmets. ¥

We can strengthen the previous theorem so that for every n a xed function
f senesfor all m < n. The motivation behind this is that the lower bound in
Theorem 76 implies a lower bound on the query complexity of any strongly proper
learning algorithm (Hellerstein and Raghavan, 2002;Pillaipakkamnatt and Ragha-
van, 1996). Sud algorithms are only allowed to output hypothesesthat are of size
at most that of the target expressionthis is in cortrast with the usual scenarioin
which learning algorithms are allowed to presen hypothesesof size polynomial in
the sizeof the target. In the following certi cate lower bound we usea function f
of DNF sizen; sothe resulting lower bound for learning algorithms appliesto algo-
rithms which may usehypothesesof sizeat mostnj 1 (evenif the target function

is much smaller).

Theorem 77 Any certi c ate construction for monotone DNF for m < n with

Im+1

p(m;n) < n hassizeg(m;n) , m+ 1+ ™

Proof. Let g(m:n) = m+ 1+ 'm1

— W
, andletf bedenedasf = 5.4t

wheret; is the term cortaining all variables (unnegated) exceptx;. Clearly, all t;
are minterms, f hassizeexactly n andf is monotone. We shaw that for any m < n
and any set of assignmets Q of cardinality strictly lessthan g(m;n), there is a
monotonefunction g of at most m terms consisten with f over Q.

We rst claim that w.l.o.g. we can assumethat all the assignmets in the
potertial certi cate Q have exactly onebit setto zero(positive assignmets) or two
bits set to zero (negative assignmets). We prove that if Q contains the positive

assignmeh 1", or a negative assignmeh with more than 2 bits setto zero,then we
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can replacetheseby appropriate assignmets with exactly 1 or 2 zerossothat any
monotonefunction g consisten with the latter setof assignmets (call it Q9 is also
consisteh with Q. Suppose rst that we have a function g consisten with f over
Q°wherethe positive assignmeh b2 Q with all its bits setto 1 hasbeenchanged
to P with just one bit setto O (chooseit arbitrarily). Sinceg is monotone, g is
consisten with f over Q% - b;and g(tP) = 1; it follows that g(b) = 1 and hence
g is alsoconsisten with f over the initial Q. Now supposethat we have a function
g consisten with the set Q where one negative assignmeh a with more than two
bits setto zero has been (arbitrarily) changedsothat someof the extra zero bits
are setto one(call the newassignmen a9. Sinceg is consisten with Q° g(a = 0,
and sinceg is alsomonotoneand a - a°it follows that g(a) = 0, too. Hence,q is
consistent with Q in this secondcase. By induction, our assumptionresultsin no
lossof generality.

We may assumethen, that Q is a set of fewer than g(m; n) assignmets ead of
which haseither 1 or 2 zeros. We model the problem of nding a suitable monotone
function as a graph coloring problem. We map Q into a graph Gq = (V; E) where
V=1p2Qjf(p)=1gandE = f(p;p2)] fpi;P2;p1\ P2 Qg. Let jVj=vand
JEj=e.

First we show that if Gq is m-colorablethen there is a monotone function g
of DNF sizeat most m that is consistet with f over Q. It is suzcient that for
ead colorwe nd asingleterm t. that (1) is satis ed by the positive assignmets
in Q that have beenassignedsomecolor ¢, with the additional condition that (2)
t. is not satis ed by any of the negative assignmets in Q. We de ne t. asthe
minterm corresnding to the intersection of all the assignmets colored c by the
m-coloring. Property (1) is clearly satis ed, since no variable set to zeroin any
of the assignmets is presen in t.. To seethat (2) holdsit sutcesto notice that
the assignmets colored ¢ form an independernt setin G and therefore none of
their pair-wise intersectionsis in Q. By the assumptionno negative point below

the intersectionsis in Q either. The resulting consisten function g cortains all
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minterms t;. Sincethe graph is m-colorable,g hasat most m terms.

It remainsto shaw that Gg is m-colorable. Note that the condition jQj < g(m; n)
translatesinto v+ e < g(m;n) in Gq. If v- m then there is a trivial m-coloring.
Forv, m+ 1,it suxcesto prove the following: any v-node graphwith v, m+ 1

im+1
2

i .. C
The basecaseis v = m + 1; in this casesincethe graph hasat most I’“;’l i 1

with at most + mj v edgess m colorable. We prove this by induction on v.

edgesit can be coloredwith only m colors (reuseone color for the missing edge).
[ m+1

For the inductive step, note that any v-node graph which hasat most ™~ + mj v

edgesmust have somenode with fewer than m neighbors (otherwise there would

Im+1

.+ mj vsince

be at least vm=2 nodesin the graph, and this is more than
v is at leastm + 2 in the inductive step). By the induction hypothesisthere is an
m-coloring of the (v j 1)-node graph obtained by removing this node of minimum
degreeand its incident edges.But sincethe degreeof this node was lessthan m in

G; we can color G using at most m colors. ¥

Finally, we give an -( mn) lower bound on certi cate size for monotone DNF
for the casem > n: Like Theorem 76 this result gives a lower bound on query

complexity for any strongly proper learning algorithm.

Theorem 78 Any certi c ate construction for monotone DNF for m > n with

p(m;n) = m hassizeqg(m;n) = -( mn).

Pro of. Fix any constant k: We shaw that for all n and for all m = iﬂq:i 1; there
is a function f of monotoneDNF sizem + 1 suc that any certi cate showing that
f hasmorethan m terms must cortain -( hm) assignmets.

Fix n, X k. Wede ne f asthe function whosesatisfying assignmets have at
least n j k bits setto 1. Notice that the sizeof f is exactly iE¢ = m+ 1. Let
P be the set of assignmets correspnding to the minterms of f, i.e. P consists
of all assignmets that have exactly n i k bits setto 1. Let N be the set of
assignmets that have exactly nj (k + 1) bits setto 1. Notice that f is positive

for the assignmets in P but negative for thosein N. Clearly, assignmets in P
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are minimal weight positive assignmets and assignmets in N are maximal weight

negative assignmets. As in the previous proof, we may assumew.l.o.g. that any

I'n

certi cate Q cortains assignmets in P [ N only. Notice, too, that jPj = | and
: i ¢
iNj = W = 'ki‘l = -( mn) for constart k. Moreover, any assignmehin N

is the intersection of two assignmets in P.

Let Q u P[ N. If Q hasat most m positive assignmets then it is easyto
construct a function consistet with Q regardlessof how negative examplesare
placed. Otherwise, Q cortains all the m + 1 positive assignmets in P and the rest
are assignmets in N. If Q missesany assignmehin N then we build a consisten
function as follows: usethe minterm correspnding to the missing intersection to
\cover" two of the positive assignmets with just oneterm. The remainingm 1
positive assignmets in P are covered by one minterm ead. Hence,any certi cate

Q must cortain P [ N and thusis of size-( nm). ¥

We closeby observingthat all of the lower boundsabove apply to unate or Horn
CNF/DNF aswell. This followsfrom the fact that monotoneCNF/DNF is a special
caseof unate or Horn CNF/DNF and that the function f is outside the class(has

sizemorethan m in all cases).

7.7 An exponential lower bound for renamable
Horn

In this sectionwe show that renamableHorn CNF expressionsdo not have poly-
nomial certi cates. This answers an open question posedin (Feigelson,1998)and
implies that the class of renamable Horn CNF is not exactly learnable using a

polynomial number of menbership and equivalencequeries.

De nition 41 A boolean CNF function f (of arity n) is renamableHorn if there

exists some assignmeh ¢ sud that f. is Horn, where f;(x) = f(x © c¢) for all
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x 2 f0;1g". In other words, the function obtained by renaming the variables

accordingto c is Horn. We call sud an assignmen c an orientation for f .

To shonv non-existenceof certi cates, we need to prove the negation of the
property in De nition 33, namely: for all two-variable polynomialsp(¢ ¢ and g(¢ ¢
there exist n;m > 0 and a boolean function f* p f0;1g" s.t. r1"\: y > p(m;n)
sud that for every Q p f0;1g" it holds (1) jQj > g(m; n) or (2) S(;?T:eg 2B Mis
consisten with f over Q. —

In particular, we de ne anf" that is not renamableHorn, sothat :f’\: ! =1 >
p(m; n) holds for any function p(m; n). -

Hence,we needto show: for every polynomial (¢ ¢, there exist n;m > 0 and
a non-renamableHorn f* p f0; 19" s.it. if nog 2 B'™ is consisteh with f* over
someset of assignmets Q, then jQj > g(m; n). We say that a set Q sud that no
g2 B ™ is consistem with f* over Q is a certi ¢ ate that f* is not smal renamable
Horn.

What we actually shaw is: for ead n which is a multiple of 3, there exists
a non-renamableHorn f" u f0O;19" s.t. if no g 2 B,s is consistert with f* over
someset of assignmets Q, then jQj , %22”:3: Equivalenly, for every such n every
certicate Q that f" is not a renamableHorn CNF function of sizen® hasto be of
super-polynomial (in fact exponertial) size. This is clearly sutcient to prove the
non-existenceof polynomial certi cates for renamableHorn booleanfunctions.

The following lemmadue to Feigelsonis useful:

Lemma 79 (Feigelson (1998)) Letf be arenamableHorn function. Then there

is an orientation c for f suchthat cE f.

Pro of. The proof which we include for completenesds due to Feigelson(1998).
Let c® an orientation of f sud that c° 8j f. Let c be the positive assignmeh of
f which is minimal with respect to the partial order <. Sud an assignmen is
unique: if a and b are both positive assignmets unrelatedin the partial order, then

c®= a\ wbis positive and %< » a; b.
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We claim that c is a oriertation for f. It sutxcesto shav a\ o«b= a\ ;b for
all positive assignmets a and b. We show that (a\ «b)[i] = (a\ ¢ bJi] for all i s.t.
1- i- n.Ifiissud that di] = cJi] then clearly (a\ « b)[i] = (a\ ¢ D)[i]. Let i
be sud that c[i] 6 cJi]. Then ewery positive assignmen setsthe bit i like c[i]: if
afi] 6 cfi] then (a\ wo)[i] = cJi] and thus (a\ «C) < c (strictly), cortradicting
the minimality of c. Thusafi] = bi] = ci] and (a” b)[i] = (a_ b)[i], and therefore
(a\ ¢ D[i] = (a\ «b)i]. ¥

Denition 42 The function f* which we useis as follows: Let n = 3k for some
k., 1. Wedenef :f0;1g" ! f0;1g to be the function whoseonly satisfying

assignmets are 0k1k1; 1k01%; and 1¢1¢0k.
Lemma 80 The function f* de ned aloveis not renamableHorn.

Pro of. To seethat afunction f is not renamableHorn with orientation cit sutces
to nd atriple (p1;p2; Q) sudhthat ppF f,poF f but g6 f whereq= p;\ ¢ p..
By Lemma 79 it is sutcient to ched that the three positive assignmets are not
valid orientations for f :

The triple (1K1k0K; 1K0k1K; 1%1%1%) rejectsc = Ok1¥1X.

The triple (0kK1k1K; 1K1k0K; 1%1%1%) rejectsc = 1%0K1X.

The triple (0kK1k1K; 1K0k1K; 1%1%1%) rejectsc = 1¢1%0k. ¥

The following lemma s an extensionof Lemma57 from (Feigelson,1998). We

say that a triple (p1;p2;q) sudthat p F f, p. F f but q 6 f is suitable for c if
q-c pl\ c P2.

Lemma 81 If Qis acerti ¢ atethat f"is not smal renamableHorn with orientation

¢, then Q includesa suitabletriple (py;p2;q) for c.

Proof. Supposethat a certicate Q that f* is not small renamable Horn with

orientation ¢ does not include a suitable triple (pi;p2;q) for c. That is, p; F f,
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p. E f but q6&j f whereq- . p;\ ¢ p.. Feigelson(1998)de nesa function g that is
consistent with f* on Q as follows:

8
2 1 ifx2Qandxf f

gX)= _ 1 ifx- ¢(S1\¢Sp) forany s;5,2 Qsit. siF frands, E

0 otherwise.

The function g is consistert with Q sinceby assumptionno negative exampleis

covered by the secondcondition. Feigelson(1998) shows that:

Claim 82 The function g is renamableHorn with orientation c.

Pro of. This proof is due to Feigelson(1998); we include it herefor completeness.
Considerany assignmets p;; p, that are positive for g, i.e., p. F gandp, F g, and
lett = p;\ ¢ po. If p1;p2 areincludedin Q, then clearly t F g by the de nition of
g. If pp 62 then p; - ¢ (s1\ ¢ S2) for somepositive s;; S, 2 Q (secondcondition in
the de nition of g). Sincet - . p1 - ¢ (S1\ ¢ S2), then by the de nition of g, t F g
as well. The samereasoningapplies for the remaining casep, 62Q. Hence,g is

renamableHorn with orientation c. ¥

Now, we show that g is also smal. We usethe fact that our particular fis
designedto have very few positive assignmets. First notice that g only depends
on the positive assignmets in Q. Moreover, thesemust be positive assignmets for
f*. Supposethat Q cortains any | - 3 of thesepositive assignmets. Let thesebe
X1;::;X;. A DNF represemation for g is:

9= ti_ =ty
11 1i<j - |
wheret; is the term that is true for the assignmen x; only and t;; is the term that
is true for the assignmenh x; \ ¢ X; and all assignmets below it (w.r.t. c). Notice
that we canrepresen this with just oneterm by removing literals that correspnd

to maximal values(w.r.t. c).
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Sincel - 3, g hasat most3+ igq:: 6 terms. Hence,g has CNF sizeat most n®
(multiply out all terms to get the clauses). Now we usethe fact that if there is a
CNF formula represeting g of sizeat most n®, then there must be a (syntactically)
renamableHorn represemation g for g which is also of sizeat most n®: it is well
known that if a function h is Horn and g is a non-Horn CNF represeration for h,
then ewvery clausein g can be replacedwith a Horn clausewhich usesa subsetof its
literals; seee.g. (McKinsey, 1943)or Claim 6.3 in (Khardon and Roth, 1996). We
arrive at a cortradiction: Q is not a certi cate that " is not small renamableHorn

with orientation c sinceg is not rejected. ¥

Theorem 83 For all n = 3k, there is a function f*: fO; 1g" ! f0;1g whichis not
renamableHorn suchthat any certi ¢ ate Q showingthat the renamableHorn size

of f" is more than n® must havejQj , 1223

Pro of. The Hamming distance between any two positive assignmets for f* is
2n=3. Since(as obsened by Feigelson)the intersection of two di®eren bits equals
the minimum of the two bits, any triple canbe suitable for at most 2"=2 orientations.
A negative examplein Q canappearin at most 3 triples (only 3 choicesfor py; p,),
and henceany negative examplein Q cortributes to at most 3 ¢2"=3 orientations.

The theoremfollows sincewe needto reject all orientations. ¥

Corollary 84 RenamableHorn CNFs do not have polynomial size certi c ates.

We concludeby summarizingall the results obtained in the following table:

Class LowerBound UpperBound
Tme1® Tm+1®
unate DNF/CNF m < n oo +m+ 1 (Th. 77) ,- +m+ 1 (Th. 65)
unate DNF/CNF m , n -( mn)~® (Th. 78) O(mn) (Feigelson,1998)
Im+1 ¢ im+1 ¢
Horn CNF m < n 5, +m+ 1 (Th. 77) o5 tm+ 1 (Th. 71)
o im+ @
Horn CNF m | n -( mn) (Th. 78) ™1 "+ m+ 1 (Th. 71)
renamable Horn CNF 102n=3 (Th. 83)

? Strong certi cate sizeonly.
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Chapter 8

The Subsumption Lattice and

Learnabilit vy

This chapter is a result of an attempt to generalizethe constructionsof the certi -
catesfor propositional Horn expressiongo rst order logic. In particular, we have
tried to generalizeTheorem 73 which usesthe fact that propositional clauseshave
short proper subsumption chains. We show in Section8.1 that this is not the case
in rst orderlogic, which, to the bestof our knowledge,wasunknown. As provedin
Section8.2, this implies that learning rst order Horn clausesis hard if only mem-
bership queriesare available. Finally, Section 8.3 studies the number of distinct
pairingsthat two clausescan have, shawing that it canindeedbe exponertial in the
number of variablesusedby the clauses.This implies that our learning algorithm

of Chapter 5 can make an exponertial number of queriesin the worst case.

8.1 On the length of prop er chains

In this sectionwe study the length of proper subsumptionchains of clauses

agAcA::Ac,
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We show that in the caseof fully inequatedclausesthe length of any proper chain is
polynomial in the number of literals and the number of termsin the clausesnvolved.
On the other hand, if clausesare not fully inequated, then chains of exponertial
length exist, evenif clausesare function free. This implies that simple algorithmic
approatesthat rely on repeated minimal size subsumption step re nemernts may

require a long time to corverge(Nienhuys-Chengand De Wolf, 1997).

8.1.1 Fully inequated clauses have short prop er chains

For reasonsthat will becomeclear in the proof of Lemma 88, we use the biased
function WTerms (seeChapter 4) which courts the number of terms in an expres-
sion, with functional terms cortributing twice asmuch asvariables. As an example,

WTerms(p(x; f (x);a)) = 5whereasNTerms(p(x; f (x);a)) = 3.

Lemma 85 Let cy; ¢, be two non-trivial, fully inequatel clauses.If ¢; 1 ¢y, thenit

must be via a non-unifying substitution (w.r.t. ¢;).

Pro of. Let p be the witnessing substitution for the fact that ¢; * c,. Suppose
that p is unifying w.r.t. c;. That is, there exist two distinct terms t; tin ¢, that
have beenunied and thereforet ¢ = t°¢u = f. Sincec, is fully inequated, the
inequality (t 6 t9 2 c,. But then (t 6 t9 ¢uis precisely(f 6 f) and henceit cannot

be included in any non-trivial clause,cortradicting the fact that ¢; ¢y c,. ¥

Lemma 86 Let c;;c, be two fully inequatel clauses.If ¢; * ¢, then
NTerms(c;) - NTerms(c,):

Pro of. All distinct terms in c¢; remain distinct in c; ¢4 becausep is non-unifying
by Lemma 85. Hence,c, has at least as many terms as ¢; sinceit cortains c;|.
Moreover, p might replace(light) variablesby (heavier) functional terms, and the

lemma follows. ¥
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Lemma 87 Let ¢;;c, be two fully inequated clausess.t. ¢; * ¢,. Then,
NLiterals(c;) - NLiterals(cy):

Pro of. If NLiterals(c;) > NLiterals(c,), then at leasttwo literals in c¢;, and hence

two terms in ¢;, must be uni ed in ¢;, cortradicting Lemma 85. ¥

Lemma 88 Let c;;c, be fully inequatel clausessuchthat ¢, A c,. Then, either

NLiterals(c;) < NLiterals(c,) or WTerms(c;) < WTerms(c,).

Pro of. By assumption, ¢; and ¢, are sud that ¢; * ¢, but ¢; 6! ¢;. Lem-
mas 86 and 87 guarartee that NLiterals(c;) - NLiterals(c;) and WTerms(c;) -

WTerms(c,): We disprove the possibility that both NLiterals(c;) = NLiterals(c,)
and WTerms(c;) = WTerms(c,). Supposeso, and let p be the substitution suc
that c;u 1 . By Lemma 85, p is non-unifying w.r.t. c¢;. It must be a variable
renaming also, sinceotherwisewe would have that WTerms(c;) < WTerms(c,). If
W is a variable renaming and NLiterals(c;) = NLiterals(c;), then ¢; and ¢, must be

syntactic variants, cortradicting the assumptionthat c, 6c;. ¥

Lemma 89 The longestproper subsumptionchain of fully inequatel clauseswith

at mostt terms and | literals is of lengthat most 2t + I.

Proof. Letc, A ¢, A :: A ¢, be a chain of maximal length. By Lemma 88, after
ead stepin the chain (from left to right), either we increasethe number of literals,
or the quartity WTerms increases.By Lemmas86 and 87, thesequartities never
decrease.The boundt onthe number of termsimpliesthat WTerms cannewer grow
beyond 2t (in the casethat all the terms are functional). Since NLiterals cannot

surpassl, the number of total clausesin our chain is at most 2t + 1. ¥
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8.1.2 Function free clauses have long prop er chains

In this section we demonstratethat function free rst order clausescan produce
chains of exponertial length. We rst show that if the maximal arity of a predicate
symbol is a, we can produce chains of length -( a') with clausesusing a distinct
variablesand at most | literals, wherel - a=2. We then strengthenthis result and
shawv that even if we restrict the signatureto cortain predicate symbols of arity at
most 3, chains of exponertial length still exist.

Let p be a predicate symbol of arity a. The chaind; A d, A :: A d, is de'ned
inductively. The rst clauseis d; = p(z;::;z), and given claused; = ps;p2;::; Pk,

we de ne the next claused:,; asfollows:
1. if p; contains two occurrencesof the variable z, then di+; = p,;::;pk, Or else

2. if p; cortains ¢, 3 occurrencesof the variable z, replacethe atom p; by a
new set of atoms pd;::; pd such that k°= min(c;l | k+ 1), and every new
atom pj0 for 1- j - k%is a copy of p; in which the j'th occurrenceof the
variable z hasbeenreplacedby a new fresh variable not appearingin d; (the

samevariable for all copies).

Example 15 Supposep hasarity 4 and that | = 3. The construction described

above producesthe following chain of length 11:

p(z;z;z;z)
A p(x1;2;2;2);p(z; X1; Z; 2); p(Z; Z;, X1; 2)
A p(x1;X2;2;2); p(Z; X1 2, 2); P(Z; Z3 X1 2)
A p(z;X1;2;2); p(z; Z; X1; Z)
A p(x2;X1;Z;2); P(Z; X1; X2 2); P(Z3 25 X1; 2)
A P(Z; X1; X2; 2); P(Z; Z3 X1; 2)
A P(z;Z:X1;2)

A p(x2;z;%1;2); p(Z; X2; X1, 2); P(Z; Z; X1; X2)
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A P(z; X2; X1; 2); P(Z; Z; X1; X2)
A P(z; Z; X1; X2)
A b

To seethat this processalways terminates, it is suzxcient to obsene that we
drop atomsthat contain a small number of occurrencesof the variable z, and every
time we replace an existing atom by new ones,the new oneshave strictly fewer
occurrencesof the variable z. Hence,this processterminatesin a nite number of
stepsand the last clauseis ¢, = ;.

Let N (c;s) be the number of subsumptiongeneralizationsthat can be produced
by this method when starting with a singleton clausewhich is allowedto expandon
s literals (i.e., | = s+ 1) and whoseonly atom hasc, 2 occurrencesof the variable

z. Then, the following relations hold:

N(2;s) = 1,foralls, O

When there are only 2 occurrencesof the variable z, the only possiblestepis to
remove the atom, thus obtaining the empty clause. After this, no more generaliza-

tions are possible.

N(c;0)=cj 1,forallc, 2

This is derived by observingthat whenwe have ¢, 2 occurrencesof the distin-
guishedvariable z and no expansionon the number of literals is possible,we can
apply cj 2 stepsthat replaceoccurrencesof z by new variables,and a nal step
that dropsthe literal. After this, no more generalizationsare possible.

XS

N(c;s) = 1+ N(ci L;i),forallc> 2;s> 0

i=max (0;sj c+l)
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This recurrenceis obtained by observingthat the initial clausecorntaining our
single atom can be replacedby max(0;sj c+ 1) \copies" in a rst generalization
step. After this, eat of thesecopieswhich cortain cj 1 occurrencesof the distin-
guishedvariable z, go through the seriesof generalizations:the left-most atom has
0 \p ositions" to usefor its expansionand is generalizedN (cj 1;0) times until it is
‘nally dropped;the next atom has1 \p osition" to expandsincethe left-most atom
hasbeendropped, and henceit producesN (ci 1;1) generalizationstepsuntil it is

“nally dropped, and soon.

i . ¢
Lemma 90 N(c;s), ' e i 1forc, 2

s+l

n

. i
Pro of. Recallthat in casethat n < k, K

= 0. The proof is by induction on c;s.

The basecasesarewhens= 0orc= 2:

i ¢
2 N(c;0)=cj 1, 'i i 1=cj 1forallc, 2.

i ¢
2 N(2s)=1, '2 i 1forals, O.

s+l

0
s0+1

i o€
For the step case,assumethat N (c%s9 | for valuesc®< cor s°< s. Then,

if c, 3ands, 1 we havethat:

XS

N(c;s) = 1+ N(ci 1) (8.1)

i=max (0;sj c+l)
1+ N(ci I;s)+ N(cj 1.si 1 8.2
H((:_Ilil‘) FSCI. 1‘[F»| ) (8.2)
o1+ ! i1+ ! i 1 (8.3)

s+ 1 S
wo T

= o+ 1 i 1 (8.4)

For (8.2), noticethat ¢, 3ands, limplythat 0- sj 1andsj c+1- sj 1,

hencemaxfO;sj c+ 1g- sj 1. For (8.3) we apply the hypothesisof induction,
i¢ i ¢ i

and for (8.4) we usethe basicidentity ‘! = "1 + IE; :

sud that k > n. 14

which alsoholdsfor n; k
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It remainsto shaw that this is a proper chain. First, weinvestigatekey structural

properties of the clausesparticipating in our chain.

Lemma 91 Let Vars(p) be the variables occurring in the atom p. For all d; =

P1;::; Pk the following properties hold:

2 Every atom p; 2 d; contains no repeated occurrenaes of variables, with the

exaeption of z, which appears at least twice in each atom.
2 Vars(p;) 1 Vars(pj+1) forall j = 1;::;kj 1.
Pro of. Proved by induction on the updatesof d;. ¥

From the properties stated in the previouslemma, it follows that we can view
any claused; asa sequencef blocks of atomsB; B,;::; By, sud that all the atoms
in a single block cortain exactly the same variables, and variables appearing in
neighboring blocks are sudh that Vars(B;) ¥ Vars(Bj .1 ).

Lemma 92 Fix someclaused;, and let p be an atom in any black B. If p¢u2 B,

then u dees not changevariablesin p.

Pro of. By induction on the updates of d;. The claim is trivially true for d;
sinceit cortains a single atom. For the step case,assumethe lemma is true for
d = p1;:ipk-

If di-s = p2;::;pc (left-most atom was dropped), then the induction hypoth-
esisguararteesthe result. Otherwise, di.; = pd;::;plo;p2;ii;px (left-most atom
replacedby new set containing onemore variable in di®eren places). We only have
to ched that the claim is true for the newblock B = p?;::; pY sincethe hypothesis
of induction guararteesthat the lemmaholdsin the rest of the blocks. If k°= 1then
B contains a single atom and the lemma is trivially true. Otherwise, B cortains
at least two atoms. Notice that the way the atoms pj;: :; p2 have beencreatedis
by replacing the variable z in p; by a new variable x, but in di®eren positionsin

eat new atom p(tjo). Hence,it holdsthat for every pair p;;p, 2 B, they agreeon
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all positions exceptin two where one hasthe variable z and the other one hasthe
new variable x (and vice versafor the other position). If p; ¢u= p,, L would have
to map the variable z into the newly introduced variable x. But this would result
in an atom with at least two occurrencesof x, and sud atoms do not appear in
the clauseswe create. Hence,the new variable must be left untouched by p and
therefore there is no p sud that p; ¢u = p,. Sincepy; p, are arbitrary atoms we
concludethat p ¢ 62B unlessp ¢y = p and therefore p doesnot changethe value

of variablesin p. ¥

Lemma 93 Letd; beanyclauseandlet B,;::; By, beits blacks. Then, for any pair
of blacks Bj, and Bj, s.t. i1 < iy, there existssomevariablein Vars(B;,) nf zg that
is in the sameposition j in all the atomsin B;, butin all the atomsin B;, appears
in di®eent positions, alwaysdi®erent from the onein B;,. Moreover, all the atoms

in B, contain the variable z at position j .

Pro of. By induction on the updatesof d;. The claim is trivially true for d; since
it contains a single atom and hencea single block. For the step case,assumethe
lemmais true for di = py;::; p«.

If dix = p2;::;pk (left-most atom was dropped), then the induction hypothesis
guararteesthe result. If di.; = p;::;p; P2;: 1 ; Pk, then the property is guararteed
by the hypothesisof induction for pairs of blocks in py;::;pk. It remainsto chedk
that the lemmais true when B;, = p;::;pd and B, is any other block in di.; .
If the replacedatom p; 2 d; appearedin a di®eren block in d; asthe atomsin
Bi,, then the hypothesisof induction appliesand we concludethat somevariable
in B, satis esthe property stated in the lemma. If p; appearedin the sameblock
asthe atomsin Bj,, then the variable that wasintroducedby the creation of that
block hasto bein di®eren positionsin all the atomsin B;,. Sinceall the atomsin

p%;::; pd inherit this variable from p;, the lemmafollows. ¥
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Lemma 94 Fix someclaused, = py;::;px with at least 2 atoms (i.e., k , 2).

Then p, ¢;::; pc ¢ 2 d; only if ydoesnot changevariablesin p,.

Proof. Let di = By;::;Bn. Let p be any atom in any block B;. Notice that

peu62B4;::;Bj; 1 sinceatomsin blocks By;::; Bj; 1 cortain strictly more variables
than p ¢y Hencep ¢y 2 Bj;::;Bn. We next argue inductively over the blocks'
indices starting with m. Considerany atom p in the last block B,,,. The fact that

p ¢y 2 d implies by our previous argumert that p¢u 2 By,. But sincep 2 B,
Lemma 92 shows that p cannot changevariablesin By,. Now, x someblock B;

wherej < m and assumethat variablesin blocks Bj.1;::;Bn are not changedby
L Let p be any atom in Bj, and X someother block Bjo s.t. j < j% Lemma93
guararteesthat there existssomevariable x 2 Vars(B;o) that appearsin a position
in p in which atoms in Bjo cortain the variable z. Sincex is not changedby i,
it cannot be that p ¢y 2 Bjo. Bjo is arbitrary amongBj.1;::;By and therefore
p¢u 62Bj+1;::;Bm. The only possibility then is that p ¢y 2 B; in which case
Lemma92 guararteesthat the variablesin B; arenot changedby |. This induction
shows that u cannot changevariablesthat appearin the leftmost block of py;::; pk,

and hencein p, asrequired. ¥
Finally, we prove:

Lemma 95 Foralli= 1;:::nj 1wehavethatd A d.;.

Pro of. Supposethat d; = py;::;pc. We have the following possibletransitions
from d; to di4q:

Casel. di+1 = po;::;p«. Clearly, di %2di+1, and henced; ° di.; via the empty
substitution. Supposeby way of cortradiction that d; * d;;, sothere must be a
substitution ps.t. d ¢up disy. Clearly, i + 1 6 n since otherwise we could not
satisfy ; 6 d, ¢y ; = di+1. Therefore,di+; 6 ; and d; cortains at least 2 atoms.
d ¢up disy impliesthat p, ¢ ::; p ¢ di, and by Lemma 94, u must not change
variablesin p,. If p; and p, are in the sameblock, then p; ¢4 = p; 62dis,. If py

and p, are in di®eren blocks, then Lemma 93 guararteesthat for every atom in
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P2; ;P thereis a variable not changedby p that appearsin a di®eren location in
p;. Hence,p; ¢u 620, cortradicting our assumptionthat d; * di.; .

Case2. div = p2:;pl;p2;ii;pk. Let x be the newly introduced variable.
Then, di;; ¢fx 7! zgu di and henced, °© di:;. To seethat d; 6'd;.+;, Ssupposethat
this is not the case. Hence,there must be a substitution p sud that d; ¢pp disg .
If di = py, (i.e., di cortains oneatom only), then p; ¢up p2;::;p. In this case,u
must map z into the new variable x but this results in multiple occurrencesof x,
and hencep; ¢ 6upd;::;pl. Hence,d; must cortain at least two atoms and the
substitution pmust satisfy that p; &g ::;pc @2 pd; i plo; P2; i1 Pk The newatoms
p%; 1 :; pd cortain more variablesthan py;::; px, thereforep 125 pc S22 P2; s P,
and hencep, Ci;::;px ¢ 2 di. By the samereasoningasin the previous case,we
concludethat d; A di,; . ¥

Theorem 96 Let p be a predicate symiol of arity a , 1. There exists a proper
subsumptionchain of lengtha( " of function free clausesusing at most a variables

and| literalsif | - a=2.

Pro of. Lemma90 guararteesthat the chain producedis of length at leastN (a;|

¢
1), '@ 1= aVifl. a2, ¥

In the remainderof this section,we strengthenthe result of Theorem 96 achiev-

ing the sameexponertial bound using predicatesof arity at most 3.

De nition 43 Let d be any clause. Let Trans(d) be the clauseobtained by re-
placing ead literal p(ty;::;ty) with anewsetfp(yi;yi+1;ti)j1- i - ag; whereall
Y1;::;Ya+1 are new variables not appearing in d. The new variables yi;::;VYa+1

should be di®eren for ead atom in d.

Example 16 The clausep(z;x1;X2;2);p(z; z; X1; 2) is transformedinto the clause
P(Y1:Y2;2), P(Y2; Y3i X1), P(Y3; Ya; X2), P(Ya;Ys; 2),
P(YD; 2: 2), P(Y2;Y3: 2), P(Y3: Y& X1), P(YS: Ye; 2).
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Lemma 97 Let d be a function free clausewith predicate symiwls of arity at most
a, containing at most v variablesand | literals. Then, Trans(d) usespredicates of

arity 3, hasl(a+ 1)+ v variablesand usesat most al literals. ¥

Lemma 98 Letd;;d, be clauses.Then, d; * d, i® Trans(d;) * Trans(d,).

Pro of. Assume rst that d; ! d, i.e., thereis a substitution pfrom variablesin d;
into terms of d, suc that d,quu d,. Obviously, pdoesnot alter the value of the new
variablesaddedto Trans(d;), and henceTrans(d;) ¢y = Trans(d; ¢u) pu Trans(d,),
sothat Trans(d;) * Trans(d,).

For the other direction, assumethat there exists a substitution p sud that

Trans(dy) ¢u p Trans(dy). Letd; = 12 12 :: 1Y andlet fyl;:: ;y;rity(l,-l)ﬂg
be the variables usedin the transformation for literal 1} in dy, for 1 - j - ky.
Similarly, let d, = I3 _12_:: 1% and let fyO’l;::;yO'arity (1,1 9 De the variables

usedin the transformation for literal Ij2 indy, for1- j - k. First we seethat pu

must map blocks of auxiliary variablesin Trans(d,), fyjl; o ;y;rity(l,- 1e1 9 into blocks
1
of auxiliary variablesin Trans(d,), fy4;:: ;yoa(:ity (11 9 SO that the predicate sym-

bol of I} coincideswith the predicate symbol of I.,. Moreover, the \order" of the
variablesis presened, i.e., pmapseah y 7! y8° forall 1- i - arity(I,). By
way of cortradiction, supposethat there exists a pair of variablesin Trans(d,),
yl andyl,,, that have been mapped into y& and y%, respectively, wherea 6 b.
Then, p(y!; ¥, ;8) ¢u = p(y®;y®;8) 2 Trans(d,). This cortradicts the fact that,
by construction, all literals in Trans(d,) are suc that the superscripts of the rst
two auxiliary variablescoincide.

Supposenow that somey{ has beenmapped into y(]'c? wherei 6 i®and i is the
smallestsud index. Assumealsothat the predicate symbol correspnding to literal
lisp. If i > 1, then p(yl. ;y};0) ¢p= p(yd’ ;yd;m) 2 Trans(dy). But this is a
cortradiction sinceall literals in Trans(d,) are sud that its two initial argumerts

have the form p(y%;y%.,,;9) but in this casei j 1+ 186 i% If i = 1, then either we
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‘nd variables
f j RV Y g°
Yien 7' Yiorn: Yiener 6785000192 1

for someh s.t. i + h - arity (p) in which casewe arrive to the samecortradiction

asin the previouscase.Otherwise, there is no sud pair and hence

. . .0 [0
p(yf':lr ity (p) : yf’:lr ity (p)+1 : 0) ¢H = p(yoar ity (p)+ 05 yoar ity (p)+1+ 05 l:1) 62Trans(d2)

becausethe variable yo;:ity(p)+l+ .0 doesnot exist in Trans(dy).

Now, the fact that eat y{ 7! y0;° implies that p mapsargumerts of literals in
d; into argumerts in the sameposition of literals in d,. Moreover, sinceblocks of
variablesare not mixed, all argumeris from a literal in d; are mapped into all the
argumerts of a xed literal in d,, sowe concludethat d; ¢upu d, andd; * dy, as

required. ¥

Corollary 99 If there is a predicate symiwl of arity at least 3, then there exist
. . P : .
proper subsumptionchains of length v ¥ of function free clausesusing at most v

variablesand 3 literals, whee v, 9.

. . _(P Py .
Pro of. Theorem96shownsthat there existsa chain of length P v = v if we

_ p- . Py .
usepredicate symbols of arity P v, P v variablesand — atoms per clause. Consider
the chain Trans(d;) A Trans(d,) A :: A Trans(d,). Lemma98 guararteesthat this

is alsoa proper chain. Obviously, it is of the samelength asthe initial one,and by
P_ Py
v

Py P — .
Lemma97 it usesclauseswith TV(p v+ 1)+ = 3+ > - Vv variables(herewe

Py _
usev, 9)and P v = ¥ literals. ¥

v
2

8.2 Learning from membership queries only

In this sectionwe shav how a result on someaspect of the structure of rst order

clausescan be exploited to prove a negative learnability result. In this case,we
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show that there can be no polynomial algorithm that learnsthe classof monotone
function free clausesfrom membership queriesonly.

We usea combinatorial notion, the teachingdimension (Angluin, 2001;Goldman
and Kearns, 1995)that is a lower bound for the complexity of exact learning from

menbership queriesonly.

De nition 44 The teachingdimension of a classT is the minimum integerd suc
that for ead expressionf 2 T thereis asetT of at most d examples(the teaching
set) with the property that any expressiong 2 T di®eren from f is not consisten

with f over the examplesin T.

We shaw that the teaching dimensionof the classof monotone rst order clauses
is of exponertial size,thus eliminating the possibility of existenceof a polynomial
learning algorithm that hasaccesg¢o menbership queriesonly.

Let k be sudh that log, k is an integer. Then hty;::;tci denotesthe term repre-
serted by a complete binary tree of applications of a binary function symbol f of
depth logk with leavesty; ::;tx. For example,hl; 2; 3; 4;5; 6; 7; 8i represetts the term
f(f (f (1;2);f(3;4));f (f (5;6);f (7;8))): Notice that the number of distinct terms in
htqi; ot isat mostk+ P ikzl NTerms(t;). In particular, if eat t; is either a variable
or a constart, then NTerms(hty;::;tei) - 2K.

Let p be a unary predicate symbol. We considerall the possibleminimal gen-
eralizations' of the clausep(ha;::; ai), wherethe constart a occursk times. Among

them we nd the clauses

Co = p(hx;:;xi)
Ci = p(ha;x;:xi) _phx; a; x; o xi) o p(hx; i x; ai)
C, = p(ha;a;x;:;xi) _ p(ha;x; a;x:; xi) _ o p(h; i x; a;ai)

That is, clausesC that are strict generalizationsof p(ha;::; ai) for which no other clauseC?is
such that p(ha;::;ai) A C°A C.
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@)
1
1

p(he;:;a;x;:xi) o p(hx; :x;a;:;ai)
Cvi1 = p(he;z;a;xi) _ p(ha;:sa;x;ai) _ o p(hx; a;:;ai)

. ¢ _ —
Clearly, jCij = "i‘ . In particular, Cy=, = 5,

We next de ne the learning problem for which we nd an exponertial lower
bound. The signature S consistsof the function symbols ff =2;a=0;b=0g and a
single predicate symbol f p=1g. Fix | to be someinteger. Let the (represetmation)

conceptclassbe
C= f rst order monotone S-clauseswith at most | atomsy
Let the set of examplesbe
E = f rst order ground monotone S-clauseswith at most| atomsgy

We identify the represemation conceptclassC with its denotationsin the fol-
lowing way. The conceptrepreseted by C 2 CisfE 2 Ej C  Eg which in this
casecoincideswith fE 2 Ej C 1 Eg. Thus, this problemis castin the framework
of learning from erntailment.

(i

=2
5 -

Supposethat the target conceptis f = p(ha;::;ai) and that | -

We want to nd a (minimal) teaching setT for f. The cardinality of a minimal
teadhing set for f is clearly a lower bound on the teaching dimensionof C. By
de nition, the examplesin T have to eliminate every other expressionin C. In
other words, for every expressiong in C other than f, T must include an example
E suhthat f 1 E and g 6'E or vice versa.

We rst obsene that the clause Cy-, is not included in our concept class C

k H H — —
becauseat cortains too many literals: | - Q = JCKTZJ < Cy= . Howewr, subsets
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of Cy=, with exactly | atomsareincludedin Cbecausdhey are monotoneS-clauses
of at most | literals. There are exactly K = i(k%z)q: > (kpl_K)' > kCR D= PR
such subsets,let thesebe Cl_,;:;;C\,,. By denition, the teaching set T hasto
reject eat one of theseK clauses.

Notice that Clj(:2 1 f = p(ha;:;;ai) foreadj = 1;::;K (considerthe witnessing
substitution fx 7! ag). Now, to reject an arbitrary Clj(zz, T hasto include some
exampleE 2 Es.t. Cl_,* E but p(ha;::;ai) 61E. Hence,for ead C_, the example
EJ must beincludedin T. Hence, T must cortain eah E';::;EX and the teaching

p_
dimensionfor this classis at leastK = k(! ¥,

Theorem 100 Let C be the classof monotoneclausesbuilt from a signature con-

taining 2 constants, a binary function symiml and a unary predicate symtwol with at
p_

most| - 7t literals and t terms per clause. Then, the teaching dimension of C is

Q,
at leastt (',

_ p_
Pro of. Justsetk = P t and notice that clauseshave at most| - 7t atomsand eadt

atom cortains at most 2k terms, hencea clausecortains at most 2kl - 2IO 5=t

terms. ¥
Thereforewe can conclude:

Corollary 101 Let C be the classof monotoneclausesbuilt from a signature con-

taining 2 constants, a binary function symiol and a unary predicate symiol with at
p_

mostl - ' literalsandt terms per clause. Then, there is no polynomial algorithm

that learns C from memtership queriesonly. ¥

8.3 On the number of pairings

Next, we give a exponertial lower bound on the number of pairings betweentwo
arbitrary clauses.In Chapter5 we prove an (asymptotically) matching upper bound.

We usethe following basicfact:
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Fact 102 Let v 2 N. Let Ysand Y2 be two distinct permutations of f0;::;vi 1g.
Then, there exists an index | 2 f0;::;v i 2g sud that for no other index 1° 2
fO;::;vi 2git holdsthat ¥41) = %19 and %I + 1) = %I°+ 1). In other words,
when writing the permutations ¥; %4 as an array of numbers (¥40);::;%v | 1))
and (¥40);::;%¥&v i 1)), there must exist two consecutie terms ¥{1); %l + 1) in

(¥40); ::; ¥4vj 1)) that cannot befound oneafter the otherin (¥40);::;¥&vj 1)). ¥

8.3.1 General clauses

In this sectionwe shaw that general rst order Horn clausescan have an exponertial
number of pairings.

Fix v 2 N sud that log,Vv is an integer. Let t;; be a ground term that is
unique for every pair of integersO - i;j - v 1. For example,t;; could usetwo
unary function symbols fo and f; and a constart a and we de ne t;; as a string
of applications of fo or f, of length 2logv, nalized with the constart a sud that
the rst logv function symbols encale the binary represetation of i and the last
logv function symbols encade j. For example,if v = 8, then the term ts.3 can be

encaled as[qug} Io(&(f}(a)))))) The sizeof sud a term (in terms of symbol

occurrences)is exactly 2Iogv + 1. Let Xo;:1;Xy; 1 @and yo; @} Yy; 1 be variables. We

de ne

Ci=  p(tij ;X Xie1)

and

Co=  ptyyiry):

0 ijj <v

Notice that jC;j = v?(vi 1) and jC,j = V2, and they use a single predicate
symbol of arity 3.

Any 1-1 matching betweenthe variablesin C; and C, can be represeted by a
permutation ¥4of f0;::;vi 1g: ead variable x; in C, is matchedto y.; in C,. We

implicitly assumethat all the matchings consideredn this sectionmap the common
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groundterms of C; and C, to oneanother,i.e., the extendedmatchingsalsocortain
all entries [t - t =>t], wheret is any ground term appearingin both C; and C,.

Let the extendedmatching induced by permutation Ysbe

a

© _
Xii Yuiy) Xyiy O- i- vi 1 [ftjt) tjt2 Terms(Cy)\ Terms(Cy)g:

First we study 1gg.(C;; C,), the pairing inducedby the 1-1 matching represeted
by ¥4 A literal p(tij ; Xa; Xp) isincludedin 1gg,(Ci; Cy) i®a = %4l) and b= Y4l + 1)
for somel 2 f0;::;vj 29 (this is the condition imposedby C;), andi = a;j = b

(this is the condition imposedby C,). Therefore,

190(C1;Co) = Ptyqyzqi+1) s Xy X1 )
0 I<vij 1l

Finally we seethat di®erern permutations yield pairings that are indeed sub-
sumption inequivalert, i.e., 1gg/(C1;C,) 6! 1ggw(C;;Cy) for any Y46 VA2 It is
suxcient to obsene that since¥iand ¥4 are distinct, there must exist someterm
tyayq+1) 1IN 190(Cy; Cy) that is not presert in 19g,»(C1; C,) | seeFact 102. Since
the terms t... are ground, subsumptionis not possible.

There are v! distinct permutations of f0;::;vj 1g sowe concludethat there are

v! di®eren pairings of C; and C,. Hence:

Theorem 103 Let S be a signature containing a predicate symiwl of arity at least 3,
two unary function symlols and a constant. The numtler of distinct pairings between
a pair of S-clausesusing v variables, O(v3) literals and terms of size O(logVv) can
be -( V). ¥

8.3.2 Function free clauses

Can we do the sametrick without using function symbols? Our rst attempt is to
try to mimic the behavior of pairing ground terms in the previoussectionby using

2 additional variables, z, and z;, that encale the integersi andj in a similar way
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that the termst;; did. By looking at matchings Yathat match the variablesz, and
z; to themseles,we guarartee that the resulting |gg,, cortains the correct encaling

of the variablesin the last and previous-to-lastpositions of the atoms. Let

Cl: p(zil;::;Zilogv;zjl;::;Zj|ogv;x|;xl+l)
(i1l jog v)2f 0;1glog v
(1550 jog v)2f 0;1g'09 v

0-I<vi 1l
and
C2 = p(zil;::;Zilogv;zjl;::;Zhogv;yi;yj):
(i1i5i jog v) = binar y(i)
(150 jog v) = binar y(j)
0 ijj <v

Notice that jC,j = v2(vj 1) and jC,j = v?, they usea single predicate symbol
of arity 2logv + 2, and both clausesuseexactly v + 2 variables.

Again, any 1-1 matching betweenthe variablesxo;::; Xy; 1 in Cy andyo;: 1Yy 1
in C, can be represeted by a permutation ¥zof f0;::;v i 1g: ead variable x; in

C: is matched to yy;y in C,. Let the matching induced by permutation Y2be

© _ a
Xii Yuiy) Xyiy 0 i<v .

First we study 199yt z0i 20:21; 9(C1; C2), the pairing induced by the 1-1 match-
ing represeted by ¥ augmered with z, and z; matched to themsehes. A lit-
eral p(zi,; 15 Zing v s Ziss - 15 Zjig v s Xas Xp) is included in 19gy(Cy; C;) i® a = 1) and
b= %1+ 1) for somel 2 f0;::;v i 2g (this is the condition imposedby C,), and
(i1;:7500gv) = binary(a); (j1;::jogv) = binary(b) (this is the condition imposed
by C,). Therefore,

199yt 20i 20:21i 229(C1; C2) = ~ p(binary(*41)); binary (%1 + 1)) Xuqys Xogi41) )

0-I<vij 1l

wherewe abusenotation and usebinary(n) to denotethe tuple z,,;::;z,,,, encal-

ing the integer n in its binary represemation using zq;z;. For example,assuming
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v = 8, binary(6) = z;;z;; 7.

Example 17 Let v = 4 and let ¥a= (3201). Hence,in this example we use a
predicate symbol p=6. For clarity, we omit the predicate symbol throughout the
exampleand denote atom p(ty;::;tg) by just the argumert tuple (tq;::;tg). Also,
we omit the disjunction operator _ .

Then, clauseC; is

(20; Z0; Z0; Zo; X0; X1) (Z0; Zo; Z0; Z1; X0; X1) (Z0; 205 Z1; Z0; X0; X1) (Z0; Z0; Z1; 15 X0; X1)
(20; 21; Z0; Zo; X0; X1) (Z0; Z1; Z0; Z1; X0; X1) (Z0; 215 Z1; Z0; X0; X1) (Z0; 215 Z1; 215 Xo; X1)

(21; 20; Z0; Zo; X0; X1) (215 Zo; Zo; Z1; Xo; X1) (Z1; Zo; Z1; Zo; Xo0; X1) (Z1; Z0; 215 Z1; Xo; X1)

(21 21; Z0; Zo; X0; X1) (Z1; Z1; Z0; Z1; Xo; X1) (Z1; 215 Z1; Zo; Xo; X1) (Z1; 215 Z1; 235 Xo; X1)

(20; Z0; Z0; Zo; X1; X2) (2Z0; Zo; Z0; Z1; X1; X2) (205 Z0; Z1; Zo; X1; X2) (Z0; Zo; 215 Z1; X1; X2)

(20; 21; Z0; Zo; X1; X2) (Z0; Z1; Zo; Z1; X1; X2) (Zo; Z1; Z1; 205 X15 X2) (Z0; Z1; 215 215 X1; X2)

(21; Z0; Z0; Zo; X1; X2) (Z1; Z0; Zo; 215 X1; X2) (Z1; 205 Z1; 205 X1; X2) (2Z1; 205 Z1; 215 X1; X2)

(21 21; Z0; Zo; X1; X2) (Z1; 215 Zo; 215 X1; X2) (Z1; 215 Z1; 205 X1; X2) (215 205 Z1; 235 X1, X2)

(205 Z0; Zo; Zo; X2; X3) (Z0; Zo; Zo; Z1; X2; X3) (205 Z0; Z1; Zo; X2; X3) (Z0; Zo; 215 Z1; X2; X3)

(20; 21; Z0; Zo; X2; X3) (Z0; Z1; Z0; Z1; X2; X3) (Z0; 215 Z1; Z0; X2; X3) (Z0; 215 Z1; 215 X2; X3)
(215 Z0; Z0; Zo; X2; X3) (Z1; Z0; Z0; Z1; X2; X3) (Z1; 205 Z1; 205 X2; X3) (Z1; 205 Z1; 215 X2; X3)

(21; 21, Z0; Zoy X25 X3) (Z1; Z1; Zo) Z1; X25 X3) (Z1; Z1; Z1; Zoy X25 X3) (Z1; Z1; Z1; Z1; X 25 X3)

ClauseC, is

(20; Z0; Z0; Zo; Yo, Yo) (2Zo; Zo; Zo; 13 Yo Y1) (205 Zo; Z1; Zo; Yo, Y2) (Z0; Zo; Z1; Z1; Yo, Y3)

(20; 21; Z0; Z0; Y1; Yo) (Z0; 215 Z0; 215 Y1: Y1) (205215 215 Z0; Y13 Y2) (205 215 215 215 Y13 Y3)
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(z1; 20; 20; Z0; Y2; Yo) (21; 20 Zo; 213 Y2: Y1) (215 Z0; 215 Z0; Y23 Y2) (21 Z0; 215 215 Y2, V3)

(z1; 21, 20; 20, Y3, Yo) (215 215 20, 213 Y3, Y1) (215215 215 20, Y33 Y2) (215215 215 21, Y33 V3)

The matching induced by %= (3201)is
fXoi ¥Ya3) XsziX1i ¥Y2) Xa:X2i Yo) XoiXzi Y1) Xi0:

ANd 199yt 201 20:21i 229(C1; C2) is (notice that we have marked literals of C; and

C, which patrticipate in this Igg)
(21215 21; 20; X33 X 2) (215 205 Zo; Zo; X 2; X o) (Zo; Z0; Z0; Z1; X 0; X 1)

Finally, we want to chedk whether di®ere permutations yield pairings that are

indeedsubsumptioninequivalert, i.e., if for any v46 ¥4

1994t 201 201211 209(C1: C2) 619Gt 201 205217 229(C1; C2):

To this end, we investigatewhich substitutions p satisfy

1994t 201 z0:211 219(C1s C2) S 19Gvart 201 207217 229(C1; C2):

If 1 doesnot changethe valuesof zy; z;, then Fact 102 guararteesthat someatom
p(binary(¥1)); binary(¥l + 1));=;5) ¢ = p(binary(¥1)); binary(¥l + 1)); =; )

IN 199yt 20i z0:21i 229(C1; C2) Qudoesnot occur in 19Gvar 2o z0:21i 229(C1; C2). If pmaps
both variableszy; z; to the samevalue (either z; or zp), then inclusioncannothappen
since 190var 2o 20211 229(C1; C2) cortains no atoms of the form p(zy;::; zo; 9;9) or
p(zy;::; za; 8;8). Obviously, if zg or z; are mapped into any other variable X, then

the inclusion is not possibleeither. Hence, u must exdangethe values of zy; z;,
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and:

p(binary(*41)); binary(“(l + 1));=;8) ¢u= p(binary(%(1)); binary(*4l + 1)); ;@

where binary(n) is the \complement" of binary(n). For example,assumingv = 8,

binary(6) = z; zo; ;. More precisely binary(n) = binary(vij 1j n). Thus:

1990t 201 201217 229(C1; C2)

p(binary(V&1)); binary (Y&l + 1)); Xusy: Xya+1) )

0-I<vij 1l

= p(binary(*41)); binary(1 + 1)); Xysy; Xom+1) )
0-I<vij 1l

= p(binary(vi 1j ¥N);binary(vi 1i Y1+ 1)); Xyeqys Xoag+1))
0-I<vij1l

=~ plbinary(¥(1)); binary(#l + 1)); Xs; Xsgie) );

0-I<vij 1l

where%{)=v i 1i Xl), forall 1- | < v. We have seenthat there is only one

permutation %2 = ¥.for which there exists somep s.t.

Iggi/{f 20i 20,71 zlg(Cl; Cy) tpp lgg%’[f 20i 20371 zlg(Cl; Cy):

Moreover, pis exactly fzy 7! z3;2; 7' zog[ X, 7! Xy;1;1J 0+ | < vg.
There are v! distinct permutations of f0;::;vj 1g sowe concludethat there are

Vf! di®eren pairings of C; and C,. Hence:

Theorem 104 Let S be a signature containing a predicate symiwl of arity at least
2logv+ 2. The numler of distinct pairings between a pair of function free S-clauses

using v + 2 variables, O(v3) literals can be -( V!). ¥
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8.3.3 Function free clauses with xed arity

We strengthen the result in the previous sectionby nding a similar construction
in which the arity isa xed constart not dependern on v. We useLemma98, which
givesus preciselya way to corvert clauseswith variable arity into xed arity while
preservingtheir subsumptionproperties.

Using the sameclausesC; and C, from the previous construction, we establish

that for someappropriate 1-1 matching M., it holds:
lggm..(Trans(Ca); Trans(Cz))  ¥a Trans(l99yr zoi z0:2:1 229(C1; C2));  (8.5)

where Y, standsfor the \v ariable renaming" relation.

In the previoussectionwe establishedthat there are "5' distinct pairings between
Cy; C,. Lemma98guararteesthat the transformation on clausesTrans(¢ presenes
subsumption, hencethere must be also "5' distinct clausescorrespnding to the
right hand side of Equation 8.5. Equation 8.5 therefore establishesthat there are
also"?! di®eren pairings betweenTrans(C;) and Trans(C,). Moreover, the clauses
Trans(C,) and Trans(C,) useresourceswithin bounds, namely, they usea polyno-
mial number of atoms (in v), a polynomial number of variables (in v), but xed
arity 3.

To x notation, let us unfold the transformation:

i=( gl jog v)2f 0;1glog v

i=(i1:7 jog v)2f 0;1g109 v
0-I<vij 1l

Trans(C,) = B Pii wiy,

(i35 jog v) binar y (i)
(1355 1og v) binar 'y (j)
0 ijj <v

where

146



— [HE—HH . .. [HH N .
Pl;i;j AB T p(ul U™ Zil) —_ = p(ulogv’ uIogv+1 1 Zijgg v) —

[ T 5 - .. Lij . bk -
p(ulog v+l uIogv+2 ! ZJl) _— p(u2|ogv1 u2logv+1 ! ZJ log v) —_

1;i5) | . [HH| AN . .
p(u2|og v+1 u2|ogv+2 ’ A) — p(u2|og v+2 1 u2log v+3 1 B)’

B _ R R, . SRV ‘7
PI;J§A;B - p(Wl » Wa ’le) - p(WIogv’ WIogv+1 1 Zijgg v) —
iij vl . . b -
p(WIog v+l WIog v+2 14 1) - p(Wz logv? W2Iog v+l 4 log v) -

ijj cnshi . i;j cnsi . .
p(WZ log v+1 ’WZ logv+2 A) — p(WZIog v+2 ’WZ logv+3? B )'

Intuitiv ely, the clausePy.;; x,.,., usesthe additional variablesfu," gy. k. 210gv+3

to \encode" the atom p(binary(i); binary(j ); X;; Xj+1) in Cy, i.e.
Prij xxea = Trans(p(binary(i); binary(j ); xi; Xi+1)):

Similarly, the clauseP;;, ., usesthe set of auxiliary variablestL;j Oi- k. 2logv+3 (O

\encode" the atom p(binary(i); binary(j);vyi;y;) in Cy, i.e.,
Pi;j iy = Trans(p(binary(i); binary(j ); Yis yj ))

Notice that Trans(C,) usesE( v3 logv) literals and variables,and Trans(C,) uses

£(v2logv) literals and variables. Both usea single predicate of arity 3.

Example 18 Following Example17,let p(z1; zo; 1; 21; X1; X2) beanatomin C; and

P(Zo; Z1; Z1; Zo; Y1, Y2) be an atom in C,. Then,

Progxix, = Trans(p(zi; 2o;21; 215 X1; X2))
_ 1;2;3.,,1,2;3. 1;2;3.,,1,2;3.
= p(uy™ uy ™ ze) _ p(uy ™ uz ™ zo)
1;2;3.,.1;2;3. 1,2:3. 1,23,
— p(u3 ) u4 ) Zl) — p(u4 ’ u5 ’ Zl)
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23. | L:23. 2:3. . 1:2:3
(Ul 1 ' X1) _ (Ul U% 1 X2)

Pioy.y, = Trans(p(zo; z1; 21; Zo; Y1, Y2))
= p(w;”; W%;Z: Z0) _ p(W3; w3, 21)
_ Py we®ze) _p(wy % we® 21)
_ p(wg:z; wé?z; y1) _ p(wgz; w32 y2)

Then Trans(C,) =

0;0;0.,,0;0;0. 0;0;0.,,0;0;0. 0;0;0.,,0;0;0. 0;0;0.,,0;0;0.

“poo 000z) wooo ooozw (ug'™ Uy 7iz0) (ug ™ ug' T 5Zo) (g’ sug T iXo) (Ug iU Xe)

0;0;1. 0012)(u001 0012)(u001 0012)(u001 OOlZ)(uOOI 001X)(u001 0;0;1.

(ug X1)

0;3;2.,,0;3;2.

(U uy Zl) (u032 0322)(u033 0332)(u032 0322)(u032 032X)(u032 032’

X1)

0;3;3.,,0:3;3.

Zl) (U uy Zl) (U 0;3;3.,,0:3;3.

0:3:3. 033 0:3:3. 033
(uy iz1) (uy Xo) (Ug™ U7 ixe)

0;3;3. 0332)(u033 0;3;3.

1;0;0.,,1;0;0. 1;0;0. .1;0;0. 1;0;0. 1;0;0. 1;0;0., 1;0;0. 1,0;0. 100 1,0,0. 100
(up™ Uy 5zo) (Uy' Uz zo) (Ug Uy T izo) (uy U Zo) (Ug X1) (ug X2)

1;0;1. .1;0;1.

(U Uy’ Z)(ulol 1012)(u101 1012)(u101 1012)(u101 101X)(u101 1,051

X2)

1;2;0. 1202)(U120 1202)(U120 1202)(U120 1202)(u120 120X)(u133 1;2;0.

(ug X2)

1;3;3.,,1;3;3.

(U Uy’ Zl) (u133 1332)(u133 1332)(u133 1332)(u133 133X)(u133 1;3;3

X2)

2;0;0. ZOOZ)(UZOO ZOOZ)(UZOO 2002)(U200 2002)(U200 ZOOX)(UZOO 2;0;0.

(ui X3)

2,0,1. 2,0;1. 2,0,1. 2,0;1. 2,0,1. 2,0;1. 2,0,1. 2,0;1. 20T 201 2,01, 201
(U™ Uy 7zo) (Us T Hug T Zo) (U3 Uy TiZo) (U U ThZa) (Ug X2) (ug X3)
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2;3;3.,,2;3;3. 2;3;3.,,2;3;3. 2;3;3.,,2;3;3. 2;3;3.,,2;3;3. 2;3;3.,,2;3;3. 2;3;3.,,2;3;3.
(U™ 7uy ™ %z) (U™ U5 7ze) (Ug™ Uy ™ 7ize) (U™ U T hza) (U™ Tiug T X)) (Ug Uy T X))

Trans(C,) =

0;0.,,,0;0. 0;0..,,0,0. 0;0.,,,0;0. 0;0.,,,0;0. 0;0.,,,0;0. 0;0.,,,0;0.
(W7 wy 5z0) (Wy' iwg'izo) (Wy' sW, iZo) (W, "sWg' ;Zo) (Wg' ;Wg' ;Yo) (Wg' W7 :yo)

0;1.,,0;1, 0;1..,,0;1. 0;1.,0;1, 0;1.,0;1. 0;1.,.0 0
(wy'"wy'520) (Wy' " wa'520) (W3 "W, "5Z0) (W, "swg'";Z1) (Wg'™;

wotiyo) (wgtiwstiya)

0;2..,,0;2. 0;2..,,0;2. 0;2.,0:2. 0;2..,,0;2. 0;2..,0;2. 0;2..,,0;2.
(wy' 5wy 5z0) (Wy' 5 wg'iz0) (W3 W, %z1) (Wy' w5 ") (Wg'“wg'iy0) (Wg' w7 %1y2)

0;3.,,,0;3. 0:;3.,,,0;3. 0;3.,,,0;3. 0:;3.,,,0;3. 0;3.,,,0;3. 0;3.,,,0;3.
(Wl Wy 120) (W2 W3 120) (W3 Wy 1Z1) (W4 Wg 1Z1) (W5 We 'Yo) (We Wy 1y3)
1;0.,,,1;0. 1,0..,,1;0. 1;0.,,,1;0. 1,0.,,,1;0. 1;0.,,,1;0. 1;0..,,1;0.
(Wi wy75zo) (Wo' w3 miz1) (W3' Wy iZo) (Wy' W5 52Zo) (W5 iWg'3y1) (Wg' sw7' 1Yo)
11,11, 1;1.,,1;1. 1;1.,,,1;1. 1;1.,,1;1. 1;1.,,1:1. 1;1.,,11.
(wy'™ w3y 5z0) (Wy' ™ wa'5z1) (W3 3wy "izo) (Wy'"swg'"iza) (Wg' " wg'5y1) (Wg w3 7;y1)
1;2 1:2

2.,,1:2. 1,2.,,1.2. 1,2.,1.2. 2.,1:2. 1;2.,,1;2. 1,2, 2.
(Wi wy'5z0) (Wy' w3 %za) (W3 7wy 5iz1) (W, wg'“iz0) (W5 " wg' Y1) (wg'™sw7'%1y2)

1;3..,,1;3. 1;3.,,,1:3. 1;3.,,,1:3. 1;3.,,,1:3. 1;3.,,,1;3. 1;3..,,1;3.
(Wl W3 120) (W2 W3 121) (W3 Wy 1Z1) (W4 Wy 1Z1) (W5 We Y1) (We W 1y3)

2;0.,,,2;0. 2;0.,,,2;0. 2;0.,,,2;0, 2;0.,,,2;0. 2;0.,,,2;0. 2;0.,,,2;0.
(Wi w5 75z1) (Wo' w3 m5Zo) (W3' Wy 5Zo) (Wy' sW5'5Zo) (W5 Wg' 3y2) (Wg' ;W7 1Yo)

2;1..,,2;1. 2;1....2;1. 2;1...,2;1. 2;1..,,2;1. 2;1..,.,2;1. 2;1..,,2;1,
(wi'mwy'55za) (o' ™ w3'™5zo) (W3 3wy ~iZo) (Wy'"swg'"5z1) (Wg' wg'iy2) (Wg' w3 "y1)

2;2..,,2;2, 2;2..,.,2;2. 2:2..,2:2. 2;2...,2;2. 2;2..,,2;2. 2;2..,,2;2,
(Wi5wsy'%5z1) (w5 w3'iz0) (W3 wy'"z1) (wy'iwg'“i20) (Wg'“wg'“iy2) (wg w37 y2)

2;3..,,2;3. 2;3..,,2;3. 2;3..,,2;3. 2;3..,,2;3. 2;3..,,2;3. 2;3. ;3.
(wi™wy=5za) (wy 7wy ™izo) (W3'™ 3wy ™iz1) (g~ iwg'™iz1) (Wg'swg'™;y2) (W'~ w7'";y3)

3;0.,,,3;0. 3;0..,,3,0. 3;0.,,,3;0. 3;0.,,,3;0. 3;0.,,,3;0. 3;0.,,,3;0.
(W swy sza) (o wyizr) (W3 Wy, iZo) (wy Wi’ iZo) (We' ;wg' 5y3) (Wg' W7 :yo)

3;1..,,3;1. 3;1....3;1. 3;1...,3;1. 3;1..,,3;1. 3;1..,,3;1. 3;1..,,3;1.
(wy'owy'55za) (wy' = wg' iz1) (W3 3wy =izo) (Wy'"swg'™iza) (Wg' ™ swg'iys) (Wg' w3 "y1)

3;2.,,,3:2. 3;2.,,3:2. 3;2.,,3:2. 3;2.,,3:2. 3;2.,,3:2. 3;2.,,3:2.
(Wi wy 5z1) (Wy w3 %za) (W3 " iwy'55z1) (Wywg'“iz0) (Wg'";wg'7ys) (wg'™ w3 7y2)

3;3.,,,3:3. 3:;3.,,,3;3. 3;3.,,,3:3. 3;3.,,,3;3. 3;3.,,,3:3. 3;3.,,,3:3.
(Wi™wy =5ze) (wy ™ w3™za) (W3 ™iwy'™5z1) (wy 7 iwg'™iz1) (wg'™wg'™ys) (wg'™ w3 ~5y3s)

Let [v] « f0;::;vi 1g. Wede ne the 1-1 matching M., betweenTrans(C,) and
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Trans(C,) asfollows:

fXii Yuiy) XuiyQooiwv [ 200 20210 z19] (8.6)
Lyql)7(1+1) . YA1);941+1) I

fuy i Wi ) Wi k. 210gv+3 and o 1<v 1 [ (8.7)
0iij . N

kaIJ [ lejlogv+4i k91 k- 2logv+3 and (i )2 [v]2nf (¥(1):¥41+1)) jO- I<vi 1g (8.8)

First we note that this is indeeda 1-1 matching sinceno variable in Trans(C,)
or Trans(C,) is usedtwice in M., and all variablesin Trans(C,) are presen in it
(the clauseTrans(C,) hasfewer variablesthan Trans(C,)).

Parts (8.7) and (8.8) determinethe matchings betweenauxiliary variables(those
coming from the transformation Trans); part (8.6) matchesoriginal variables. As
we seenext, (8.7) and (8.8) are designedsothat atomsin 199y i 20211 z.9(C1; C2)
survive? | this is doneby (8.7) | and ewerything elsedisappears(8.8).

We carefully study Iggu.,(Trans(C,); Trans(C,)). We obsene that M., matches
auxiliary variablesu' j wi . This hasthe e®ectthat in the resulting pairing, only
atoms coming from clausesPy;; ...c 2 Trans(Ci) and Pjj..o 2 Trans(Cy) survive.
Hence,it sutcesto study the e®ectof the matching on clausesPy;ij: o.o £ Pij .au ONly.
In the casethat | = %{I) andj = Yl + 1) for somel 2 f0;::;vj 2g, we obsene that
the auxiliary variablesare matched following their order in the chain f u, """ ;
w,/ DD Y Wl gn k- aigves (8.7), and henceclausesPy. v+ x ., 2 Ci and

Py v1+1) sty oy 2 C2 survive in the pairing preciselyas
Putyv1+1) Xy Xy 72 Trans(p(binary (1)) ; binary (41 + 1)); Xsy; Xvq1+1)))

where the auxiliary variables usedin the transformation are W/; :: ;ngogwg. To
seethat atoms in the product Pgij 0 £ Pij.oa do not survive when (i; j ) 62[v]* n

f(AD; %1+ 1))JO- I <vj 1g, it is suxcient to obsene that the auxiliary vari-

2By a \surviving literal* we mean a literal that is the product of literals in the respective
clausesincluded in the pairing becauseheir argumerts are matched accordingto the 1-1 matching
inducing the pairing.
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ablesare matched in reversedorder fuy™ | Wj\,,.4; O (8.8), sothat in order to

survive it is requiredthat an atom p(w},, ;w; ; o) existsin Trans(C,) which is not

possibleby construction. Therefore:

lggum.,(Trans(C,); Trans(C,))

Va Pyt) m1+2) X vy X o
0 I<vi 1l
Yo Trans(p(binary(%1)); binary(“4 + 1)); Xv1y; X141y ))
0-I<vij 1l
Ya Trans( ~—  p(binary(%41)); binary(Yl + 1)); Xy Xugi+1)))
0-I<vij 1l

ez Trans(lggl/z[f 20i 20:Z1i zlg(Cl; Cz))i

IN

Example 19 Following Example 18, the matching M a2y is as follows. Corre-

sponding to 8.6:
fXoi ys) Xaixii ¥2) XziXzi Yo) XoiXsi Y1) Xa9[ f2oi Zoiz1i 719
Corresponding to 8.7:
Fuy™ i wi?) Wup™ i wy®) Wiinur® i wi®) Wigl

1,2,0 , 2;0 1.,,12,0 . 2;0 1....,,120 . 2;0 1
fur= i wi ) Weou™ i wym ) Woriiuz™ i wem ) Wrg|

2;0;1 . 0;1 2.,,2,0;1 , 0;1 2....,,201 . 0;1 2
fur™ i wym) W5Huy™ i wyt ) Worinuz i owyt) Wog

Corresponding to 8.8:

0,0:0, ,,0:0. 0,00, \\00.... 000, 00 0,02, \,0:2. 0,02, \02.... 002 02
fuy™ i Wy Uy W iU W g [ fultt i WUy T WUy wy g [
0,03, \,0:3.,,003,. 03.... 003. 03
fur™ i wyouy i wg i u T o wytg [

0;30. .,10. 030, ..1.0....,0;1,0. ., 1,0 L0 e 0 e e Y s o
fuy™ i W U™ Wi U Wi g [ fug T Wy Uy T W Uy T wyg [
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012, ,,,12., 042, 12....,,012, 12 01,3. ,,,1.3.,,00,3, ., 1.3....,,013, . 1.3

0;2;1, 2,1, ,,0;2;1, 2,1, ...,,021, 2,1 0;2;2. 2;2.,.0,2,2, 2,2....,,02,2, 2,2

0.2:3 . 23,023, . 23.....023. . 2.3
fur™ i wemiuy ™ i wgiinu T o witg [

0:30. ,,30. ,0:30, \30.... 030, \ 30 031, 3. 031, 3l.... 031, 31
fFur™ i wy u™ o wg s u T wg [ futE we U we s s uT T wytg [
033, \,33.,,033 . ,33.... 033, 33
fur™ i was u ™ wg i uTT o witg [

Notice that the portion of the matching

0;3;2 . 3,2 0.,,0:32 . 3;2 0....,,03:2. 3;2 0
makessurethat the atoms Pg.3.0.x,x, IN Trans(C;)
0;3;2.,,0;3;2 0;3;2.,,0;3;2 0;3;3.,,0;3;3 0;3;2.,,0;3;2. 0;3;2.,,0;3;2 0;3;2. 0;3;2.X1)

(U™ 55U ™ %5z) (U™ 55U ™ %5z1) (U™ Uy, ™ 7ze) (U™ %ug ™ %5Z0) (U™ “5ug™ “iXo) (Ug™ iUy
and the atoms P3.,.y,.,, in Trans(C,)

3;2

3;2. 3;2.,,3:2. 3;2.,3:2. 3;2. . 3;2.,,,3;2. 3;2..,,3;2.
iz1) (wy 5wy %za) (W3 ' iwy'5iz1) (wy' " wg'®iz0) (wg " wg' ys) (wg ;w7 73y2)

(Wi w3
appearin the pairing 199w ,,,, (Trans(C,); Trans(C,)) as
(WPWZ2iz1) (W2Wgiz1) (WSWPiz1) (WRiWg)izo) (WEiW¢iX ) (W W PiX2):
Finally, 190w ;,,,, (Trans(Cs); Trans(C,)) =

(WPW2iz1) (WPWQiz1) (W W Qiz1) (WQWEizo) (WEIWgiX3) (W WPX2)
(WiiW3iz1) (W3 iW4izo) (W§5W4izo) (WiiWgizo) (WgiWgiX2) (WgiW7iXo)

(WZW2:20) (WEW2i20) (WEW2iZ0) (WZW2iz1) (WEWEXo) (WZW2X 1)
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Recall lggl/{f 20i 20:71i zlg(Cl; CZ) is
(215 21; 215 20, X35 X 2) (2Z1; 205 Zo; Zo; X 2; X0) (205 Zo; 205 Z1; X 0; X1)
and henceTrans(199ys z; z0:21; z.9(C1; C2)) is

(YEiYdiza) (YA Ydiza) (Y&YEiz) (YR Ydizo) (YdiYéiXa) (YdY4X2)
(Y2Y2iz1) (Y2 YZiz1) (Y2 Y2iz1) (Y2 YZ:z0) (YEYZ:X2) (YE:Y7:X0)

(Y2:Y$3iz1) (Y5Y5iz1) (Y5 Y3iz1) (Y7 YSE5z0) (Y&, X0) (Y&;YF:X1)

the readercan ched that

lggm (3201 (Trans(Cy); Trans(Cy)) ¥ Trans(190201)t zoi 20211 z29(C1; C2))
via the variable renamingfY! $ W2 Y2$ WLY2$ W2j1- k- 7g:

Theorem 105 Let S be a signature containing a predicate symtwl of arity at least
3. The numker of distinct pairings between a pair of function free S-clausesusing

O(v3logv) variables,O(v3logv) literals can be -( v!). ¥

Corollary 106 Let S be a signature containing a predicate symiwl of arity at least
3. The numkber of distinct pairings betwesn a pair of function free S-clausesusing

at most v variablesand v literals can ke -(2 ¥=%) for suzxciently largev. ¥
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Chapter 9

Conclusions and Future Work

In this thesis we have studied the complexity of learning rst order and proposi-
tional classesin the model of exact learning from queries. An upper bound for
the rst order problem has beenobtained by constructing the algorithm Learn-
Closed-Horn in Chapter 5 that learnsan interesting subclassof rst order Horn
expressionslts complexity is exponertial in two parameters:a (the maximal arity
of the predicatesused)and v (the bound on the number of variables permitted in
any clause). The natural question after preserting this algorithm is whether it is
optimal in the sensehat this exponertial dependenceas necessarpr whether better
(polynomial) learning algorithms exist. Chapter 6 tries to answer this question by
characterizingthe VC Dimensionof the classof rst order Horn expressionsvhich is
known to give a lower bound for the complexity of learning in our model. However
the VC Dimensionis £( cl + ct) sothat it givesa lower bound of -{ cl + ct). Hence,
the VC Dimension cannot settle our question.

While studying the VC Dimension of rst order Horn expressionswe realized
that there wasa disparity betweenhow the complexity of the expressionsvas mea-
suredin the learning algorithms found in the literature (that used rst order syn-
tactic properties such as the number of variables or number of clauses,etc.) and
how the formal de nitions were preseried (where the notion of sizeis usedwithout

explaining how to measureit). At that point it wasnot clearwhat the bestway to
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measurethis complexity was. Chapter 4 clari es this question,with the conclusion
that two fundamerntally di®eren ways of measuringthe complexity exist: what we
call TreeSizeand what we call DAGSize TreeSizeis consideredmore standard and
it is closelyrelatedto the number of symbols neededio write a rst order expression
in its usual form; DAGSize encalesthe term in a smarter way by allowing shared
termsto berepresered just once. In Chapter 4 we show that three parameters,the
number of clauses(c), number of terms per clause(t), and number of literals per
clause(l), capture the notion of DAGSize Howewer, in the caseof TreeSize none
of the parametersusually consideredcan capture it. From this last obsenation we
concludethat none of the existing results on learnability of rst order expressions
are valid if one considersTreeSizeasthe way of measuringthe complexity of rst
order expressions.Surprisingly, this fact had never beennoticed before.

Returning to the question of whether our learning algorithm of Chapter 5 is
optimal, we have seenthat the VC Dimension does not give a complete answer.
Hence,a more powerful tool, the certi cate size,needsto be considered.As a rst
step towards characterizing the certi cate sizeof rst order Horn expressionswe
compute in Chapter 7 the certi cate size of various propositional classes.In some
caseswe are even able to give exact characterizations: for example, Theorem 77

and Theorem 65 shaw that the certi cate size of unate DNF formulas is exactly

m+1

,~ if m < n. Howewr, if m | n, the result obtained is wealer: the

m+ 1+ I
upper bound is O(mn) (Theorem 63) but the lower bound of -( nm) appliesto
the strong certi cate size only, which is a weaker version of the certi cate size.
To obtain a complete characterization of the certi cate sizein the casem , n,
we needto obtain a strong version of our Theorem 78 (similar to the stronger
Theorem 77 versionof Theorem 76). When quartifying the certi cate sizeof Horn
CNF expressionsvherem , n, we have not only that the lower bound of -( mn)
appliesto the strong certi cate sizeonly, but there existsa gapto the upper bound
which is O(m?). Here,the question of whether we can prove a higher lower bound

or elseif we can createcerti cates of smaller sizeto match the lower bound is still
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open. Our nal result involving certi cates answers an open questionby Feigelson
(1998): a slight generalizationof Horn CNF, renamableHorn CNF, doesnot have
polynomial certi cates and is thereforenot learnablein the model of exactlearning
from membership and equivalencequeries.

Clearly, the question of whether our algorithm Learn-Closed-Horn is opti-
mal remains open. It is possiblethat our learning algorithm is optimal but our
analysisis not tight. Towards this we compute in Section 8.3 lower bounds for
the number of pairings betweentwo clauseswhich is the main reasonfor the algo-
rithm's exponertial dependenceon v. Our construction shavsthat there are classes
for which the number of pairings is indeedexponertial in v, thus showing that the
complexity analysisis tight.

A way of answering the question of the algorithm'’s optimality is by computing
the certi cate size of rst order Horn expressions. This is important not only
becauseof its applications to learnability, but also from the point of view of a
logician asit would provide great insight into the structure of the very important
classof rst orderHorn expressionsA rst attempt of generalizingthe construction
in Theorem 73 of Chapter 7 led us to the study of the length of proper chains of
‘rst order clausesw.r.t. the subsumption relation which appearsin Chapter 8.
Our initial generalizationattempt failed due to technical subtleties, however, we
could still prove a wealer result: no polynomial learning algorithm can exist if just
membership queriesare allowed (Section 8.2).

We concludeby mertioning broader challengesfor the future. The rst is con-
cernedwith establishingthe theoretical boundariesof what is consideredezciently
learnable. For example,in our particular learning setting and problem, we have two
possiblescenarios.If it turns out that our algorithm is optimal, then no polynomial
algorithm can exist for our class. Hence,we shouldidentify which restrictions of the
classof closedHorn expressionsare learnablewith polynomial complexity. On the
other hand, if our algorithm is not optimal and polynomial learningis possible,then

we should identify more generalclassedor which excient learningis still possible.
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The secondgeneral challengeis concernedwith how to apply query-learning
algorithms in practice. In the introduction we have mentioned how someexisting
systemsdo this: by simulating the queriesusing a databaseof examples,by per-
forming actual experimerts or simulations, or by seekinghuman help. Here the

challengeis to identify new domainswherethis is possibleand bene cial.
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