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Abstract. We study several complexity parameters for ¯rst order for-
mulas and their suitabilit y for ¯rst order learning models. We show that
the standard notion of size is not captured by sets of parameters that
are used in the literature and thus they cannot give a complete charac-
terization in terms of learnabilit y with polynomial resources.We then
identify an alternativ e notion of sizeand a simple set of parameters that
are useful in this sense.Matching lower bounds derived using the Vapnik
Chervonenkis dimension complete the picture showing that theseparam-
eters are indeed crucial.

1 In tro duction

Sincethe intro duction of Inductiv e Logic Programming (ILP), several theoreti-
cal investigations have contributed to characterizing the complexity of learning
classesof expressionsin ¯rst order logic (FOL). While learnabilit y is usually de-
¯ned using the sizeof the target conceptascomplexity measure,the complexity
of algorithms and related lower bounds in the literature are usually quanti¯ed
with other complexity measures.It is therefore not clear what these imply for
the standard notions of polynomial learnabilit y.

A comparison to propositional logic can highlight the di±cult y. Work on
learnabilit y in propositional logic typically usesthe number of propositions n
and the size m of the target formula as complexity parameters; see (Kearns
and Vazirani, 1994) for an overview. This is reasonableas it allows a learning
algorithm to use more time and other resourceswhen examples(length n) or
the formula being learned (length m) are larger. The situation in FOL di®ers
from the propositional casesince we do not have a ¯xed instance size n and
it has proved di±cult to get upper bounds directly in terms of the target size
m. Moreover several parametersare inter-related so the value of one a®ectsthe
other and a bound in terms of oneimplicitly dependson the other. It is therefore
harder to interpret complexity results in this context.

This paper clari¯es the situation by studying explicitly the relations between
various notions of sizeusedin the literature. We show that there is a discrepancy
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between parameters which are often used and the standard notion of size, and
give a setting and set of parameters which are in somesensethe right onesfor
¯rst order learnabilit y.

Previous work has provided both lower bounds and upper bounds on the
resourcesrequired for learnabilit y. Upper bounds are typically obtained by an-
alyzing concrete algorithms. In doing so several authors have used standard
parameters from ¯rst order logic, such as the number of clauses,the number
of literals per clauseetc. Others intro duce special syntactic parameterssuch as
depth and determinacy or restrict the structure of clausesor background knowl-
edge in their analysis (Muggleton and Feng, 1992; D·zeroski, Muggleton, and
Russell, 1992; Kietz and Dzeroski, 1994; Cohen, 1995; Arim ura, 1997; Reddy
and Tadepalli, 1997;Horv¶ath and Tur¶an, 2001;Arias and Khardon, 2002).

Lower bounds were derived using the notion of Vapnik-Chervonenkis (VC)
dimension. VC basedbounds apply in several models of learnabilit y including
the PAC model and the model of exact learning with queries (Ehrenfeucht et
al., 1989; Maass and Tur¶an, 1992). Several lower bound results for ¯rst order
learnabilit y (Arim ura, 1997; Khardon, 1999a; Maass and Turan, 1995) ignore
someparameters and prove exponential or in¯nite growth w.r.t other parame-
ters. Thus, (Arim ura, 1997;Khardon, 1999a)show that the complexity may be
exponential in the arit y of predicates.However, both papersdo not highlight the
fact that the number of literals in the expressionsbeing learned is of the same
order (also exponential in arit y). The paper (Maassand Turan, 1995)shows that
the VC dimensionis in¯nite with a singlebinary predicate but doesnot highlight
the fact that thesecasesallow for an in¯nite number of constants (called param-
eters) whoseencoding is not accounted for in the size of expressions1. In fact,
any such lower bound going beyond the sizeof expressionsmust have a hidden
unaccounted aspect: sincethe VC dimension is boundedby the logarithm of the
classsize, for discrete casesthe lower bounds cannot be larger than the size of
the learned expressionsassuminga reasonableencoding scheme.

Therefore, the question is what constitutes a good set of parametersfor ¯rst
order learnabilit y. Such a set should capture the size and avoid the confusion
from inter-related parameter sizes.To answer this question we considera setting
where the parameters of the FOL signature (number of predicates, constants,
function symbols, arit y) are ¯xed in advance and are therefore numerical con-
stants. The concept class is de¯ned by the other parameters controlling the
expressions(number of variables, terms, clausesetc).

We start our investigation by de¯ning when two setsof parametersare \re-
lated" sothat polynomial learnabilit y transfers from oneto the other. Using this

1 The casehere is similar to learning classeswith real valued parameters where each
number is charged one unit of complexity, but nonetheless the VC Dimension of
various concept classesis bounded. The negative result mentioned shows that this
doesnot hold for ¯rst order logic except in very restricted cases.The work in (Maass
and Turan, 1995; Grohe and Tur¶an, 2002) identi¯es syntactic restrictions on formu-
las, examples, and background knowledge that give bounded VC Dimension in this
setting.



we show that there is no simple answer (set of parameters) if the standard notion
of formula size is used: the standard notion of size for FOL is not polynomially
boundedby the natural parametersof FOL. On the other hand if we usea more
compact representation, where a repeated term is counted only once, then one
can derive a polynomial bound for the total size. The crucial parameters turn
out to be c, l , and t wherec is the number of clausesin the Horn expression,l is
the largest number of literals in a single clause,and t is the maximal number of
terms and subterms in a single clause.With this in mind we prove that the VC
dimension is ~£ (cl + ct) (where ~£ () hides logarithmic factors in the standard £ ()
notation). This holds for ILP both in the model of learning from interpretations
(De Raedt and Dzeroski, 1994) and for learning from entailment (Frazier and
Pitt, 1993).Therefore,our results identify a natural separationof the parameters
to ¯xed onesrelating to the signature and variable onesrelating to the construc-
tion of expressions.With this we give a new notion of size and corresponding
set of parameters that capture it, and characterize the VC Dimension which is
polynomially related to theseparameters.

The rest of the paper is organized as follows. The next section gives some
technical preliminaries. Section 3 de¯nes complexity measuresfor ¯rst order
logic. Section 4 develops the notion of polynomially related sets of parameters
and Section 5 applies this notion to ¯rst order logic. Section 6 develops the
results on the VC Dimension. The concluding section givesfurther discussionof
the results and directions for future work.

2 Preliminaries

We assumefamiliarit y with ¯rst order logic, as given e.g. in (Lloyd, 1987). The
following gives the basic de¯nitions for concept classesand learnabilit y in this
context.

A signaturedeterminesthe variables,function symbolsand predicatesymbols
(with their respective arit y) over which formulas are built. Function symbols of
arit y zero are often called constants. A term is built bottom up from constants
and variables by applying function symbols of the appropriate arit y; if t1; : : ; ta

are terms and f is an a-ary function symbol f , then f (t1; : : ; ta) is a term. An
atom is a predicate applied to a tuple of terms of the appropriate length. A literal
is an atom or the negation of an atom.

We consideruniversally quanti¯ed ¯rst order Horn expressions.A clauseis a
disjunction of literals whereall variablesin the clauseare (implicitly) universally
quanti¯ed. A Horn clausehas at most one positive literal. A Horn expression
is a conjunction of Horn clauses.Note that any clausecan be written as C =
(^ n 2 Negn) ! (_p2 Posp) where Neg and Pos are the setsof atoms that appear
in negative and positive literals of C respectively. When doing so we will refer
to (^ n 2 Negn) as the antecedent of C and to (_ p2 Posp) as the consequent of C.
A clause is range restricted if every term that appears in its consequent also
appears in its antecedent. A clauseis constrained if every term that appears in
its antecedent also appears in its consequent. For example,considera signature



with a predicate p of arit y 2, a constant b, a function symbol f of arit y 1 and
a variable x. The clauseC1 = p(x; b) ^ p(f (b); x) ! p(f (x); f (b)) is constrained
but not range restricted, the clauseC2 = p(x; b) ^ p(f (b); f (x)) ! p(f (x); b) is
range restricted but not constrained, and the clauseC3 = p(x; b) ^ p(f (b); x) !
p(f (x); b) is neither range restricted nor constrained.

Given a signature S, an S-interpretation (sometimes called S-model or S-
structure) assignsa \meaning" to symbols in the languagein the following way.
The interpretation includes a domain D whoseelements are referred to as ob-
jects. Each function symbol is associated with a mapping from tuples of domain
objects of appropriate arit y to domain objects. Each predicate symbol is asso-
ciated with a subsetof tuple of the appropriate arit y on which it is true; this is
known as the extensionof the predicate. We refer to the set of possibleinterpre-
tations over S as I nt (S).

A formula is given a truth value on an interpretation in a natural way, by
¯rst extending the function mapping to a term assignmentassociating an object
to each term and then evaluating the resulting atoms and logical connectives
basedon the extensionof predicates in the interpretation.

If an expressionT evaluate to true on interpretation I then we say that I
satis¯es T and denote this by I j= T. In this case,we also say that I is a model
of T. If T evaluates to false under I , then we say that I falsi¯es T and denote
this by I 6j= T. A ¯rst order expressionT1 entails (logically implies) another
expressionT2, denoted T1 j= T2, if every model of T1 is also a model of T2. Two
expressionsT1; T2 are logically equivalent, denoted T1 ´ T2, i® T1 j= T2 and
T2 j= T1.

There are several settings in ILP for de¯ning what constitute conceptsand
examples(Muggleton and DeRaedt, 1994). We mainly consider the framework
of learning from interpretations (De Raedt and Dzeroski, 1994) where examples
given to the learner are interpretations. Conceptsare represented by ¯rst order
formulas. A conceptis associated with a set of interpretations for which it is true.
Thus the concept represented by a formula Ã is f M j M j= Ã and M 2 I nt (S)g.
A concept class is a set of conceptsusually described by a family of formulas
representing the concepts.

We also consider learning from entailment (Frazier and Pitt, 1993) where
examplesare clausesin the language.To minimize confusionwe defer de¯nition
and discussionof this setting to Section 6.2.

The size of a concept is the size of the smallest formula representing it. If
no such formula exists, then the concept's size is in¯nite. Usually the size of a
formula is its string length but other notions of size are also possible and we
discussthese in detail below. Given a concept classC and a notion of size, we
de¯ne C· m as the conceptsin C of sizeat most m. Naturally , C = [ m ¸ 1C· m .

While our discussionand resultsare largely independent of the learning model
it will be useful to have a model in mind. We brie°y review the model of exact
learning with equivalence queriesand membership queries(Angluin, 1988) in the
context of learning from interpretations. Before the learning processstarts, a
concept is ¯xed among all the concepts in the concept class. We refer to this



concept as target concept. The goal of the learner is to output an expression
that represents the target concept. The learner (the learning algorithm) has ac-
cessto an equivalenceoracle and a membership oracle that provide information
about the target concept. In an equivalence query, the learner presents a hy-
pothesis (in the form of a ¯rst order formula) and the oracle answers Yes if
it is a representation of the target concept. Otherwise, it answers No and pro-
vides a counterexample, that is, an example (interpretation) where target and
hypothesis disagree. In a membership query, the learner presents an example
(interpretation) and the oracle answers Yes or Nodepending on whether the ex-
ample presented is a member of the target concept. We assumethat the learner
is given the signature S as input.

De¯nition 1. The query complexity of a learning algorithm A at any stagein
a run is the sum of the sizes of the (i) inputs to equivalence queries, and (ii)
inputs to membership queriesmade up to that stage.

Notice that the de¯nition of query complexity usestwo di®erent notions of
size, one capturing the complexity of the hypotheses,the other capturing the
complexity of the examples.

De¯nition 2. An algorithm A is a polynomial query learning algorithm for a
concept class C if there exists a polynomial r (¢; ¢) such that, for any positive
integer m, and for any unknown target concept c 2 C· m :

(i) A usesmembership queriesand equivalence queriesof the form EQ(h) where
h representsa concept in C

(ii) A eventually halts and outputs a string h representing the target concept c,
and

(iii) at any stage, if n is the size of the longest counterexample received so far
in responseto an equivalence query, the query complexity of A at that stage
does not exceed r (n; m).

3 Complexit y parameters for ¯rst order logic

We intro duce di®erent ways of quantifying the representation or description
complexity of ¯rst order expressions.We illustrate them using the following ¯rst
order expressionE:

(8X add(zero;X ; X )) ^ (8X 8Y 8Z add(X ; Y; Z ) ! add(succ(X ); Y; succ(Z )))

We start with global notions of sizefor expressions:

StringSize (¢) : as its namesuggests,StringSize counts the number of syntactic
symbols usedto write down the input expression,ignoring spaces.Predicate and
function symbols whosename is longer than one letter contribute just 1. In our
example,StringSize(E) = 44.



TreeSize (¢) : this sizemeasurecounts the number of nodesin a tree constructed
recursively in the following manner. If the expression is a quanti¯ed expres-
sion, then put the quanti¯er in the root (labeled with the quanti¯er, FORALLor
EXISTS), the quanti¯ed variable as its left child and the rest of the expressionas
the right child. If the expressionis a conjunct, then add as children to the root
(labeledwith AND) all its conjuncts. Disjuncts are treated analogously, having OR
asthe root and the disjuncts aschildren. For implications the root is labeledwith
IMPLIESand the left child is the antecedent and the right child the consequent.
With a negation the node is labeledwith NOTand the only child is the rest of the
expression.For atomic formulas, the root is labeled with the predicate symbol
and the children are its arguments. If the expressionis a variable, then the root
is a leaf labeled with the variable name. For functional terms, the root is the
outermost function symbol and the children are its arguments. In our example,
TreeSize(E) = 24, and the associated tree is:
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DA GSize (¢) : counts the number of nodes in a DAG constructed by unifying
identical subtreesthat correspond to terms in the tree constructed as explained
above. We assumethat expressionsare standardized apart , that is, we avoid re-
useof variable namesthat belongto scopesof di®erent quanti¯ers. This converts
our expressionE into the equivalent E 0:

(8X 0 add(zero;X 0; X 0)) ^ (8X 8Y 8Z add(X ; Y; Z ) ! add(succ(X ); Y; succ(Z )))

In the example, the only repetition of terms are of variables X ; Y; Z; X 0 which
appear3 times each. Wesave4£ (3¡ 1) = 8, henceDAGSize(E 0) = TreeSize(E)¡
8 = 16.

We next consider natural parameters of ¯rst order representations. Notice
that someof these parameters apply only to clausebasedexpressionssuch as
Horn expressions.

NT erms (¢) : counts the maximum number of distinct terms (including sub-
terms) in a clause.In the example, NTerms(E) = 5, corresponding to term set
in the secondclausef X ; Y; Z; succ(X ); succ(Z )g. When clear from the context
we denote this parameter by t.



NV ariables (¢) : counts the maximum number of distinct variables appearing
in any clauseof the input expression.In the example,NVariables(E) = 3, corre-
sponding to variable set in the secondclausef X ; Y; Z g. Wedenotethis parameter
by v.

Depth (¢) : the maximum depth of any functional term appearing in the input
expression.In the example, Depth(E) = 2 corresponding to the deepest term
succ(X ) (or succ(Z )). We denote this parameter by d.

NLiter als (¢) : counts the maximum number of literals in any clauseof the input
expression.In the example,NLiter als(E ) = 2 from the secondclause.We denote
this parameter by l .

NPr edic ates (¢) : counts the number of distinct predicate symbols appearing
in the input expression.In the example, NPredicates(E) = 1 corresponding to
f add=3g. We denote this parameter by p.

NF unctions (¢) : counts the number of distinct function symbols appearing in
the input expression.In the example, NFunctions(E) = 2 corresponding to the
function symbols zero=0 and succ=1. We denote this parameter by f .

A rity (¢) : the largest arit y of any predicate or function symbol appearing in the
input expression.In the example, Arity (E ) = 3 corresponding to the predicate
add=3. We denote this parameter by a.

NClauses (¢) : counts the number of clauses.In our example,NClauses(E) = 2.
We denote this parameter by c.

4 Relating parameters to \Size"

While learnabilit y is usually de¯ned in terms of the notion of size, it may be
useful to provide bounds using other measures(as various authors have done).
We therefore needto extend the de¯nitions of query complexity and learnabilit y
to refer to a set of parameters.This is done in a natural way so that query com-
plexity measureseach of the parameters,and learnabilit y requiresa polynomial
bound in every parameter. However, this is not su±cient. We must also identify
when such a replacement preservespolynomial learnabilit y. For this we de¯ne:

De¯nition 3. Let C be a classof ¯rst order expressions.Let k and j be positive
integers. Let C = f C1; : : ; Ck g be a list of complexity measures on expressions
in C, and let D = f D1; : : ; D j g be an alternative list of complexity measures on
expressionsin C. We say that C and D are polynomially related w.r.t. C if there
exist polynomials p1; : : ; pk of arity j and polynomials q1; : : ; qj of arity k such
that for every E 2 C:

(i) for all i = 1; : : ; k: Ci (E ) · pi (D1(E ); : : ; D j (E )) , and



(ii) for all i = 1; : : ; j : D i (E ) · qi (C1(E ); : : ; Ck (E )) .

The next lemma follows directly from the de¯nition of polynomial relation:

Lemma 1. The polynomial relation between sets of complexity measures is re-
°exive, transitive, and symmetric.

The next theorem shows that this notion of polynomial relation amongcom-
plexity measurescapturesexactly the situations in which onecan substitute the
related complexity measureswithout changing the learning model.

Theorem 1. Let C be a class of ¯rst order expressions.Let C1; : : ; Ck be a set
of complexity measures that is polynomially related to Size w.r.t. the class C,
where Size is somenotion of sizefor the expressionsin C. Let p1(¢); : : ; pk (¢) and
q(¢; : : ; ¢) be the polynomials witnessing their polynomial relation. Similarly, let
D1; : : ; D k 0 be a set of complexity measures that is polynomially related to Size0

w.r.t. the classE, where E is a representation class for the examples,and Size0

is some notion of size for the examplerepresentations in E. Let p0
1(¢); : : ; p0

k 0(¢)
and q0(¢; : : ; ¢) be the polynomials witnessing their polynomial relation.

Suppose that A is a learning algorithm for C with query complexity (w.r.t.
C1; : : ; Ck and D1; : : ; D k 0) bounded by polynomials si (c1; : : ; ck ; d1; : : ; dk 0) for
i = 1; : : ; k, and s0

j (c1; : : ; ck ; d1; : : ; dk 0) for j = 1; : : ; k0, where c1; : : ; ck bound
the complexity (w.r.t. C1; : : ; Ck ) of the target concept and d1; : : ; dk 0 bound the
complexity (w.r.t. D1; : : ; D k 0) of the counterexamplesreceived. Then, A is a
polynomial query learning algorithm for C.

Proof. Notice that items (i) and (ii) of De¯nition 2 on learnabilit y hold trivially
sincewe have assumedthat A is a learning algorithm for C working in the same
model. We show that item (iii) holds. Namely, there is a polynomial r (¢; ¢) s.t.
at any stage, if n is the size of the longest counterexample received so far in
responseto an equivalencequery, the query complexity of A at that stagedoes
not exceedr (n; m).

In the following, f 1::k (args) stands for f 1(args); : : ; f k (args). We de¯ne

r (n; m) = q(s1::k (p1::k (m); p0
1::k 0(n))) + q0(s0

1::k 0(p1::k (m); p0
1::k 0(n))):

Observe that all the functions s1; : : ; sk ; s0
1; : : ; s0

k 0, p1; : : ; pk ; p0
1; : : ; p0

k 0 and q; q0

are polynomials and hencer is a polynomial, too. It is left to show that r bounds
the query complexity for A .

Notice that c 2 C· m implies that c 2 C· p(m ) becausep1(m); : : ; pk (m) bound
the complexity measuresin C1; : : ; Ck . By assumption, the query complexity
(w.r.t. parameters C1; : : ; Ck ) of A is bounded by s1::k (p1::k (m); p0

1::k 0(n)) and

by s0
1::k 0(p1::k (m); p0

1::k 0(n)). Hence,the query complexity of A (w.r.t. Size and

Size0) is bounded by q(s1::k (p1::k (m); p0
1::k 0(n))) + q0(s0

1::k 0(p1::k (m); p0
1::k 0(n))).

ut



Remark 1. Note that we require polynomial bounds in both directions to guar-
antee learnabilit y. This is neededfor learning with queriesand for proper PAC
learnabilit y (where hypothesisclassis the sameasconceptclass),whereasa one
sided bound su±ces for PAC predictabilit y.

It is useful to highlight what can go wrong if this does not hold. In the
¯gure below we can seethree terms: t1 has TreeSize exponential in the depth
while its DAGSize is just linear (further discussionof t1 is given in Theorem 2
below); t2 hasboth TreeSizeand DAGSizeexponential in the depth; ¯nally t3 has
both TreeSize and DAGSize linear in the depth. Now, if one has an algorithm
that learns w.r.t. TreeSize then when learning an expressionincluding t1 the
algorithm is allowed to include t2 in a query but this is not possiblefor learning
w.r.t. DAGSizesincet1 is just polynomial in the depth whereast2 is exponential.
On the other hand, if onehasan algorithm that learnsw.r.t. DAGSizethen when
learning an expressionincluding t3 the algorithm can use t1 in its query. If we
try to usethis algorithm to learn w.r.t. TreeSizethis query is too large.

TreeSize(t1) = £ (2d)

DAGSize(t1) = £ (d)

TreeSize(t2) = £ (2d)

DAGSize(t2) = £ (2d)

TreeSize(t3) = £ (d)

DAGSize(t3) = £ (d)
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5 Relating complexit y measures for ¯rst order logic

The previous two sectionsgive complexity parametersand a tool to relate them.
We next investigate which subsetsof the alternativ e complexity measuresare
polynomially related to our notions of size.

De¯nition 4. Let M be the set of alternative complexity parameters f NTerms,
NVariables, Depth, NLiter als, NPredicates, NFunctions, Arity , NClausesg:

It is not hard to seethat the tree representation can be padded with extra
commasand parenthesesand therefore:

Lemma 2. StringSize is polynomially related to TreeSize.



As a result while typically we think of StringSize as de¯ning learnabilit y
we can discusscomplexity with respect to TreeSizewithout loss of clarit y. The
question is whether we can ¯nd a combination of the alternativ e parameters in
M that is polynomially related to TreeSize. Supposethat E is a ¯rst order Horn
expressions.t.

NTerms(E) = t NVariables(E) = v Depth(E) = d
NLiter als(E ) = l NPredicates(E) = p NFunctions(E) = f
Arity (E ) = a NClauses(E) = c

Observe that any term appearing in E has size at most O(ad). Hence,any
atomic formula has size at most 1 + O(ad+1 ) = O(ad+1 ) (1 for the predicate
symbol, ad+1 for the arguments). Hence,any Horn clausecan have sizeno more
than 1+ 2v+ lO(ad+1 ) = O(v+ lad+1 ) (1 for the implication symbol in the clause,
2v for the quanti¯ers and quanti¯ed variables,and O(ad+1 ) for each atom in the
clause).Therefore

TreeSize(E) = O(cv + clad+1 ):

On the other hand, it is clear that all the parametersabove are bounded by
TreeSize(E). The next theorem shows that the conversedoesnot hold:

Theorem 2. TreeSizeis not polynomially bounded by any subsetof parameters
in M for classesover signatures with at least one constant and one function
symbol of arity at least 2.

Proof. We give an expressionE such that its TreeSizeis exponential in NTerms.
Let E = p(t1), wheret1 is a completetree of degreea with internal nodeslabeled
with function symbol f and leaves labeled with constant 1:

p(

d times
z }| {
f (: : f (f (f (

a times
z }| {
1; : : ; 1); : : ; f (1; : : ; 1)); : : ; f (f (1; : : ; 1); : : ; f (1; : : ; 1))) : :))

The following ¯gure represents t1 when a = 2, d = 3:
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The complexity measuresfor E are:

NTerms(E) = d NVariables(E) = 0 Depth(E) = d
NLiter als(E ) = 1 NPredicates(E) = 1 NFunctions(E) = 2
Arity (E ) = a NClauses(E) = 1 TreeSize(E) = £ (ad)



Henceno polynomial combination of the available complexity measuresupper
bounds TreeSize(E). ut

This is a surprising fact that has not beennoticed in previous work working
with theseparameters.No polynomial combination of the parametersabove can
replaceTreeSize.

Prop osition 1. If there are no function symbols of arity greater than 1, then
the set f NClauses; NLiter als; Depthg is polynomially related to TreeSize.

Proof. This follows from the fact that in this caseTreeSize= O(clad). ut

On the other hand, exponential lower bounds in terms of arit y have been
derived when ignoring NLiter als. Theseessentially re°ect the following fact:

Prop osition 2. If the number of literals is ignored then TreeSizeand DAGSize
are not polynomially bounded by Arity .

Proof. Let p be a predicate of arit y a. Let f 1; : : ; tg be a set of t distinct terms
built e.g.by oneconstant and oneunary function. Let P be the set of all di®erent
p() atoms built from these terms; jP j = ta . Let p̂ be a particular element in P.
Let E be the expressionE = P n f p̂g ! p̂. The complexity of E is given by:

NTerms(E) = t NVariables(E) = 0 Depth(E) = t
NLiter als(E ) = ta NPredicates(E) = 1 NFunctions(E) = 2
Arity (E ) = a NClauses(E) = 1
TreeSize(E) = ­ (ta) DAGSize(E) = ­ (ta)

Hence,the tree sizeis exponential in the arit y and is not polynomially bounded
by other parameterswhen l is ignored. ut

As in the caseof TreeSize, DAGSize also gives an upper bound for all the
alternativ e parametersin M . This time the relation in the other direction is also
polynomial. Notice that a DAG encodes terms in a smarter way, sincemultiple
occurrencesof a term are only counted once. Hence, t terms in a clause con-
tribute £ (t) to the DAGSize only. An atomic formula contributes only 1 since
its arguments are encoded with the terms already. Hence,every clausehas size
at most O(v + t + l) = O(t + l) and

c + l + t · DAGSize(E) = O(ct + cl):

We therefore have:

Theorem 3. The set of parameters f NTerms; NLiter als; NClausesg is polyno-
mial ly related to DAGSize w.r.t. the classof ¯rst order Horn expressions.

Notice that the theorem is true for any valuesof the other parameters.The
previous proposition shows DAGSize can be exponential in arit y but as the the-
orem shows in such a caseoneof c; l ; t must be large aswell. It is also interesting
to note that several results on learning with queriesgive upper bounds in terms
of ta and other parameters(Arim ura, 1997;Reddy and Tadepalli, 1998;Rao and
Sattar, 1998; Arias and Khardon, 2002). While l · p ¢ta these bounds do not
directly relate to DAGSize or TreeSize.



6 The V C Dimension of ¯rst order Horn expressions

This section characterizesthe Vapnik-Chervonenkisdimension (VC Dimension)
of ¯rst order Horn expressions.It is known that the VC Dimension provides
tight bounds on the number of examplesfor PAC learning (Ehrenfeucht et al.,
1989) as well as a lower bound for the number of equivalenceand membership
queriesfor exact learning (Maass and Tur¶an, 1992).

It is well known that for a ¯nite classT , we have VCDim (T ) · log jT j. To
obtain an upper bound for the VC Dimension of ¯rst order Horn expressions,
we compute ¯rst how many conceptsthere are in the classH · c;t;l of ¯rst order
Horn expressionswith at most c clauses,at most t terms per clause,and at most
l literals per clause.

We show how to encode each concept in H · c;t;l with a binary alphabet. In
order to represent terms or literals we need to refer to function and predicate
symbols; assumethere are p predicate and f function symbols (of arit y at most
a) that we can refer to by using logp and log f bits, respectively. We assume
that a, p and f are constant values, hencea, logp and log f are just O(1). To
encode a set of t distinct terms, we list them in a table with t rows, where each
row is of sizeat most log f + a log t (log f are the bits usedto encode the headof
the term, and a log t are the number of bits usedto encode its arguments). This
makes a total of t(log f + a log t) = O(t log t) bits for the term table. Now, we
just needlog t bits to refer to terms in the expressions(the indices of the terms
in the term table). To encode a clause,we usea table with at most l rows, each
being of size at most 1 + logp + a log t (1 is to indicate whether the literal is
negated or not). This results in l(1 + logp + a log t) = O(l log t) for the clause
table. Hence,to encode a singleclausewe needO(l log t + t log t) bits. To encode
c clauses,we needto have a term and a clausetable for each clause,and hence
O(cl log t + ct log t) bits are su±cient.

With O(cl log t + ct log t) bits we can represent at most 2O(cl log t + ct log t ) dif-
ferent concepts,thus we conclude:

Theorem 4. VCDim (H · c;t;l ) = O(cl log t + ct log t).

Note that the theorem is valid regardlessof the representation of examples
and is thereforevalid both for learning from interpretations and for learning from
entailment. In the rest of this sectionwe show that VCDim (H · c;t;l ) = ­ (cl+ ct).
The two learning modelsare handled in the next two subsections.We start with
the necessaryde¯nitions (Blumer et al., 1989).

De¯nition 5. Let I be a set, H µ 2I , and S µ I . Then ¦ H (S) is the set
f h \ S j h 2 Hg, i.e. the set of subsetsof S that can be obtained by intersection
with elementsof H . If j¦ H (S)j = 2jS j , then we say that H shatters S. Final ly,
VCDim (H) is the size of the largest set shattered by H (or 1 if arbitrary large
setsare shattered).



6.1 Learning from in terpretations

In the following sequenceof lemmas we construct sets of interpretations of ap-
propriate cardinalit y, and show how to shatter them by giving families of ¯rst
order Horn expressionsseparating each possibledichotomy of the interpretation
sets.We make extensive useof the interpretations' function mappings to ensure
that terms evaluate to appropriate valuesso that separation is guaranteed.

Lemma 3. There exists a set of c interpretations that can be shattered using
¯rst order Horn expressionsbounded by NClauses · c, NTerms · logc + 3,
NLiter als = 2, NVariables = 0, Depth = logc, Arity = 2, NFunctions = 4 and
NPredicates = 2.

Proof. We construct a set of c di®erent terms using a function f of arit y 2 and
three constants 1, 2 and 3 and by forming ground terms of depth logc in the
following manner:

T̂ = f f (a1; f (a2; f (a3; f (:::f (alog c; 3):::)) j ai 2 f 1; 2g for all 1 · i · logcg

Notice that there are exactly 2log c = c such terms. Moreover, every term in T̂
is of size2logc + 1 and contains at most logc + 3 distinct subterms.

We de¯ne I the set of interpretations to be shattered by giving an interpre-
tation per element of T̂ . Hence,jI j = ^jT j = c. The domain of the interpretation
I t̂ , consistsof the £ (log c) objects corresponding to the subterms appearing in
t̂ (including itself ) and a distinguished object ¤. The function mapping for f is
de¯ned to follow the functional structure of the distinguished term t̂, and unde-
¯ned entries are mapped to ¤. Notice that any term t0 2 T̂ s.t. t̂ 6= t0 is mapped
to the special object ¤ under the interpretation I t̂ . Finally, the extension of I t̂
contains a single atom P(t̂) in its extension.

Given any subsetS µ I , de¯ne H S using predicate symbols P=1 and F=0 as

HS =
©

P(t̂) ! F ()
¯
¯ I t̂ 2 S

ª
:

We now show that HS separatesinterpretations in S from interpretations in
I nS. Interpretations I in S falsify oneof the clausesin H S (the onecorresponding
to I 's distinguished term) and henceI 6j= H S . Interpretations I not in S falsify
each clause'santecedent (the terms present in the clausesof H S are all mapped
to the special object ¤ under I ) and henceI j= H S . ut

The VC Dimension construction of (Khardon, 1999a) usesa signature that
grows with NTerms. The following lemma modi¯es this construction to use a
¯xed signature.

Lemma 4. For l · ta , there existsa set of l interpretations that can be shattered
using ¯rst order Horn expressionsbounded by NTerms = 2t, NVariables = t,
Depth = log t, NLiter als · l , NPredicates = 3, NFunctions = 1, Arity · a and
NClauses= 1.



Proof. We construct a set of interpretations I that is shattered using ¯rst order
Horn expressionswith parametersas stated. Fix a and t. The expressionsusea
predicate symbol F () of arit y 0, a unary predicate L and a predicate symbol Q
of arit y logt l . Notice that logt l · a since l · ta . Let

Qal l =
©

Q(i 1; : : : ; i log t l )
¯
¯ i j 2 f 1; ::; tg for all j = 1; : : : ; logt l

ª
:

Notice that jQal l j = t log t l = l.
Let f be a binary function, and let ¿ be the term represented by a binary

balanced tree of depth log t whose leaves are labeled by the objects 1: : : t (in
order) and whoseinternal nodes are labeled by the function symbol f . Such a
term contains 2t subterms.

The domain for all the interpretations in I includes an object for each sub-
term of ¿ (including 1; ::; t) and a special object ¤. The function mappings for
f follow the functional structure of ¿ with unde¯ned entries completed by the
special domain object ¤. Interpretations include in their extensionthe atom L(¿)
and all the atoms in Qal l except one. Hence,there are l interpretations in I .

Givena subsetS µ I wede¯ne H S asfollows.Let ¿0 be the result of replacing
j 2 f 1; : : ; tg by the corresponding variable x j 2 f x1; : : ; x t g in ¿. Let QS be the
intersection of the Q() atoms in the extensionsof all the interpretations in S
after the samesubstitution. Then

HS = L(¿0) ^ QS ! F () :

We show that HS separatesS from its complement I n S. SupposeI 2 S.
Take the substitution f x j 7! j g. Then I 6j= HS becausethe antecedent is satis¯ed
(it is a subsetof the extension of I ) but F () is not. Supposeon the other hand
that I 62S. Substitutions other than f x j 7! j g falsify L (¿0). The clauseHS is
also satis¯ed under the substitution f x j 7! j g becausethe \omitted Q" in I 's
extension is present in QS . HenceI j= HS . ut

Lemma 5. For l · ta , there exists a set of cl interpretations that can be shat-
tered using range-restricted and constrained ¯rst order Horn expressionsbounded
by NClauses · c, NTerms = £ (log c + t), NLiter als · l , NVariables = t,
Depth = £ (log c + log t), Arity · a, NFunctions = 5 and NPredicates = 4.

Proof. Let I be the set shattered in Lemma 4. We create a new set of interpre-
tations I + of cardinalit y cl in the following way. We have an additional set of c
terms constructed in the sameway as in Lemma 3, let us denote this set T̂c. As
in Lemma 3, T̂c contains c distinct terms of depth logc each.

We augment the interpretations in the construction of Lemma 4 by associat-
ing each I 2 I with a new term in T̂c (and hencewe createc new interpretations
in I + for each old interpretation in I ), adding logc new objects and the cor-
responding functional mappings following the terms' structure and completing
unde¯ned entries with the special object ¤. Additionally , we include the atom
P(ĉ) in the extension of interpretations with distinguished term ĉ 2 T̂c. Hence
jI + j = cl.



Given a subsetS µ I we de¯ne H S as:

HS =
n

L(¿0) ^ QSĉ ^ P(ĉ) ! F (¿0; ĉ)
¯
¯
¯ ĉ 2 T̂c

o
; (1)

where ¿0 is the same as above, Sĉ is the subset of interpretations in S with
distinguished term ĉ, and QSĉ is constructed as in Lemma 4. Notice that H S is
both range-restricted and constrained.

We show that HS separatesS from its complement I n S. Let I be any
interpretation in I . Supposethat ĉ is the distinguished term in T̂c associated to
I . Termsc0 6= ĉ evaluate to ¤ under I , and every clausein H S containing P(c0) is
satis¯ed. The clausecontaining P(ĉ) is falsi¯ed i® I 2 S by the samereasoning
as in Lemma 4. ut

The next result shows that by varying the number of terms we can shatter
arbitrarily large setswith a ¯xed signature.

Lemma 6. There exists a set of t interpretations that can be shattered us-
ing Horn expressions bounded by NClauses = 1, NTerms · 4t, NLiter als =
2, NVariables = 0, Depth = 2log t + 2, Arity = 2, NFunctions · 9 and
NPredicates = 2.

Proof. Let t = k logk for somek 2 N . Using the samesignature as in Lemma 3
we generatea set T̂ of k terms of depth logk each. We associate to every in-
terpretation a term in T̂ and an index i 2 f 1; ::; logkg and we denote by I t̂;i

the interpretation associated to (t̂; i ) 2 T̂ £ f 1; ::; logkg. Thus, we have a set of
interpretations I s.t. jI j = ^jT j jf 1; ::; logkgj = k logk = t.

Given a subsetS µ I , we construct the term TREE S that intuitiv ely asso-
ciates to every possibleterm t̂ in T̂ a set of indices l t̂ where l t̂ =

©
i
¯
¯ I t̂;i 2 S

ª
.

The function mappings in each interpretation I t̂ ;i ensurethat the term TREE S

evaluates to a special domain object y if and only if the index i appears in the
set of indices for term t̂ encoded in TREE S . The expressionHS is now de¯ned
as:

HS = M (TREE S ) ! F () :

Each interpretation includes in its extension the atom M (y) so that the clause
HS is falsi¯ed by I i® the term TREE S evaluates to y under I , i.e., i® I 2 S.

We ¯rst describe the structure of the term TREE S . Let St̂ be the subsetof
S consisting of interpretations I t̂;i in S and let l t̂ =

©
i
¯
¯ I t̂;i 2 St̂

ª
. We encode

the set l t̂ with the term f i 1 (f i 2 (¢¢¢f i log k (a)) ¢¢¢) where i j = 0 if j 62l t̂ and i j = 1
otherwise. Denote this term by t l t̂

. As an example,assumelogk = 6 and let the
set l t̂ = f 1; 4; 5g. Then, t l t̂

= f 1(f 0(f 0(f 1(f 1(f 0(a)))))). Notice that we are using
two unary functions f 0 and f 1 and a constant a. Next we usea binary function g
to encode the association betweenterms t̂ and their setsof indices l t̂ as g(t̂; t l t̂

).
Finally, TREE S is constructed as a balanced tree (using a binary function h)
whoseleavesare terms of the form g(t̂; t l t̂

), for every t̂ 2 T̂ .

Example 1. Let k = 4. Then T̂ = f t̂1; t̂2; t̂3; t̂4g, where



{ t̂1 = f (1; f (1; 3))
{ t̂2 = f (1; f (2; 3))
{ t̂3 = f (2; f (1; 3))
{ t̂4 = f (2; f (2; 3))

If S = f (t̂1; 1); (t̂2; 2); (t̂3; 1); (t̂3; 2)g, then:

{ l t̂ 1
= f 1g, l t̂ 2

= f 2g, l t̂ 3
= f 1; 2g and l t̂ 4

= fg .
{ t l t̂ 1

= f 1(f 0(a)), t l t̂ 2
= f 0(f 1(a)), t l t̂ 3

= f 1(f 1(a)) and t l t̂ 4
= f 0(f 0(a)).

{ TREE S =

h h

h

gg g g
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a a a a

f1
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f1

f0

f0

f

f
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Let us now describe in detail the domain and function mappings for inter-
pretation I t̂;i . The domain objects are:

{ Three special objects ¤; y; n.
{ Up to logk + 3 distinct objects that represent all terms and subtermspresent

in the distinguished term t̂.
{ Up to 2k + 1 objects representing all the possible terms and subterms of

the vector indices f i 1 (f i 2 (¢¢¢f i log k (a)) ¢¢¢) for all possible i j 2 f 0; 1g where
1 · j · logk.

The function mappings are:

{ The constants 1; 2; 3 potentially appearing in t̂ are mapped to objects 1; 2; 3.
The mapping for binary function f follows the functional structure of t̂ , with
unde¯ned entries mapped to the special object ¤.

{ The constant a is mapped to object a. Unary functions f 0 and f 1 alsomimic
the functional structure of terms and subterms of f i 1 (f i 2 (¢¢¢f i log k (a)) ¢¢¢)
for all possiblei j 2 f 0; 1g where 1 · j · logk.

{ The binary function g(t1; t2) is mapped to special object y i® t1 = t̂ and the
unary function used at depth i in term t2 is f 1. Otherwise it is set to the
special object n.



{ Finally, the binary function h(a1; a2) is mapped to domain object y i® either
a1 = y or a2 = y, otherwise it is mapped to object n.

Finally, the only atom present in each interpretation is M (y).
We prove that I t̂;i falsi¯es HS i® I t̂;i 2 S. Notice that I t̂;i falsi¯es HS i® I t̂;i

satis¯es the atom M (TREE S ) i® the term TREE S is mapped to the domain
object y under I t̂;i i®someterm g(t1; t2) is mappedto y i® term g(t̂; t2) is mapped
to y (other terms g(t1; t2) where t1 6= t̂ are mapped to n by construction) i® the
unary function usedat depth i in term t2 is f 1 i® I t̂;i 2 S.

We ¯nally quantify the complexity of the parameters used in H S : it has 1
clause,2 literals, no variables, usesone single term of depth £ (log k) (that is
O(log t)) which contains £ (k logk) subterms (that is £ (t) subterms) that are
built from 4 constants, 5 function symbols whosemaximal arit y is 2. ut

Lemma 7. There exists a set of ct interpretations that can be shattered using
range-restricted and constrained Horn expressions bounded by NClauses · c,
NTerms = £ (t + logc), NLiter als = 2, NVariables = 0, Depth = O(log t + logc),
Arity = 2, NFunctions · 9 and NPredicates = 3.

Proof. We extend the previous construction. Let I be the set shattered in
Lemma 6. We create a new set of interpretations I + of cardinalit y ct in the
following way. We have an additional set of c terms constructed in the sameway
as in Lemma 3 using the constants 1,2,3and a binary function symbol g. Let us
denote this set T̂c. As in Lemma 3, T̂c contains c distinct terms of depth logc
each. Notice that we can safelyre-use1,2,3and g sincetheseare never combined
in the construction of Lemma 6.

As before, we augment the interpretations in the construction of Lemma 6
by associating I 2 I with a new term in T̂c (and hence we create c new in-
terpretations in I + for each old interpretation in I ), adding logc new objects
and the corresponding functional mappingsfollowing the term's structure. Hence
jI + j = ct. In addition we modify the predicate M that now hasarit y 2. The only
atom true in I is M (ĉ;y), where ĉ is the distinguished term associated to I .

For each subsetS µ I we de¯ne

HS =
n

M (ĉ;TREE Sĉ ) ! F (ĉ;TREE Sĉ )
¯
¯
¯ ĉ 2 T̂c

o
;

where Sĉ is the subsetof interpretations in S with distinguished term ĉ. Notice
that HS is both range-restricted and constrained.

We ¯nally prove that I falsi¯es H S i® I 2 S. Supposethat ĉ is the distin-
guishedterm in T̂c associated to I . I contains the atom M (ĉ;y) in its extension,
and every clause M (c0; TREE Sc 0) ! F (c0; TREE Sc 0) in HS s.t. ĉ 6= c0 is sat-
is¯ed since term c0 does not evaluate to domain object ĉ under I . The clause
M (ĉ;TREE Sĉ ) ! F (ĉ;TREE Sĉ ) is falsi¯ed i® I 2 Sĉ by the samereasoningas
in Lemma 6. ut

Combining Lemmas5 and 7 we conclude:



Theorem 5. Let S be a signature with at least 9 function symbols and 4 predi-
cates of arity at least 2. The VC Dimension of the classof range-restricted and
constrained ¯rst order Horn expressions over S with at most c clauses, each
using up to l literals and t + logc terms is ­ (cl + ct).

Corollary 1. The VC Dimension of the classof range-restricted and constrained
expressionsin H · c;t;l for learning from interpretations is ~£ (cl + ct).

6.2 Learning from entailmen t

In learning from entailment (Frazier and Pitt, 1993), examplesare clausesand
classmembership is determined by logical consequence.That is, a clauseC is
a member of the concept represented by target expressionT i® T j= C. Thus
a concept is associated with the set of clausesthat it implies. The notions of
equivalenceand membership queriesare adapted so that the examplesusedare
clausesrather than interpretations.

In somecasesit is easyto transform a lower bound from learning from inter-
pretations to learning from entailment. In particular the construction in Lemma5
usesinterpretations whoseterm structure is simple. Any object that appears in
the extensionof any predicatehasa unique maximal term that describesit. Thus
in somesenseonecan think of the relation I 6j= H S assubsumption betweenthe
clausesin HS and the \terms structure" of the extension in I .

Example 2. To illustrate this property consider a signature with one predicate
p of arit y 1, two constants a;b, and one function f of arit y 1. Consider two
interpretations with the samedomain f 1; 2; ¤g, sameextensionwherep(2) is the
only true atom, and samemapping for f with f (1) = 2, f (2) = ¤, and f (¤) = ¤.
The ¯rst interpretation mapsa ! 1, b ! ¤. In this casewe can give a \maximal
atom" p(f (a)) to describe what is true in the interpretation. The antecedent
of any clausethat is falsi¯ed by the interpretation must subsumep(f (a)). The
secondinterpretation maps a ! 1, b ! 2. In this casethere are two possible
\maximal atoms" p(f (a)) and p(b) describing what is true in the interpretation
and we cannot make the sameclaim regarding subsumption.

If this property holds then wecanturn things around and makean antecedent
of a clauseCI from the extension of predicates in the interpretation. If we can
also choose an appropriate consequent then such a construction would satisfy
I 6j= HS i® HS j= CI . We can therefore construct a set of clausesthat are
shattered from the previous construction. One can abstract this idea and show
how such a transformation can be done (see related discussion in (Khardon,
1999b)) and that we get a shattered set. But in our casea direct application as
given in the following lemma is easierto see:

Lemma 8. For l · ta , there exists a set of cl clauses that can be shattered
using range-restricted and constrained ¯rst order Horn expressionsbounded by
NClauses· c, NTerms = £ (log c + t), NLiter als · l , NVariables · t, Depth =
£ (log c + log t), Arity · a, NFunctions = 5 and NPredicates = 4.



Proof. We give a set of clausesCl and show that it can be shattered. Let I + be
as in Lemma 5 and let Cl = f CI jI 2 I + g where for I 2 I + whoseassociated
term is ĉ we have

CI = H f I g(from Eq. 1) = L(¿0) ^ Qf I g ^ P(ĉ) ! F (¿0; ĉ):

Given a subsetS µ Cl we de¯ne H S using Eq. 1 wherewe usethe interpreta-
tions corresponding to the clausesS in the de¯nition of H S . Notice that in our
caseimplication and subsumption are equivalent since no chaining of rules or
self subsumption is possible(Gottlob, 1987). Now for C 2 Cl whoseassociated
term is ĉ the corresponding clausein H S is a subsetof C (no substitution needs
to be applied) and therefore H S j= C. On the other hand considerC 62Cl with
associated term ĉ. It is clear that clausesin H S with other associated terms
cannot be used to imply C. For the clausewith the sameassociated term only
the empty substitution can be useddue to the atom L(¿0). However in this case
the \omitted Q" atom in C is present in the clausein H S and the clausecannot
be subsumed. ut

The term structure in the interpretations in Lemmas6 and 7 is more complex
and we cannot use the extensionsdirectly in clausebodies. However a related
construction yields the samebounds.

Lemma 9. There exists a set of t clausesthat can be shattered using Horn ex-
pressionsbounded by NClauses= 1, NTerms · 2t, NLiter als = 1, NVariables ·
t, Depth = log t, Arity = 2, NFunctions = 3 and NPredicates = 1.

Proof. For each 1 · i · t, let t̂ i be a term of depth log t represented by a binary
tree of t leaves with binary function symbol f . Each t̂ i has as the i -th leaf a
constant a and in all other leavesa constant b.

Let P be a unary predicate symbol. The set of clausesto be shattered is
Cl = f Ci j 1 · i · tg, where Ci is the single literal P(t̂ i ). Clearly, jCl j = t.

Given a subset S µ Cl, let TERM S be the term represented by a balanced
binary tree of depth log t with internal nodes labeled by a function symbol f
and with the constant b in a leaf i if and only if Ci 2 S. All other leaves are
labeled with distinct variables, namely, a leaf in position j s.t. Cj 62S contains
a variable x j . HS is de¯ned as the single clausewith just one literal:

HS = P(TERM S ):

Now we prove that Ci 2 S i® HS 6j= Ci , or equivalently , that Ci 2 S i®
P(TERM S ) 6j= P(t̂ i ). Fix any Ci . By construction the i -th leaf of t̂ i contains
the constant a. If Ci 2 S, then the i -th leaf of TERM S contains the constant
b and subsumption is not possible. Therefore, P(TERM S ) 6j= P(t̂ i ). If Ci 62
S, then TERM S contains a variable x i in the i -th leaf. The substitution µ =
f x i 7! ag [ f x j 7! bj 1 · j · t and j 6= ig is s.t. P(TERM S )µ = P(t̂ i ) so that
P(TERM S ) j= P(t̂ i ). ut



Lemma 10. There exists a set of ct clausesthat can be shattered using range-
restricted and constrained Horn expressionsbounded by NClauses· c, NTerms =
£ (t + logc), NLiter als = 2, NVariables · t, Depth = O(log t + logc), Arity = 2,
NFunctions · 4 and NPredicates = 2.

Proof. We extend the construction in the previous lemma. First create a set of
c distinct terms T̂c as in Lemma 3. It is safeto reusethe samebinary function
symbol f and the constants a and b; hencean extra constant is neededto mimic
the construction from Lemma 3 of T̂c.

Let P; R be binary predicate symbols. The new set of clausesis

Cl =
n

P(t i ; ĉ) ! R(t i ; ĉ)
¯
¯
¯ 1 · i · t and ĉ 2 T̂c

o
:

Clearly, jCl j = jf 1; : : ; tgj £
¯
¯
¯T̂c

¯
¯
¯ = tc.

Given a subsetS µ Cl, let H S be

HS =
n

P(TERM Sĉ ; ĉ) ! R(TERM Sĉ ; ĉ)
¯
¯
¯ ĉ 2 T̂c

o
;

where Sĉ is the subsetof S of clausesthat are associated to the term ĉ. Notice
that HS is both range-restricted and constrained.

Let Ci; ĉ bethe clausein Cl that contains the terms t i and ĉ. Wenext show that
Ci; ĉ 2 S i® HS 6j= Ci; ĉ. Notice that P(TERM Sc 0 ; c0) ! R(TERM Sc 0 ; c0) 6j= Ci; ĉ

if ĉ 6= c0. Hence,HS j= Ci; ĉ i® P(TERM Sĉ ; ĉ) ! R(TERM Sĉ ; ĉ) j= Ci; ĉ. Finally,
to prove that Ci; ĉ 2 S i® P(TERM Sĉ ; ĉ) ! R(TERM Sĉ ; ĉ) 6j= Ci; ĉ it is su±cient
to observe that Ci; ĉ 2 S i® Ci; ĉ 2 Sĉ, so that a similar argument as in Lemma 9
applies. ut

Combining Lemmas8 and 10 we conclude:

Theorem 6. Let S be a signature with at least 9 function symbols and 4 predi-
cates of arity at least 2. The VC Dimension of the classof range-restricted and
constrained ¯rst order Horn expressionsover S with at most c clauses,eachusing
up to l literals and t + logc terms in the frameworkof learning from entailment
is ­ (cl + ct).

Corollary 2. The VC Dimension of the classof range-restricted and constrained
expressionsin H · c;t;l for learning from entailment is ~£ (cl + ct).

Now applying the lower bound given by (Maass and Tur¶an, 1992) we can
conclude:

Corollary 3. Any algorithm that exactly learns the class of range-restricted
and constrained expressions in H · c;t;l for either learning from interpretations
or learning from entailment must make ­ (cl + ct) membership and equivalence
queries.



7 Conclusions and future work

The paper studies di®erent complexity parameters for ¯rst order learnabilit y.
The results show that the standard notion of size is not polynomially related
to parameters that are commonly used in the literature, identify an alternativ e
notion of sizethat can be captured, and characterize the VC-dimensionshowing
that the new sizeand parameters are indeed crucial for learnabilit y. This gives
a uniform treatment to di®erent ways of quantifying the complexity and puts
previous work in context so that lower boundscan be interpreted appropriately.

The results are also useful in clarifying the complexity of recent algorithms
on learning Horn expressionswith equivalence and membership queries. The
caseof Horn de¯nitions (with a single head) (Reddy and Tadepalli, 1997) is
indeed polynomial in c + l + t. Other results are either not polynomial (Arias
and Khardon, 2002) or rely on syntax based oracles (Arim ura, 1997; Reddy
and Tadepalli, 1998;Rao and Sattar, 1998). For example, our results in (Arias
and Khardon, 2002) show that constrained and range-restricted expressionsare
learnable with complexity polynomial in c + tv + ta , where v is the number
of variables per clauseand a is the maximum arit y of predicates and function
symbols (we simplify here by ignoring some of the parameters). Note that ta

essentially bounds l but may in fact be much larger than l. This issueseemsto
arisein any context wheremultiple consequents arepossibleand identifying these
may require looking at the ta possibilities. More importantly , it is not known
whether the exponential dependenceon v is necessaryor not and this remains
the main discrepancybetween known lower and upper bounds. As pointed out
above, VC basedbounds cannot resolve this question since they are limited by
expressionsize. The notion of certi¯cate size of concept classes,developed by
(Hellerstein et al., 1996; Hegedus,1995) gives both lower and upper bounds
for query complexity and thus may provide tools to do so. Characterizing the
certi¯cate complexity of ¯rst order classesis an interesting direction for future
work. Preliminary results solving somecasesin propositional logic are reported
in (Arias, Khardon, and Servedio, 2003).

References

Angluin, D. 1988. Queries and concept learning. Machine Learning, 2(4):319{
342, April.

Arias, M. and R. Khardon. 2002. Learning closedHorn expressions.Information
and Computation, 178:214{240.

Arias, M., R. Khardon, and R. A. Servedio. 2003. Polynomial certi¯cates for
propositional classes. In Proceedings of the Conference on Computational
Learning Theory, pages537{551. Springer-Verlag. LNAI 2777.

Arim ura, Hiroki. 1997. Learning acyclic ¯rst-order Horn sentencesfrom entail-
ment. In Proceedings of the International Conference on Algorithmic Learn-
ing Theory, Sendai,Japan. Springer-Verlag. LNAI 1316.



Blumer, Anselm, Andrzej Ehrenfeucht, David Haussler, and Manfred K. War-
muth. 1989. Learnabilit y and the Vapnik-Chervonenkis dimension. Journal
of the ACM, 36(4):929{965,October.

Cohen, W. 1995. PAC-learning recursive logic programs: E±cien t algorithms.
Journal of Arti¯cial Intel ligence Research, 2:501{539.

De Raedt, L. and S. Dzeroski. 1994. First order j k-clausal theories are PAC-
learnable. Arti¯cial Intel ligence, 70:375{392.

D·zeroski,Sa·so, StephenMuggleton, and Stuart Russell. 1992. PAC-learnabilit y
of determinate logic programs. In David Haussler,editor, Proceedings of the
Conference on Computational Learning Theory, pages128{135, Pittsburgh,
PA, July. ACM Press.

Ehrenfeucht, Andrzej, David Haussler,MichaelKearns,and LeslieValiant. 1989.
A general lower bound on the number of examplesneededfor learning. In-
formation and Computation, 82(3):247{251,September.

Frazier, M. and L. Pitt. 1993. Learning from entailment: An application to
propositional Horn sentences. In Proceedings of the International Conference
on Machine Learning, pages120{127, Amherst, MA. Morgan Kaufmann.

Gottlob, G. 1987. Subsumption and implication. Information ProcessingLet-
ters, 24(2):109{111.

Grohe, Martin and Gyorgy Tur¶an. 2002. Learnabilit y and de¯nabilit y in trees
and similar structures. In Proceedings of the 19th Annual Symposium on
Theoretical Aspects of Computer Science (STACS), pages645{658.Springer.
LNCS 2285.

Hegedus,T. 1995. On generalizedteaching dimensionsand the query complexity
of learning. In Proceedings of the Conference on Computational Learning
Theory, pages108{117, New York, NY, USA, July. ACM Press.

Hellerstein, L., K. Pillaipakkamnatt, V. Raghavan, and D. Wilkins. 1996. How
many queries are needed to learn? Journal of the ACM, 43(5):840{862,
September.

Horv¶ath, Tam¶as and GyÄorgy Tur¶an. 2001. Learning logic programs with struc-
tured background knowledge. Arti¯cial Intel ligence, 128(1-2):31{97,May.

Kearns,M.J. and U.V. Vazirani. 1994. An Intr oduction to Computational Learn-
ing Theory. MIT Press,Cambridge, MA.

Khardon, R. 1999a.Learning function freeHorn expressions.Machine Learning,
37:241{275.

Khardon, R. 1999b. Learning range restricted Horn expressions.In Proceedings
of the Fourth European Conference on Computational Learning Theory, pages
111{125, Nordkirchen, Germany. Springer-verlag. LNAI 1572.

Kietz, JÄorg-Uwe and SasoDzeroski. 1994. Inductiv e logic programming and
learnabilit y. SIGART Bul letin, 5(1):22{32, January.

Lloyd, J. W. 1987. Foundations of logic programming; (2nd extended ed.).
Springer-Verlag New York, Inc.

Maass,W. and Gy. Turan. 1995. On learnabilit y and predicate logic (extended
abstract). In Proceedings of the 4th Bar-Ilan Symposium on Foundations of
AI (BISFAI) .



Maass, Wolfgang and GyÄorgy Tur¶an. 1992. Lower bound methods and sep-
aration results for online learning models. Machine Learning, 9:107{145,
October.

Muggleton, S. and L. DeRaedt. 1994. Inductiv e logic programming: Theory and
methods. The Journal of Logic Programming, 19 & 20:629{680,May.

Muggleton, S. and C. Feng. 1992. E±cien t induction of logic programs. In
S. Muggleton, editor, Inductive Logic Programming. Academic Press,pages
281{298.

Rao, K. and A. Sattar. 1998. Learning from entailment of logic programs with
local variables. In Proceedings of the International Conference on Algorith-
mic Learning Theory, Otzenhausen,Germany. Springer-verlag. LNAI 1501.

Reddy, C. and P. Tadepalli. 1997. Learning Horn de¯nitions with equivalence
and membership queries. In International Workshopon Inductive Logic Pro-
gramming, pages243{255, Prague, Czech Republic. Springer. LNAI 1297.

Reddy, C. and P. Tadepalli. 1998. Learning ¯rst order acyclic Horn programs
from entailment. In International Conference on Inductive Logic Program-
ming, pages23{37, Madison, WI. Springer. LNAI 1446.


