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Abstract

The paper identi¯es several new properties of the lattice induced by the subsump-
tion relation over ¯rst-order clausesand derives implications of these for learnabilit y.
In particular, it is shown that the length of subsumption chains of function free clauses
with bounded sizecan be exponential in the size. This suggeststhat simple algorith-
mic approaches that rely on repeating minimal subsumption-basedre¯nements may
require a long time to converge. It is also shown that with bounded size clausesthe
subsumption lattice hasa large branching factor. This is usedto show that the classof
¯rst-order length-bounded monotone clausesis not properly learnable from member-
ship queriesalone. Finally, the paper studies pairing, a generalization operation that
takes two clausesand returns a number of possiblegeneralizations. It is shown that
there are clauseswith an exponential number of pairing results which are not related to
each other by subsumption. This is usedto show that recent pairing-basedalgorithms
can make exponentially many querieson somelearning problems.

1 In tro duction

The ¯eld of Inductive Logic Programming (ILP) is concernedwith developing theory and
methods that allow for e±cient learning of classesof conceptsexpressedin the languageof
¯rst-order logic. Subsumption is a generality relation over ¯rst order clausesthat induces
a quasi-orderon the set of clauses.The subsumption lattice is of crucial importance since
many ILP algorithms perform a search over this spaceand as a result the lattice has been
investigatedextensively in the literature (seesurvey in [16]). The paper contributes to this
study in two ways. First, we exposeand prove new properties of the subsumptionlattice of
¯rst-order clauses.Second,we usetheseproperties to prove negative learning results in the
model of exact learning from queries. Theseresults illustrate the connectionbetween the
subsumptionlattice and learning.
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This work arisesfrom the study of querycomplexity of learningin ¯rst order logic. Several
positive learnability results exist in the model of exact learning from queries[1]. However,
except for a \monotone-like case" [20] the query complexity is either exponential in one of
the crucial parameters(e.g. the number of universally quanti¯ed variables) [14, 3] or the
algorithms useadditional syntax-basedoracles[7, 21, 19]. It is not clear whether the expo-
nential dependenceis necessaryor not. Previouswork in [4] showed that the VC-dimension
cannot resolve this question. The current paper exploreshow properties of subsumption
a®ectthis question.

Westart by consideringthe length of proper subsumptionchainsc1 Á c2 Á : : Á cn of ¯rst
order clausesof restricted size. This is motivated by two issues.First, many ILP algorithms
(e.g. [22, 18, 8]) usere¯nement of clauseswhere in each step the clauseis modi¯ed using a
minimal subsumption step. Thus the length of subsumption chains hingeson convergence
of such approaches. A secondmotivation comesfrom the useof certi¯cates [13, 12] to study
query complexity. It is known [13, 12] that a class C is learnable from equivalenceand
membership queriesif and only if the classC has polynomial certi¯cates. Previous work in
[6] developed certi¯cates for propositional classes.In particular, oneof the constructionsof
certi¯cates for Horn expressionsusesthe fact that all proper subsumptionchains of propo-
sitional Horn clausesare short. Henceany generalizationof this construction to ¯rst order
logic relieson the length of such chains.

Section3 shows that subsumptionchainscanbe exponentially long (in number of literals
and variables) even with function free clauseswith a boundednumber of literals. This re-
sult suggeststhat simplealgorithmic approachesthat rely only on minimal re¯nement steps
may require a long time to convergeand excludessimple generalizationsof the certi¯cate
construction. We alsoshow that if oneimposesinequalitieson all terms in a clausethen sub-
sumption chainsare short. This further supports the useand study of inequatedexpressions
as donee.g. in [14, 3, 9].

The chain length result givesan informal argument againstcertain approaches. Section4
usesa similar construction to show that the classof length-bounded monotone¯rst order
clausesis not properly learnableusing membership queriesonly. This result is derived by
studying the lattice structure of length boundedclausesandusingit to show that the teaching
dimension [2, 10] is exponential in the size. The result follows sincethe teaching dimension
givesa lower bound for the number of membership queriesrequired to learn a class[2, 10].

Finally in Section5 we addressthe complexity of the algorithms given in [14, 3] discussed
above. One of the sourcesof exponential dependenceon the number of variables is the
number of pairings. Intuitiv ely, a pairing is an operation that, given two ¯rst-order clauses,
results in a new clausewhich is more generalthan the initial ones;two clauseshave many
pairings and the algorithm enumeratesthese in the processof learning. Results in [14, 3]
gave an upper-bound on the number of pairings, but left it open whether a large number of
pairings can actually occur in examples. We give an exponential lower bound (in number
of variables) on the number of pairings and construct an explicit exampleshowing that the
algorithm can be forced to make an exponential number of queries.

Due to spacelimitations several proofsare omitted from the paper; they can be found in
[5].



2 Preliminaries

We assumefamiliarit y with basic conceptsin ¯rst order logic as described e.g. in [15, 16].
We brie°y review notions relevant to this paper.

A signature S consistsof a ¯nite set of predicatesP and a ¯nite set of functions F ,
both with their associated arities. Constants are functions with arity 0. A countable set of
variables x1; x2; x3; : : : is used to construct expressions.A variable is a term. If t1; : : : ; tn

are terms and f 2 F is a function symbol of arity n, then f (t1; :::; tn ) is a term. An atom
is an expressionp(t1; :::; tn ) where p 2 P is a predicate symbol of arity n and t1; :::; tn are
terms. An atom is called a positive literal. A negative literal is an expression: l where l
is a positive literal. A clause is a disjunction of literals where all variables are universally
quanti¯ed. A Horn clause has at most one positive literal and an arbitrary number of
negative literals. A Horn clause: p1 _ ::: _ : pn _ pn+1 is equivalent to its implicational form
p1 ^ ::: ^ pn ! pn+1 . We call p1 ^ ::: ^ pn the antecedent and pn+1 the consequent of the
clause. A meta-clauseis a pair of the form [s;c], where both s and c are sets of atoms
such that s \ c = ; ; s is the antecedent of the meta-clauseand c is the consequent. Both
are interpreted as the conjunction of the atoms they contain. Therefore, the meta-clause
[s;c] is interpreted as the logical expression

V
b2 c s ! b. An ordinary clauseC = sc ! bc

correspondsto the meta-clause[sc; f bcg]. Fully inequatedclauses[3] are clauseswhoseterms
are forced to be always distinct. That is, any instance of a fully inequated clauseis not
allowed to unify any of its terms. This can be done by adding explicit inequalities on all
terms as in: E = [x 6= f (x)] ^ [x 6= a] ^ [a 6= f (x)] ^ p(x; f (x)) ^ p(a;x) ! q(a).

We usethe symbol j̀=' to denotelogical implication which is de¯ned following the stan-
dard semantics of ¯rst-order logic.

We needseveral parametersto quantify the complexity of a ¯rst-order expressions;we
usethe ¯rst-order expressionE = : p(x; f (x)) _ : p(a;b) _ q(b) to illustrate these. NTerms(¢):
counts the number of distinct terms in the input expression. Hence, NTerms(E) = 4
corresponding to the term set f x; a; f (x); bg. WTerms(¢): similar to NTerms, with the
only di®erencethat functional terms are given twice as much weight as variables. Hence,
WTerms(E) = 7 sinceterms in f a; f (x); bg contribute 2 and x contributes 1. NLiterals(¢):
counts the number of literals in the input expression.Hence,NLiterals(E) = 3.

Let C; D be two arbitrary ¯rst-order clauses.We say that a clauseC subsumesa clause
D and denote this by C ¹ D if there is a substitution µ such that C ¢µ µ D. Moreover,
they are subsume-equivalent, denotedC » D, if C ¹ D and D ¹ C. We say that C strictly
or properly subsumesD, denotedC Á D, if C ¹ D but D 6¹ C. The relation ¹ is re°exive
and transitiv e and henceit inducesa quasi-orderon the set of clauses.

3 On the Length of Prop er Chains

In this sectionwestudy the length of proper subsumptionchainsof clausesc1 Á c2 Á : : Á cn .
It is known that in¯nite chains exist if onedoesnot restrict clausesize[17, 16] but bounds
for clausesof restricted size(which are necessarilȳ nite) were not known before. We show
that in the caseof fully inequatedclauses,the length of any proper chain is polynomial in
the number of literals and the number of terms in the clausesinvolved. On the other hand, if



clausesare not fully inequated,then chains of length exponential in the number of variables
(or literals) exist, even if clausesare function free.

3.1 Subsumption Chains for Fully Inequated Clauses are Short

We say that a substitution µ is unifying w.r.t. a clausec1 if there exist two distinct terms
t; t0 in c1 that have beensyntactically uni¯ed i.e. t ¢µ = t0 ¢µ. The following two lemmas
relate subsumptionand sizeparameters:

Lemma 3.1 Let c1; c2 be two fully inequated clauses. If c1 ¹ c2, then (1) it must be via a
non-unifying substitutionw.r.t. c1, (2) WTerms(c1) · WTerms(c2), and (3) NLiterals(c1) ·
NLiterals(c2).

Pro of: Let µ be the witnessingsubstitution for the fact that c1 ¹ c2. Supposethat µ is
unifying w.r.t. c1. That is, there exist two distinct terms t; t0 in c1 that have beenuni¯ed
and therefore t ¢µ = t0¢µ = t̂. Sincec1 is fully inequated, the inequality (t 6= t0) 2 c1. But
then (t 6= t0) ¢µ is precisely (t̂ 6= t̂) and since c2 is fully-inequated it cannot be included,
contradicting the fact that c1 ¢µ µ c2. Thus (1) holds.

For (2) note that by (1) all distinct terms in c1 remain distinct in c1 ¢µ becauseµ is
non-unifying. Hence,c2 has at least as many terms as c1 sinceit contains c1µ. Moreover, µ
might replace(light) variablesby (heavier) functional terms, and (2) follows.

For (3) note that if NLiterals(c1) > NLiterals(c2), then at least two literals in c1, and
hencetwo terms in c1, must be uni¯ed in c1, contradicting (1).

Lemma 3.2 Let c1; c2 be fully inequated clausessuchthat c1 Á c2. Then, either NLiterals(c1) <
NLiterals(c2) or WTerms(c1) < WTerms(c2).

Pro of: By the previouslemmaweonly needto disprovethe possibility that both NLiterals(c1) =
NLiterals(c2) and WTerms(c1) = WTerms(c2). Supposeso, and let µ be the substitution
such that c1µ µ c2. Then µ inducesa 1-1 mapping of terms. Now if µ mapsa variable to a
non-variable term then WTerms(c1) < WTerms(c2). Soµ must be a variable renaming. If µ
is a variable renaming and NLiterals(c1) = NLiterals(c2), then c1 and c2 must be syntactic
variants, contradicting the assumptionthat c2 6¹ c1.

As a result each step in a strict subsumptionchain reducesoneof NLiterals or WTerms
and we get:

Theorem 3.3 The longestproper subsumptionchain of fully inequated clauseswith at most
t terms and l literals is of length at most 2t + l.

Pro of: Let c1 Á c2 Á : : Á cn be a chain of maximal length. By Lemma3.2, after each step
in the chain (from left to right), either we increasethe number of literals, or the quantit y
WTerms increases.By Lemmas3.1 thesequantities never decrease.The bound t on the
number of terms implies that WTerms can never grow beyond 2t (in the casethat all the
terms are functional). SinceNLiterals cannot surpassl, the number of total clausesin our
chain is at most 2t + l.



3.2 Function Free Clauses Have Long Prop er Chains

In this section we demonstratethat function free ¯rst-order clausescan produce chains of
exponential length. We start with a simple construction wherethe arity of predicatesis not
constant.

Let p bea predicatesymbol of arity a. The chain d1 Â d2 Â : : Â dn is de¯ned inductively.
The ¯rst clause is d1 = p(z; : : ; z), and given a clause di = p1; p2; : : ; pk , we de¯ne the
next clausedi +1 as follows: (1) if p1 contains only two occurrencesof the variable z, then
di +1 = p2; : : ; pk , or else(2) if p1 contains c ¸ 3 occurrencesof the variable z, replacethe
atom p1 by a new set of atoms p0

1; : : ; p0
k0 such that k0 = min (c;l ¡ k + 1), and every new

atom p0
j for 1 · j · k0 is a copy of p1 in which the j 'th occurrenceof the variable z hasbeen

replacedby a new fresh variable not appearing in di (the samevariable for all copies).

Example 3.1 Supposep hasarity 4 and that l = 3. The construction producesthe following
chain of length 11:

p(z; z; z; z)

Â p(x1; z; z; z); p(z; x1; z; z); p(z; z; x1; z)

Â p(x1; x2; z; z); p(z; x1; z; z); p(z; z; x1; z)

Â p(z; x1; z; z); p(z; z; x1; z)

Â p(x2; x1; z; z); p(z; x1; x2; z); p(z; z; x1; z)

Â p(z; x1; x2; z); p(z; z; x1; z)

Â p(z; z; x1; z)

Â p(x2; z; x1; z); p(z; x2; x1; z); p(z; z; x1; x2)

Â p(z; x2; x1; z); p(z; z; x1; x2)

Â p(z; z; x1; x2)

Â ;

Let N (c;s) be the number of subsumptiongeneralizationsthat can be producedby this
method when starting with a singleton clausewhich is allowed to expandon s literals (i.e.,
l = s + 1) and whoseonly atom hasc ¸ 2 occurrencesof the variable z. Then, the following
relations hold:

² N (2; s) = 1, for all s ¸ 0. To seethis note that when there are only 2 occurrencesof
the variable z, the only possiblestep is to remove the atom, thus obtaining the empty
clause.

² N (c;0) = c ¡ 1, for all c ¸ 2. This is derived by observingthat when we have c ¸ 2
occurrencesof the distinguishedvariable z and no expansionon the number of literals
is possible,we can apply c ¡ 2 steps that replaceoccurrencesof z by new variables,
and a ¯nal step that drops the literal. After this, no moregeneralizationsare possible.

² N (c;s) = 1+
P s

i=max(0 ;s¡ c+1) N (c¡ 1; i ), for all c > 2; s > 0: This recurrenceis obtained
by observing that the initial clausecontaining our single atom can be replaced by



min(c;s + 1) \copies" in a ¯rst generalization step leaving q = max(0; s ¡ c + 1)
empty slots. After this, each of thesecopieswhich contain c ¡ 1 occurrencesof the
distinguished variable z, go through the seriesof generalizations: the left-most atom
has q positions to usefor its expansionand is generalizedN (c ¡ 1; q) times until it is
¯nally dropped; the next atom has q + 1 position to expandsincethe left-most atom
has beendropped, and henceit producesN (c ¡ 1; q + 1) generalizationstepsuntil it
is ¯nally dropped, and so on.

Lemma 3.4 N (c;s) ¸
¡ c

s+1

¢
¡ 1 for c ¸ 2 and s ¸ 0.

Pro of: Recall that in casethat n < k,
¡ n

k

¢
= 0. The proof is by induction on c;s. The

basecasesare when s = 0 or c = 2:

² N (c;0) = c ¡ 1 ¸
¡ c

1

¢
¡ 1 = c ¡ 1 for all c ¸ 2.

² N (2; s) = 1 ¸
¡ 2

s+1

¢
¡ 1 for all s ¸ 0.

For the step case,assumethat N (c0; s0) ¸
¡ c0

s0+1

¢
¡ 1 for valuesc0 < c or s0 < s. Then, if

c ¸ 3 and s ¸ 1 we have that:

N (c;s) = 1 +
sX

i =max (0;s¡ c+1)

N (c ¡ 1; i ) (1)

¸ 1 + N (c ¡ 1; s) + N (c ¡ 1; s ¡ 1) (2)

¸ 1 +
µ

c ¡ 1
s + 1

¶
¡ 1 +

µ
c ¡ 1

s

¶
¡ 1 (3)

=
µ

c
s + 1

¶
¡ 1 (4)

For (2), notice that c ¸ 3 and s ¸ 1 imply that 0 · s ¡ 1 and s ¡ c + 1 · s ¡ 1, hence
maxf 0; s ¡ c+ 1g · s ¡ 1. For (3) we apply the induction hypothesis,and for (4) we usethe
basic identit y

¡ n
k

¢
=

¡ n¡ 1
k

¢
+

¡ n¡ 1
k¡ 1

¢
which alsoholds for n; k such that k > n.

It remains to show that this is a proper chain. First, we investigate key structural
properties of the clausesparticipating in our chain. It is easyto verify the following lemma
by induction on the updatesof di .

Lemma 3.5 Let Vars(p) be the variablesoccurring in the atom p. For all di = p1; : : ; pk the
following properties hold:

² Every atom pj 2 di contains no repeated occurrencesof variables,with the exception of
z, which appears at least twice in each atom.

² Vars(pj ) ¶ Vars(pj +1 ) for all j = 1; : : ; k ¡ 1.

From the propertiesstated in the previouslemma, it follows that we can view any clause
di as a sequenceof blocks of atoms B1; B2; : : ; Bm such that all the atoms in a singleblock
contain exactly the samevariables,and variablesappearing in neighboring blocks are such
that Vars(B j ) ¾ Vars(B j +1 ).



Lemma 3.6 Fix someclausedi , and let p be an atom in any block B. If p ¢µ 2 B, then µ
does not changevariablesin p.

Pro of: By induction on the updatesof di . The claim is trivially true for d1 sinceit contains
a singleatom. For the step case,assumethe lemma is true for di = p1; : : ; pk .

If di +1 = p2; : : ; pk (left-most atom was dropped), then the induction hypothesisguaran-
tees the result. Otherwise, di +1 = p0

1; : : ; p0
k0; p2; : : ; pk (left-most atom replacedby new set

containing onemore variable in di®erent places). By the induction hypothesiswe only have
to check that the claim is true for the new block B = p0

1; : : ; p0
k0. If k0 = 1 then B contains

a single atom and the lemma is trivially true. Otherwise, B contains at least two atoms.
Notice that the way the atoms p0

1; : : ; p0
k0 have beencreatedis by replacing the variable z in

p1 by a new variable x, but in di®erent positions in each new atom p(t0
j ). Hence,it holds

that for every pair p1; p2 2 B, they agreeon all positions except in two where one has the
variable z and the other onehas the new variable x (and vice versafor the other position).
If p1 ¢µ = p2 then µ would have to map the variable z into the newly introducedvariable x.
But this would result in an atom with at least two occurrencesof x, and such atoms do not
appear in the clauseswe create. Hence,the new variable must be left untouched by µ and
therefore there is no µ such that p1 ¢µ = p2. Sincep1; p2 are arbitrary atoms we conclude
that p ¢µ 62B unlessp ¢µ = p and thereforeµ doesnot changethe value of variablesin p.

Lemma 3.7 Let di be any clausein the sequence and let B1; : : ; Bm be its blocks. Then, for
any pair of blocks B i 1 and B i 2 s.t. i 1 < i 2, there exists somevariable in Vars(B i 2 ) n f zg
that is in the sameposition j in all the atoms in B i 1 but in all the atoms in B i 2 it appears
in di®erent positions, alwaysdi®erent from the one in B i 1 . Moreover, all the atoms in B i 2

contain the variable z at position j .

Pro of: By induction on the updates of di . The claim is trivially true for d1 since it
contains a singleatom and hencea singleblock. For the step case,assumethe lemmais true
for di = p1; : : ; pk .

If di +1 = p2; : : ; pk (left-most atom was dropped), then the induction hypothesisguaran-
teesthe result. If di +1 = p0

1; : : ; p0
k0; p2; : : ; pk , then the property is guaranteedby the induction

hypothesisfor pairs of blocks in p2; : : ; pk . It remainsto check that the lemma is true when
B i 1 = p0

1; : : ; p0
k0 and B i 2 is any other block in di +1 . If the replacedatom p1 2 di appeared

in a di®erent block in di as the atoms in B i 2 , then the induction hypothesisapplies. If p1

appearedin the sameblock as the atoms in B i 2 , then the variable that was introduced by
the creation of that block has to be in di®erent positions in all the atoms in B i 2 . Sinceall
the atoms in p0

1; : : ; p0
k0 inherit this variable from p1, the lemma follows.

Lemma 3.8 Fix some clause di = p1; : : ; pk with at least 2 atoms (i.e., k ¸ 2). Then
(p2; : : ; pk) ¢µ µ di only if µ does not changevariablesin p2.

Pro of: Let di = B1; : : ; Bm . Let p be any atom in any block B j and assumep ¢µ 2 di .
Notice that p ¢µ 62B1; : : ; B j ¡ 1 since atoms in blocks B1; : : ; B j ¡ 1 contain strictly more
variables than p ¢µ. Hencep ¢µ 2 B j ; : : ; Bm . We ¯rst claim that if µ does not change
variables in B j +1 ; : : ; Bm then µ does not changevariables in B j . To prove the claim note



that if p ¢µ 2 B j then Lemma 3.6 applies. On the other hand if p ¢µ 2 B j 0 for j < j 0

then Lemma 3.7 guaranteesthat there existssomevariable x 2 Vars(B j 0) that appearsin a
position in p in which atoms in B j 0 contain the variable z. Sinceby assumptionµ doesnot
changethis variable this implies that p ¢µ 62B j 0 leading to a contradiction.

Finally if (p2; : : ; pk) ¢µ µ di then we have an atom p asabove from each block. Therefore
we canapply the claim inductively starting with j = m and until j = i 2 wherei 2 is the block
index of p2. This implies that µ doesnot changevariablesthat appear in the leftmost block
of p2; : : ; pk , and hencein p2 as required.

Lemma 3.9 For all i = 1; : : ; n ¡ 1 we havethat di Â di +1 .

Pro of: Supposethat di = p1; : : ; pk . We have the following possibletransitions from di to
di +1 :

Case1. di +1 = p2; : : ; pk . Clearly, di ¾ di +1 , and hencedi º di +1 via the empty substi-
tution. Supposeby way of contradiction that di ¹ di +1 , so there must be a substitution µ
s.t. di ¢µ µ di +1 . Clearly, i + 1 6= n sinceotherwisewe could not satisfy di ¢µ µ di +1 = ; .
Therefore, di +1 6= ; and di contains at least 2 atoms. The fact di ¢µ µ di +1 implies that
(p2 : : ; pk) ¢µ µ di , and by Lemma 3.8, µ must not changevariablesin p2. If p1 and p2 are in
the sameblock, then p1 ¢µ = p1 62di +1 . If p1 and p2 are in di®erent blocks, then Lemma 3.7
guarantees that for every atom in p2; : : ; pk there is a variable that appears in a di®erent
location in p1 and as above this variable cannot be changed by µ. Hence, p1 ¢µ 62di +1 ,
contradicting our assumptionthat di ¹ di +1 .

Case 2. di +1 = p0
1; : : ; p0

k0; p2; : : ; pk . Let x be the newly introduced variable. Then,
di +1 ¢f x 7! zg µ di and hencedi º di +1 . To seethat di 6¹ di +1 , supposethat this is not
the case. Hence,there must be a substitution µ such that di ¢µ µ di +1 . If di = p1, (i.e., di

contains one atom only), then p1 ¢µ µ p0
1; : : ; p0

k0. In this case,µ must map z into the new
variable x but this results in multiple occurrencesof x, and hencep1 ¢µ 6µp0

1; : : ; p0
k0. Hence,

di must contain at least two atoms and the substitution µ must satisfy that (p1; : : ; pk) ¢µ µ
p0

1; : : ; p0
k0; p2; : : ; pk . The newatomsp0

1; : : ; p0
k0 contain morevariablesthan p1; : : ; pk , therefore

(p1; : : ; pk) ¢µ µ p2; : : ; pk . By the samereasoningas in the previouscase,we concludethat
di Â di +1 .

Now Lemma 3.4 and Lemma 3.9 imply:

Theorem 3.10 Let p be a predicate symbol of arity ® ¸ 1. There existsa proper subsump-
tion chain of length

¡ ®
l

¢
of function free clausesusing at most ® variablesand l literals.

The construction above can be improved to usepredicatesof arity 3 as follows.

De¯nition 3.1 Let d be any clause. Let Trans(d) be the clauseobtained by replacingeach
literal p(t1; : : ; ta) with a new set f p(yi ; yi +1 ; t i ) j 1 · i · ag; where all y1; : : ; ya+1 are new
variablesnot appearing in d. The new variablesy1; : : ; ya+1 are di®erent for each atom in d.

Example 3.2 The clausep(z; x1; x2; z); p(z; z; x1; z) is transformed into theclausep(y1; y2; z),
p(y2; y3; x1), p(y3; y4; x2), p(y4; y5; z), p(y0

1; y0
2; z), p(y0

2; y0
3; z), p(y0

3; y0
4; x1), p(y0

4; y0
5; z).



Considera function freeclaused with predicatesymbols of arity at most a, containing v
variablesand l literals. Then, Trans(d) usespredicatesof arity 3, has l(a + 1) + v variables
and al literals. The next lemma givesthe main property of this transformation:

Lemma 3.11 Let d1; d2 be clauses.Then, d1 ¹ d2 i® Trans(d1) ¹ Trans(d2).

Pro of: Assume¯rst that d1 ¹ d2, i.e., there is a substitution µ from variables in d1 into
terms of d2 such that d1 ¢µ µ d2. Obviously, µ doesnot alter the value of the new variables
addedto Trans(d1), and henceTrans(d1)¢µ = Trans(d1¢µ) µ Trans(d2), sothat Trans(d1) ¹
Trans(d2).

For the other direction, assumethat there existsa substitution µ such that Trans(d1)¢µ µ
Trans(d2). Let d1 = l1

1 _ l2
1 _ : : _ lk1

1 and let f yj
1; : : ; yj

ar ity (l j
1 )+1

g be the variablesusedin the

transformation for literal l j
1 in d1, for 1 · j · k1. Similarly, let d2 = l1

2 _ l2
2 _ : : _ lk2

2 and
let f y0j

1; : : ; y0j
ar ity (l j

2 )+1
g be the variables used in the transformation for literal l j

2 in d2, for

1 · j · k2. First we show that µ must map blocks of auxiliary variables in Trans(d1),
f yj

1; : : ; yj
ar ity (l j

1 )+1
g into blocks of auxiliary variables in Trans(d2), f y0j 0

1 ; : : ; y0j 0

ar ity (l j 0
2 )+1

g so

that the predicate symbol of l j
1 coincideswith the predicate symbol of l j 0

2 . Moreover, the
order of the variablesis preserved, i.e., µ mapseach yj

i 7! y0j 0

i , for all 1 · i · ar ity (l j 0

2 ). By
way of contradiction, supposethat there existsa pair of variablesin Trans(d1), yj

i and yj
i +1 ,

that have beenmapped into y0a
¤ and y0b

¤, respectively, wherea 6= b. Then, p(yj
i ; yj

i +1 ; ¤) ¢µ =
p(y0a

¤; y0b
¤; ¤) 2 Trans(d2). This contradicts the fact that, by construction, all literals in

Trans(d2) are such that the superscripts of the ¯rst two auxiliary variablescoincide.
Supposenow that someyj

i has beenmapped into y0j 0

i 0 where i 6= i 0 and i is the smallest
such index. Assumealso that the predicatesymbol corresponding to literal l j

1 is p. If i > 1,
then p(yj

i ¡ 1; yj
i ; ¤)¢µ = p(y0j 0

i ¡ 1; y0j 0

i 0; ¤) 2 Trans(d2). But this is a contradiction sinceall literals
in Trans(d2) are such that its two initial arguments have the form p(y0¤

h; y0¤
h+1 ; ¤) and here

(i ¡ 1) + 1 6= i 0. If i = 1, then sincei 0 > 1 there must be an index h s.t. µ mapsyj
i + h 7! y0j 0

i 0+ h

but µ doesnot map yj
i + h+1 7! y0j 0

i 0+ h+1 . Thus we arrive to the samecontradiction as in the
previouscase.

Now, the fact that each yj
i 7! y0j 0

i implies that µ maps arguments of literals in d1 into
arguments in the sameposition of literals in d2. Moreover, sinceblocks of variablesare not
mixed, all arguments from a literal in d1 are mapped into all the arguments of a ¯xed literal
in d2, so we concludethat d1 ¢µ µ d2.

Theorem 3.12 If there is a predicate symbol of arity at least 3, then there exist proper
subsumptionchainsof lengthat least 2

p
v=2 of function free clausesusing at most v variables

and v
2 literals, where v ¸ 9.

Pro of: Theorem 3.10 shows that there exists a chain of length
¡ a

l

¢
=

¡ p
vp

v=2

¢
> 2

p
v=2 if

we usepredicatesymbols of arity
p

v,
p

v variablesand
p

v
2 atoms per clause.Considerthe

chain Trans(d1) Â Trans(d2) Â : : Â Trans(dn ). Lemma 3.11 guaranteesthat this is also a
proper chain. The chain has clauseswith

p
v

2 (
p

v + 1) +
p

v = v
2 + 3

p
v

2 · v variables (here
we usev ¸ 9) and

p
v

p
v

2 = v
2 literals.



4 Learning from Mem bership Queries Only

The previous result suggeststhat simple useof minimal re¯nement stepsmay require long
time to converge. We next usea related construction to show that there can be no polyno-
mial algorithm that properly learnsthe classof monotonefunction-freeand length-bounded
clausesfrom membership queriesonly. We usea combinatorial notion, the teaching dimen-
sion [2, 10], that is known to be a lower bound for the complexity of exact learning from
membership queriesonly.

De¯nition 4.1 The teaching dimension of a classT is the minimum integer d such that
for each expression f 2 T there is a set T of at most d examples(the teaching set) with
the property that any expressiong 2 T di®erent from f is not consistent with f over the
examplesin T.

Let k be such that log2 k is an integer. Then ht1; ::; tk i denotesthe term represented by a
completebinary tree of applicationsof a binary function symbol f of depth logk with leaves
t1; ::; tk . For example,h1; 2; 3; 4; 5; 6; 7; 8i represents the term f (f (f (1; 2); f (3; 4)); f (f (5; 6);
f (7; 8))): Notice that the number of distinct termsin ht1; ::; tk i is at mostk+

P k
i =1 NTerms(t i ).

In particular, if each t i is either a variable or a constant, then NTerms(ht1; ::; tk i ) · 2k.
Let p be a unary predicatesymbol. Considerthe clausep(ha; ::; ai ), wherethe constant a

occursk times. We considerall the possibleminimal generalizationsof p(ha; ::; ai ). That is,
clausesC that are strict generalizationsof p(ha; ::; ai ) for which no other clauseC0 is such
that p(ha; ::; ai ) Â C0 Â C. Among them we ¯nd the clauses

Ck = p(hx; ::; xi )

Ck¡ 1 = p(ha;x; ::; xi ) _ p(hx; a;x; ::; xi ) _ :: _ p(hx; ::; x; ai )

Ck¡ 2 = p(ha;a;x; ::; xi ) _ p(ha;x; a;x::; xi ) _ :: _ p(hx; ::; x; a;ai )
...

Ck=2 = p(ha; ::; a;x; ::; xi ) _ :: _ p(hx; ::; x; a; ::; ai )
...

C1 = p(ha; ::; a;xi ) _ p(ha; ::; a;x; ai ) _ :: _ p(hx; a; ::; ai )

where each Ci includes all possibilities of replacing i positions with a variable. Clearly,
jCi j =

¡ k
i

¢
. In particular,

¯
¯Ck=2

¯
¯ =

¡ k
k=2

¢
> 2k=2.

We next de¯ne the learning problem for which we ¯nd an exponential lower bound. The
signature S consistsof the function symbol f of arity 2, two constants a;b, and a single
predicate symbol p of arity 1. Fix l to be someinteger. Let the (representation) concept
classbe C = f ¯rst-order monotoneS-clauseswith at most l atomsg and the set of examples
be E = f ¯rst order ground monotoneS-clauseswith at most l atomsg:

We identify the representation conceptclassC with its denotationsin the following way.
The concept represented by C 2 C is f E 2 Ej C j= Eg which in this casecoincideswith
f E 2 Ej C ¹ Eg. Thus, this problem is cast in the framework of learning from entailment.



Supposethat the target concept is f = p(ha; ::; ai ) and that l ·
( k

k =2)
2 . We want to ¯nd

a minimal teaching set T for f . The cardinality of a minimal teaching set for f is clearly
a lower bound on the teaching dimension of C. By de¯nition, the examplesin T have to
eliminate every other expressionin C. In other words, for every expressiong in C other than
f , T must include an exampleE such that f ¹ E and g 6¹ E or vice versa.

We ¯rst observe that the clauseCk=2 is not included in our concept classC becauseit

contains too many literals: l ·
( k

k =2)
2 = jCk =2 j

2 <
¯
¯Ck=2

¯
¯. However, subsetsof Ck=2 with exactly

l atoms are included in C becausethey are monotoneS-clausesof at most l literals. Note

also that each clauseincludes · 2kl terms. There are K =
¡ ( k

k =2)
l

¢
> ( 2k =2

l ) l = 2­( lk) such
subsetswhere we use an additional restriction that l · k. Let thesebe C1

k=2; ::; CK
k=2. By

de¯nition, the teaching set T has to reject each oneof theseK clauses.
Notice that C j

k=2 ¹ f = p(ha; ::; ai ) for each j = 1; : : ; K (considerthe witnessingsubsti-

tution f x 7! ag). Now, to reject an arbitrary C j
k=2, T hasto include someexampleE 2 E s.t.

C j
k=2 ¹ E but p(ha; ::; ai ) 6¹ E. The only examplein E that quali¯es is E j = C j

k=2 ¢f x 7! bg.

Hence,for each C j
k=2 the exampleE j must be included in T and theseexamplesare distinct.

Hence,T must contain all the examplesin E 1; : : ; E K . Substituting k =
p

t and l ·
p

t
2 so

that 2kl · t we obtain:

Theorem 4.1 Let C be the classof monotoneclausesbuilt from a signature containing 2
constants,a binary function symbol and a unary predicate symbol with at most l ·

p
t

2 literals
and t terms per clause. Then, the teaching dimensionof C is 2­( l

p
t ) .

5 On the Num ber of Pairings

Plotkin [17] (see also [16]) de¯ned the least general generalization (lgg) of clausesw.r.t.
subsumption and gave an algorithm to compute it. The lgg of C1; C2 is a clauseC that
subsumesboth clauses,namely C ¹ C1, C ¹ C2, and is the least such clause,that is D ¹ C
for any D that subsumesboth clauses. The algorithm essentially takes a crossproduct of
atomswith the samepredicatesymbol in the two clausesand generalizesarguments bottom
up. We proceedwith formal de¯nitions.

De¯nition 5.1 A pair of literals are compatible if they usethe samepredicate symbol (and
hence samearity) and havethe samesign. A pair of ¯rst-or der terms are compatible if they
agree on their leftmost function symbol (and hence on their arity as well).

The algorithm computing the lgg is as follows:



lgg (C1; C2)

1 if C1, C2 are clauses
2 then S Ã ;
3 for each pair of compatible literals l1 2 C1 and l2 2 C2

4 do S Ã S [ lgg (l1; l2)
5 return S
6 if C1, C2 are compatible literals
7 then if C1 = p(t1 : : tn ), C2 = p(t0

1 : : t0
n ) are compatible positive literals

8 then return p(lgg (t1; t0
1) : : lgg (tn ; t0

n ))
9 else =¤ C1 = : p(t1 : : tn ) and C2 = : p(t0

1 : : t0
n ) ¤ =

10 return : p(lgg (t1; t0
1) : : lgg (tn ; t0

n ))
11 if C1, C2 are ¯rst-order terms
12 then if C1 = f (t1 : : tn ), C2 = f (t0

1 : : t0
n ) are compatible terms

13 then return f (lgg (t1; t0
1) : : lgg (tn ; t0

n ))
14 else return a new variable x

This procedureis designedto be initially called with two clausesas arguments; in the
subsequent recursive calls the arguments are either compatible literals of ¯rst-order terms.

It is important to note that whenever the lgg returns a new variable (step 14 in lgg )
the algorithm storesthe fact that the pair C1; C2 has beenmapped to x into what we call
the lgg table. If this pair of terms comeup again, they are mapped to the samevariable.
More formally, the lgg table producedby the computation of lgg(C1; C2) is a mapping from
Terms(C1) £ Terms(C2) into the new set of terms Terms(lgg(C1; C2)). We denote the lgg
tables as sets of ordered triplets of the form [ t1 - t2 => t3] , meaning that t1 and t2 are
mapped to t3 = lgg(t1; t2).

Example 5.1 Let C1 = f p(a; f (b)); p(g(a;x); c); q(a)g and C2 = f p(z; f (2)); q(z)g. Their
pairs of compatible literalsare f p(a; f (b))¡ p(z; f (2)); p(g(a;x); c)¡ p(z; f (2)); q(a)¡ q(z)g:
Their lgg is lgg(C1; C2) = f p(X ; f (Y)); p(Z; V); q(X )g. The lgg table produced during the
computation of lgg(C1; C2) is

[ a - z => X ] (from p(a; f (b)) with p(z; f (2)))
[ b - 2 => Y ] (from p(a; f (b)) with p(z; f (2)))
[ f (b) - f (2) => f (Y) ] (from p(a; f (b)) with p(z; f (2)))
[ g(a;x) - z => Z ] (from p(g(a;x); c) with p(z; f (2)))
[ c - f (2) => V ] (from p(g(a;x); c) with p(z; f (2)))

The number of literals in the lgg of two clausescan be as large as the product of the
number of literals in the two clausesandrepeatedapplication of lggcanleadto an exponential
increasein size. Pairings are subsetsof the lgg that avoid this explosionin sizeby imposing
an additional constraint requiring that each literal in the original clausesis paired at most
once with a compatible literal of the other clause. In Example 5.1, we have the literal
p(z; f (2)) 2 C2 paired to the literals p(a; f (b)) and p(g(a;x); c) of C1. A pairing disallows
this by including just onecopy in the result. Naturally, given two clauseswe now have many
possiblepairings instead of a single lgg.



Pairings are de¯ned in [14, 3] by way of matchings of terms. Notice that the ¯rst two
columnsof the lgg table de¯ne a matching betweenterms in the two clauses.In our example
this matching is not 1-1 sincethe term f (2) in C2 has beenusedin more than oneentry of
the matching, in particular, in entries f (b) ¡ f (2) and c ¡ f (2). This re°ects the fact that
the atom p(z; f (2)) of C2 is paired with two atoms in C1 in the lgg. Every 1-1 matching
corresponding to a 1-1 restriction of the lgg table inducesa pairing.

5.1 General Clauses

We¯rst show that generalclausesallowing the useof arbitrary termscanhavean exponential
number of pairings. Fix v such that log2 v is an integer. Let t i;j be a ground term that is
unique for every pair of integers0 · i; j · v ¡ 1. For example, t i;j could use two unary
function symbols f 0 and f 1 and a constant a and we de¯ne t i;j as a string of applications
of f 0 or f 1 of length 2logv, ¯nalized with the constant a such that the ¯rst logv function
symbols encode the binary representation of i and the last logv function symbols encode j .
For example, if v = 8, then the term t5;3 can be encoded as f 1(f 0(f 1| {z }

5

(f 0(f 1(f 1| {z }
3

(a)))))). The

sizeof such a term (in terms of symbol occurrences)is exactly 2logv + 1. Let x0; : : ; xv¡ 1

and y0; : : ; yv¡ 1 be variables. We de¯ne

C1 =
_

0· i;j <v
0· l<v ¡ 1

p(t i;j ; x l ; x l+1 )

C2 =
_

0· i;j <v

p(t i;j ; yi ; yj ):

Notice that jC1j = v2(v ¡ 1) and jC2j = v2, and they usea single predicate symbol of
arity 3.

Any 1-1matching betweenthe variablesin C1 andC2 canberepresented by a permutation
¼ of f 0; : : ; v ¡ 1g: each variable x i in C1 is matched to y¼(i ) in C2. All the matchings
consideredin this sectionmap the commonground terms of C1 and C2 to oneanother, i.e.,
the extendedmatchings also contain all entries [ t - t => t] , where t is any ground term
appearing in both C1 and C2. Let the extendedmatching induced by permutation ¼be

©
x i ¡ y¼(i ) ) X ¼(i )

¯
¯ 0 · i · v ¡ 1

ª
[ f t ¡ t ) t j t 2 Terms(C1) \ Terms(C2)g :

First we study lgg¼(C1; C2), the pairing induced by the 1-1 matching represented by ¼.
A literal p(t i;j ; X a; X b) is included in lgg¼(C1; C2) i® a = ¼(l) and b = ¼(l + 1) for some
l 2 f 0; : : ; v ¡ 2g (this is the condition imposedby C1), and i = a; j = b (this is the condition
imposedby C2). Therefore,lgg¼(C1; C2) =

W
0· l<v ¡ 1 p(t¼(l);¼(l+1) ; X ¼(l) ; X ¼(l+1) ):

Finally we seethat di®erent permutations yield pairings that are subsumptioninequiva-
lent, i.e., lgg¼(C1; C2) 6¹ lgg¼0(C1; C2) for any ¼6= ¼0. It is su±cient to observe that since¼
and ¼0 are distinct, there must exist someterm t¼(l);¼(l+1) in lgg¼(C1; C2) that is not present
in lgg¼0(C1; C2). This holds since a distinct pair of consecutive indices exists for any two
permutations. Since the terms t¤;¤ are ground, subsumption is not possible. There are v!
distinct permutations of f 0; : : ; v ¡ 1g and therefore:



Theorem 5.1 Let S be a signature containing a predicate symbol of arity at least 3, two
unary function symbols and a constant. The number of distinct pairings between a pair of
S-clausesusing v variables,O(v3) literals and terms of sizeO(log v) can be ­( v!).

5.2 Function Free Clauses

Wenext generalizethe construction to usefunction freeclauses.Westart with a construction
using non-¯xed arity. Our construction mimics the behavior of pairing ground terms in the
previous section by using 2 additional variables, z0 and z1, that encode the integers i and
j in a similar way to t i;j . By looking at matchings ¼ that match the variables z0 and z1

to themselves, we guarantee that the resulting lgg¼ contains the correct encoding of the
variablesin the last and previous-to-lastpositions of the atoms. Let

C1 =
_

( i 1 ;::;i log v ) 2f 0;1glog v

( j 1 ;::;j log v ) 2f 0;1glog v

0· l<v ¡ 1

p(zi 1 ; : : ; zi log v ; zj 1 ; : : ; zj log v ; x l ; x l+1 )

C2 =
_

( i 1 ;:: ;i log v ) = binar y ( i )
( j 1 ;::;j log v ) = binar y ( j )

0· i;j <v

p(zi 1 ; : : ; zi log v ; zj 1 ; : : ; zj log v ; yi ; yj )

where we use binary(n) to denote the tuple zn1 ; : : ; zn log v encoding n in its binary repre-
sentation using z0; z1. For example, assumingv = 8, binary(6) = z1; z1; z0. Notice that
jC1j = v2(v ¡ 1) and jC2j = v2, the clausesusea singlepredicatesymbol of arity 2logv + 2,
and both clausesuseexactly v + 2 variables.

Any 1-1 matching betweenthe variablesx0; : : ; xv¡ 1 in C1 and y0; : : ; yv¡ 1 in C2 can be
represented by a permutation ¼of f 0; : : ; v ¡ 1g: each variable x i in C1 is matched to y¼(i )

in C2. Let the matching induced by permutation ¼be
©

x i ¡ y¼(i ) ) X ¼(i )

¯
¯ 0 · i < v

ª
:

First we study lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2), the pairing induced by the 1-1 matching repre-
sented by ¼augmented with z0 and z1 matched to themselves. A literal p(zi 1 ; : : ; zi log v ; zj 1 ;
: : ; zj log v ; X a; X b) is includedin lgg¼(C1; C2) i®a = ¼(l) andb= ¼(l+ 1) for somel 2 f 0; : : ; v¡
2g (this is the condition imposed by C1), and (i 1; : : ; i log v) = binary(a); (j 1; : : ; j log v) =
binary(b) (this is the condition imposed by C2). Therefore, lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) =W

0· l<v ¡ 1 p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) ):

Example 5.2 Let v = 4 and let ¼ = (3201). Hence, in this examplewe use a predicate
symbol p of arity 6. For clarity, we omit the predicate symbol throughoutthe exampleand
denoteatom p(t1; : : ; t6) by just the argumenttuple (t1; : : ; t6). Also, we omit the disjunction
operator _.



Then, clauseC1 is

(z0; z0; z0; z0; x0; x1) (z0; z0; z0; z1; x0; x1) (z0; z0; z1; z0; x0; x1) (z0; z0; z1; z1; x0; x1)

(z0; z1; z0; z0; x0; x1) (z0; z1; z0; z1; x0; x1) (z0; z1; z1; z0; x0; x1) (z0; z1; z1; z1; x0; x1)

(z1; z0; z0; z0; x0; x1) (z1; z0; z0; z1; x0; x1) (z1; z0; z1; z0; x0; x1) (z1; z0; z1; z1; x0; x1)

(z1; z1; z0; z0; x0; x1) (z1; z1; z0; z1; x0; x1) (z1; z1; z1; z0; x0; x1) (z1; z1; z1; z1; x0; x1)

(z0; z0; z0; z0; x1; x2) (z0; z0; z0; z1; x1; x2) (z0; z0; z1; z0; x1; x2) (z0; z0; z1; z1; x1; x2)

(z0; z1; z0; z0; x1; x2) (z0; z1; z0; z1; x1; x2) (z0; z1; z1; z0; x1; x2) (z0; z1; z1; z1; x1; x2)

(z1; z0; z0; z0; x1; x2) (z1; z0; z0; z1; x1; x2) (z1; z0; z1; z0; x1; x2) (z1; z0; z1; z1; x1; x2)

(z1; z1; z0; z0; x1; x2) (z1; z1; z0; z1; x1; x2) (z1; z1; z1; z0; x1; x2) (z1; z1; z1; z1; x1; x2)

(z0; z0; z0; z0; x2; x3) (z0; z0; z0; z1; x2; x3) (z0; z0; z1; z0; x2; x3) (z0; z0; z1; z1; x2; x3)

(z0; z1; z0; z0; x2; x3) (z0; z1; z0; z1; x2; x3) (z0; z1; z1; z0; x2; x3) (z0; z1; z1; z1; x2; x3)

(z1; z0; z0; z0; x2; x3) (z1; z0; z0; z1; x2; x3) (z1; z0; z1; z0; x2; x3) (z1; z0; z1; z1; x2; x3)

(z1; z1; z0; z0; x2; x3) (z1; z1; z0; z1; x2; x3) (z1; z1; z1; z0; x2; x3) (z1; z1; z1; z1; x2; x3)

ClauseC2 is

(z0; z0; z0; z0; y0; y0) (z0; z0; z0; z1; y0; y1) (z0; z0; z1; z0; y0; y2) (z0; z0; z1; z1; y0; y3)

(z0; z1; z0; z0; y1; y0) (z0; z1; z0; z1; y1; y1) (z0; z1; z1; z0; y1; y2) (z0; z1; z1; z1; y1; y3)

(z1; z0; z0; z0; y2; y0) (z1; z0; z0; z1; y2; y1) (z1; z0; z1; z0; y2; y2) (z1; z0; z1; z1; y2; y3)

(z1; z1; z0; z0; y3; y0) (z1; z1; z0; z1; y3; y1) (z1; z1; z1; z0; y3; y2) (z1; z1; z1; z1; y3; y3)

The matching induced by ¼= (3201) is

f x0 ¡ y3 ) X 3; x1 ¡ y2 ) X 2; x2 ¡ y0 ) X 0; x3 ¡ y1 ) X 1g:

And lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) is (notice that we havemarked literals of C1 and C2 which
participate in this lgg)

(z1; z1; z1; z0; X 3; X 2) (z1; z0; z0; z0; X 2; X 0) (z0; z0; z0; z1; X 0; X 1)

Finally, we want to check whether di®erent permutations yield pairings that are sub-
sumption inequivalent, i.e., if for any ¼6= ¼0

lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) ¹ lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2):

To this end, we investigatewhich substitutions µ satisfy

lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) ¢µ µ lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2):



If µ doesnot changethe valuesof z0; z1, then as beforesomeatom

p(binary(¼(l)) ; binary(¼(l + 1)); ¤; ¤) ¢µ = p(binary(¼(l)) ; binary(¼(l + 1)); ¤; ¤)

in lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) ¢µ does not occur in lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2). If µ maps both
variables z0; z1 to the same value (either z1 or z0), then inclusion cannot happen since
lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) contains no atoms of the form p(z0; : : ; z0; ¤; ¤) or p(z1; : : ; z1; ¤; ¤).
Obviously, if z0 or z1 aremappedinto any other variableX ¤, then the inclusionis not possible
either. Hence,µ must exchangethe valuesof z0; z1, and:

p(binary(¼(l)) ; binary(¼(l + 1)); ¤; ¤) ¢µ = p(binary(¼(l)) ; binary(¼(l + 1)); ¤; ¤)

wherebinary(n) is the \complement" of binary(n). For example,assumingv = 8, binary(6) =
z0; z0; z1. More precisely, binary(n) = binary(v ¡ 1 ¡ n). We have seenthat there is only
one permutation ¼0 = ¼ for which there exists someµ s.t. lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) ¢µ µ
lgg¼0[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2): Moreover, µ is exactly f z0 7! z1; z1 7! z0g[f X l 7! X v¡ 1¡ l j 0 · l < vg.
We thereforeget:

Theorem 5.2 Let S be a signature containing a predicate symbol of arity at least 2logv+ 2.
The number of distinct pairings between a pair of function free S-clausesusingv+ 2 variables,
O(v3) literals can be ­( v!).

5.3 Function Free Clauses with Fixed Arit y

As in the previous section we can improve the result to use arity 3 predicates by using
the construction of Lemma 3.11. Using the same clausesC1 and C2 from the previous
construction, we establishthat for someappropriate 1-1 matching M ¼ it holds:

lggM ¼(Trans(C1); Trans(C2)) ¼ Trans(lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2)) ; (5)

where ¼ indicates that the clausesare syntactic variants, that is they are the sameup to
variable renaming.

In the previoussectionwe establishedthat there are v!
2 distinct pairings betweenC1; C2.

Lemma 3.11guaranteesthat the transformation on clausesTrans(¢) preservessubsumption,
hencethere must be also v!

2 distinct clausescorresponding to the right hand side of Equa-
tion (5). Equation (5) thereforeestablishesthat there are also v!

2 di®erent pairings between
Trans(C1) and Trans(C2). Moreover, the clausesTrans(C1) and Trans(C2) use resources
within bounds,namely, they usea polynomial number of atoms(in v), a polynomial number
of variables(in v), but ¯xed arity 3.

To ¯x notation, let us unfold the transformation:

Trans(C1) =
_

i =( i 1 ;::;i log v ) 2f 0;1glog v

j =( j 1 ;::;j log v ) 2f 0;1glog v

0· l<v ¡ 1

Pl ;i;j ;x l ;x l +1

Trans(C2) =
_

( i 1 ;::;i log v ) = binar y ( i )
( j 1 ;::;j log v ) = binar y ( j )

0· i;j <v

Pi;j ;yi ;yj



where

Pl ;i;j ;A;B = p(ul ;i;j
1 ; ul ;i;j

2 ; zi 1 ) _ : : _ p(ul ;i;j
log v; ul ;i;j

log v+1 ; zi log v ) _

p(ul ;i;j
log v+1 ; ul ;i;j

log v+2 ; zj 1 ) _ : : _ p(ul ;i;j
2 log v; ul ;i;j

2 log v+1 ; zj log v ) _

p(ul ;i;j
2 log v+1 ; ul ;i;j

2 log v+2 ; A) _ p(ul ;i;j
2 log v+2 ; ul ;i;j

2 log v+3 ; B );

Pi;j ;A;B = p(wi;j
1 ; wi;j

2 ; zi 1 ) _ : : _ p(wi;j
log v; wi;j

log v+1 ; zi log v ) _

p(wi;j
log v+1 ; wi;j

log v+2 ; zj 1 ) _ : : _ p(wi;j
2 log v; wi;j

2 log v+1 ; zj log v ) _

p(wi;j
2 log v+1 ; wi;j

2 log v+2 ; A) _ p(wi;j
2 log v+2 ; wi;j

2 log v+3 ; B );

Intuitiv ely, the clausePl ;i;j ;x l ;x l +1 usesthe additional variables f ul ;i;j
k g1· k· 2 log v+3 to \en-

code" the atom p(binary(i ); binary(j ); x l ; x l+1 ) in C1, i.e.

Pl ;i;j ;x l ;x l +1 = Trans(p(binary(i ); binary(j ); x l ; x l+1 )) :

Similarly, the clausePi;j ;yi ;yj usesthe set of auxiliary variablesf wi;j
k g1· k· 2 log v+3 to \encode"

the atom p(binary(i ); binary(j ); yi ; yj ) in C2, i.e.,

Pi;j ;yi ;yj = Trans(p(binary(i ); binary(j ); yi ; yj )) :

Notice that Trans(C1) uses£( v3 logv) literals andvariables,andTrans(C2) uses£( v2 logv)
literals and variables. Both usea singlepredicateof arity 3.

Example 5.3 Following Example5.2, let p(z1; z0; z1; z1; x1; x2) be an atom in C1 and
p(z0; z1; z1; z0; y1; y2) be an atom in C2. Then,

P1;2;3;x1 ;x2 = Trans(p(z1; z0; z1; z1; x1; x2))

= p(u1;2;3
1 ; u1;2;3

2 ; z1) _ p(u1;2;3
2 ; u1;2;3

3 ; z0)

_ p(u1;2;3
3 ; u1;2;3

4 ; z1) _ p(u1;2;3
4 ; u1;2;3

5 ; z1)

_ p(u1;2;3
5 ; u1;2;3

6 ; x1) _ p(u1;2;3
6 ; u1;2;3

7 ; x2)

P1;2;y1 ;y2 = Trans(p(z0; z1; z1; z0; y1; y2))

= p(w1;2
1 ; w1;2

2 ; z0) _ p(w1;2
2 ; w1;2

3 ; z1)

_ p(w1;2
3 ; w1;2

4 ; z1) _ p(w1;2
4 ; w1;2

5 ; z1)

_ p(w1;2
5 ; w1;2

6 ; y1) _ p(w1;2
6 ; w1;2

7 ; y2)



Then Trans(C1) =

(u0;0;0
1 ;u0;0;0

2 ;z0 ) (u0;0;0
2 ;u0;0;0

3 ;z0 ) (u0;0;0
3 ;u0;0;0

4 ;z0 ) (u0;0;0
4 ;u0;0;0

5 ;z0 ) (u0;0;0
5 ;u0;0;0

6 ;x0 ) (u0;0;0
6 ;u0;0;0

7 ;x1 )

(u0;0;1
1 ;u0;0;1

2 ;z0 ) (u0;0;1
2 ;u0;0;1

3 ;z0 ) (u0;0;1
3 ;u0;0;1

4 ;z0 ) (u0;0;1
4 ;u0;0;1

5 ;z1 ) (u0;0;1
5 ;u0;0;1

6 ;x0 ) (u0;0;1
6 ;u0;0;1

7 ;x1 )

...

(u0;3;2
1 ;u0;3;2

2 ;z1 ) (u0;3;2
2 ;u0;3;2

3 ;z1 ) (u0;3;3
3 ;u0;3;3

4 ;z1 ) (u0;3;2
4 ;u0;3;2

5 ;z0 ) (u0;3;2
5 ;u0;3;2

6 ;x0 ) (u0;3;2
6 ;u0;3;2

7 ;x1 )

(u0;3;3
1 ;u0;3;3

2 ;z1 ) (u0;3;3
2 ;u0;3;3

3 ;z1 ) (u0;3;3
3 ;u0;3;3

4 ;z1 ) (u0;3;3
4 ;u0;3;3

5 ;z1 ) (u0;3;3
5 ;u0;3;3

6 ;x0 ) (u0;3;3
6 ;u0;3;3

7 ;x1 )

(u1;0;0
1 ;u1;0;0

2 ;z0 ) (u1;0;0
2 ;u1;0;0

3 ;z0 ) (u1;0;0
3 ;u1;0;0

4 ;z0 ) (u1;0;0
4 ;u1;0;0

5 ;z0 ) (u1;0;0
5 ;u1;0;0

6 ;x1 ) (u1;0;0
6 ;u1;0;0

7 ;x2 )

(u1;0;1
1 ;u1;0;1

2 ;z0 ) (u1;0;1
2 ;u1;0;1

3 ;z0 ) (u1;0;1
3 ;u1;0;1

4 ;z0 ) (u1;0;1
4 ;u1;0;1

5 ;z1 ) (u1;0;1
5 ;u1;0;1

6 ;x1 ) (u1;0;1
6 ;u1;0;1

7 ;x2 )

...

(u1;2;0
1 ;u1;2;0

2 ;z1 ) (u1;2;0
2 ;u1;2;0

3 ;z0 ) (u1;2;0
3 ;u1;2;0

4 ;z0 ) (u1;2;0
4 ;u1;2;0

5 ;z0 ) (u1;2;0
5 ;u1;2;0

6 ;x1 ) (u1;3;3
6 ;u1;2;0

7 ;x2 )

...

(u1;3;3
1 ;u1;3;3

2 ;z1 ) (u1;3;3
2 ;u1;3;3

3 ;z1 ) (u1;3;3
3 ;u1;3;3

4 ;z1 ) (u1;3;3
4 ;u1;3;3

5 ;z1 ) (u1;3;3
5 ;u1;3;3

6 ;x1 ) (u1;3;3
6 ;u1;3;3

7 ;x2 )

(u2;0;0
1 ;u2;0;0

2 ;z0 ) (u2;0;0
2 ;u2;0;0

3 ;z0 ) (u2;0;0
3 ;u2;0;0

4 ;z0 ) (u2;0;0
4 ;u2;0;0

5 ;z0 ) (u2;0;0
5 ;u2;0;0

6 ;x2 ) (u2;0;0
6 ;u2;0;0

7 ;x3 )

(u2;0;1
1 ;u2;0;1

2 ;z0 ) (u2;0;1
2 ;u2;0;1

3 ;z0 ) (u2;0;1
3 ;u2;0;1

4 ;z0 ) (u2;0;1
4 ;u2;0;1

5 ;z1 ) (u2;0;1
5 ;u2;0;1

6 ;x2 ) (u2;0;1
6 ;u2;0;1

7 ;x3 )

...

(u2;3;3
1 ;u2;3;3

2 ;z1 ) (u2;3;3
2 ;u2;3;3

3 ;z1 ) (u2;3;3
3 ;u2;3;3

4 ;z1 ) (u2;3;3
4 ;u2;3;3

5 ;z1 ) (u2;3;3
5 ;u2;3;3

6 ;x2 ) (u2;3;3
6 ;u2;3;3

7 ;x3 )

Trans(C2) =

(w0;0
1 ;w0;0

2 ;z0 ) (w0;0
2 ;w0;0

3 ;z0 ) (w0;0
3 ;w0;0

4 ;z0 ) (w0;0
4 ;w0;0

5 ;z0 ) (w0;0
5 ;w0;0

6 ;y0 ) (w0;0
6 ;w0;0

7 ;y0 )

(w0;1
1 ;w0;1

2 ;z0 ) (w0;1
2 ;w0;1

3 ;z0 ) (w0;1
3 ;w0;1

4 ;z0 ) (w0;1
4 ;w0;1

5 ;z1 ) (w0;1
5 ;w0;1

6 ;y0 ) (w0;1
6 ;w0;1

7 ;y1 )

(w0;2
1 ;w0;2

2 ;z0 ) (w0;2
2 ;w0;2

3 ;z0 ) (w0;2
3 ;w0;2

4 ;z1 ) (w0;2
4 ;w0;2

5 ;z0 ) (w0;2
5 ;w0;2

6 ;y0 ) (w0;2
6 ;w0;2

7 ;y2 )

(w0;3
1 ;w0;3

2 ;z0 ) (w0;3
2 ;w0;3

3 ;z0 ) (w0;3
3 ;w0;3

4 ;z1 ) (w0;3
4 ;w0;3

5 ;z1 ) (w0;3
5 ;w0;3

6 ;y0 ) (w0;3
6 ;w0;3

7 ;y3 )

(w1;0
1 ;w1;0

2 ;z0 ) (w1;0
2 ;w1;0

3 ;z1 ) (w1;0
3 ;w1;0

4 ;z0 ) (w1;0
4 ;w1;0

5 ;z0 ) (w1;0
5 ;w1;0

6 ;y1 ) (w1;0
6 ;w1;0

7 ;y0 )

(w1;1
1 ;w1;1

2 ;z0 ) (w1;1
2 ;w1;1

3 ;z1 ) (w1;1
3 ;w1;1

4 ;z0 ) (w1;1
4 ;w1;1

5 ;z1 ) (w1;1
5 ;w1;1

6 ;y1 ) (w1;1
6 ;w1;1

7 ;y1 )

(w1;2
1 ;w1;2

2 ;z0 ) (w1;2
2 ;w1;2

3 ;z1 ) (w1;2
3 ;w1;2

4 ;z1 ) (w1;2
4 ;w1;2

5 ;z0 ) (w1;2
5 ;w1;2

6 ;y1 ) (w1;2
6 ;w1;2

7 ;y2 )

(w1;3
1 ;w1;3

2 ;z0 ) (w1;3
2 ;w1;3

3 ;z1 ) (w1;3
3 ;w1;3

4 ;z1 ) (w1;3
4 ;w1;3

5 ;z1 ) (w1;3
5 ;w1;3

6 ;y1 ) (w1;3
6 ;w1;3

7 ;y3 )

(w2;0
1 ;w2;0

2 ;z1 ) (w2;0
2 ;w2;0

3 ;z0 ) (w2;0
3 ;w2;0

4 ;z0 ) (w2;0
4 ;w2;0

5 ;z0 ) (w2;0
5 ;w2;0

6 ;y2 ) (w2;0
6 ;w2;0

7 ;y0 )

(w2;1
1 ;w2;1

2 ;z1 ) (w2;1
2 ;w2;1

3 ;z0 ) (w2;1
3 ;w2;1

4 ;z0 ) (w2;1
4 ;w2;1

5 ;z1 ) (w2;1
5 ;w2;1

6 ;y2 ) (w2;1
6 ;w2;1

7 ;y1 )

(w2;2
1 ;w2;2

2 ;z1 ) (w2;2
2 ;w2;2

3 ;z0 ) (w2;2
3 ;w2;2

4 ;z1 ) (w2;2
4 ;w2;2

5 ;z0 ) (w2;2
5 ;w2;2

6 ;y2 ) (w2;2
6 ;w2;2

7 ;y2 )

(w2;3
1 ;w2;3

2 ;z1 ) (w2;3
2 ;w2;3

3 ;z0 ) (w2;3
3 ;w2;3

4 ;z1 ) (w2;3
4 ;w2;3

5 ;z1 ) (w2;3
5 ;w2;3

6 ;y2 ) (w2;3
6 ;w2;3

7 ;y3 )

(w3;0
1 ;w3;0

2 ;z1 ) (w3;0
2 ;w3;0

3 ;z1 ) (w3;0
3 ;w3;0

4 ;z0 ) (w3;0
4 ;w3;0

5 ;z0 ) (w3;0
5 ;w3;0

6 ;y3 ) (w3;0
6 ;w3;0

7 ;y0 )

(w3;1
1 ;w3;1

2 ;z1 ) (w3;1
2 ;w3;1

3 ;z1 ) (w3;1
3 ;w3;1

4 ;z0 ) (w3;1
4 ;w3;1

5 ;z1 ) (w3;1
5 ;w3;1

6 ;y3 ) (w3;1
6 ;w3;1

7 ;y1 )

(w3;2
1 ;w3;2

2 ;z1 ) (w3;2
2 ;w3;2

3 ;z1 ) (w3;2
3 ;w3;2

4 ;z1 ) (w3;2
4 ;w3;2

5 ;z0 ) (w3;2
5 ;w3;2

6 ;y3 ) (w3;2
6 ;w3;2

7 ;y2 )



(w3;3
1 ;w3;3

2 ;z1 ) (w3;3
2 ;w3;3

3 ;z1 ) (w3;3
3 ;w3;3

4 ;z1 ) (w3;3
4 ;w3;3

5 ;z1 ) (w3;3
5 ;w3;3

6 ;y3 ) (w3;3
6 ;w3;3

7 ;y3 )

Let [v]
def
= f 0; : : ; v ¡ 1g. We de¯ne the 1-1 matching M ¼ between Trans(C1) and

Trans(C2) as follows:

f x i ¡ y¼(i ) ) X ¼(i )g0· i<v [ f z0 ¡ z0; z1 ¡ z1g [ (6)

f ul ;¼(l );¼(l+1)
k ¡ w¼(l);¼(l+1)

k ) W l
kg1· k· 2 log v+3 and 0· l<v ¡ 1 [ (7)

f u0;i;j
k ¡ wi;j

2 log v+4 ¡ kg1· k· 2 log v+3 and (i;j )2 [v]2nf (¼(l );¼(l+1)) j 0· l<v ¡ 1g (8)

First we note that this is indeed a 1-1 matching since no variable in Trans(C1) or
Trans(C2) is usedtwice in M ¼, and all variables in Trans(C2) are present in it (the clause
Trans(C2) has fewer variablesthan Trans(C1)).

Parts (7) and (8) determine the matchings between auxiliary variables (those coming
from the transformation Trans); part (6) matches original variables. As we seenext, (7)
is designedso that atoms in lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) are included in the pairing and (8)
guaranteesthat everything elseis not included in the pairing.

We carefully study lggM ¼(Trans(C1); Trans(C2)). We observe that M ¼ matchesauxiliary
variablesu¤;i;j

¤ ¡ wi;j
¤ . Thereforeatomsareincludedin the pairing only if they areproducedby

P¤;i;j ;¤;¤ 2 Trans(C1) and Pi;j ;¤¤ 2 Trans(C2) sharing the samei; j . In the casethat i = ¼(l)
and j = ¼(l + 1) for somel 2 f 0; : : ; v ¡ 2g, we observe by (7) that the auxiliary variables
are matched following their order in the chain f ul ;¼(l );¼(l+1)

k ¡ w¼(l);¼(l+1)
k ) W l

kg1· k· 2 log v+3 ,
and henceclausesPl ;¼(l );¼(l+1) ;x l ;x l +1 2 C1 and P¼(l);¼(l+1) ;y¼( l ) ;y¼( l +1)

2 C2 are included in the
pairing preciselyas

P¼(l);¼(l+1) ;X ¼( l ) ;X ¼( l +1)
¼ Trans(p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) ))

where the auxiliary variables used in the transformation are W l
1; : : ; W l

2 log v+3 . To seethat
atoms in the product P¤;i;j ;¤;¤ £ Pi;j ;¤¤ are not included in the pairing when (i; j ) 2 [v]2 n
f (¼(l); ¼(l + 1)) j 0 · l < v ¡ 1g, it is su±cient to observe that the auxiliary variables are
matched in reversedorder f u0;i;j

k ¡ wi;j
2 log v+4 ¡ kg (8), so that in order to be included it is re-

quired that an atom p(wi;j
k+1 ; wi;j

k ; ¤) existsin Trans(C2) which is not possibleby construction.
Therefore:

lggM ¼(Trans(C1); Trans(C2))

¼
_

0· l<v ¡ 1

P¼(l);¼(l+1) ;X ¼( l ) ;X ¼( l +1)

¼
_

0· l<v ¡ 1

Trans(p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) ))

¼ Trans(
_

0· l<v ¡ 1

p(binary(¼(l)) ; binary(¼(l + 1)); X ¼(l) ; X ¼(l+1) ))

¼ Trans(lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2)) :



Example 5.4 Following Example5.3, the matching M (3201) is as follows. Corresponding to
(6):

f x0 ¡ y3 ) X 3; x1 ¡ y2 ) X 2; x2 ¡ y0 ) X 0; x3 ¡ y1 ) X 1g [ f z0 ¡ z0; z1 ¡ z1g

Corresponding to (7):

f u0;3;2
1 ¡ w3;2

1 ) W 0
1 ; u0;3;2

2 ¡ w3;2
2 ) W 0

2 ; : : ; u0;3;2
7 ¡ w3;2

7 ) W 0
7 g [

f u1;2;0
1 ¡ w2;0

1 ) W 1
1 ; u1;2;0

2 ¡ w2;0
2 ) W 1

2 ; : : ; u1;2;0
7 ¡ w2;0

7 ) W 1
7 g [

f u2;0;1
1 ¡ w0;1

1 ) W 2
1 ; u2;0;1

2 ¡ w0;1
2 ) W 2

2 ; : : ; u2;0;1
7 ¡ w0;1

7 ) W 2
7 g

Corresponding to (8):

f u0;0;0
1 ¡ w0;0

7 ; u0;0;0
2 ¡ w0;0

6 ; : : ; u0;0;0
7 ¡ w0;0

1 g [ f u0;0;2
1 ¡ w0;2

7 ; u0;0;2
2 ¡ w0;2

6 ; : : ; u0;0;2
7 ¡ w0;2

1 g [

f u0;0;3
1 ¡ w0;3

7 ; u0;0;3
2 ¡ w0;3

6 ; : : ; u0;0;3
7 ¡ w0;3

1 g [

f u0;1;0
1 ¡ w1;0

7 ; u0;1;0
2 ¡ w1;0

6 ; : : ; u0;1;0
7 ¡ w1;0

1 g [ f u0;1;1
1 ¡ w1;1

7 ; u0;1;1
2 ¡ w1;1

6 ; : : ; u0;1;1
7 ¡ w1;1

1 g [

f u0;1;2
1 ¡ w1;2

7 ; u0;1;2
2 ¡ w1;2

6 ; : : ; u0;1;2
7 ¡ w1;2

1 g [ f u0;1;3
1 ¡ w1;3

7 ; u0;1;3
2 ¡ w1;3

6 ; : : ; u0;1;3
7 ¡ w1;3

1 g [

f u0;2;1
1 ¡ w2;1

7 ; u0;2;1
2 ¡ w2;1

6 ; : : ; u0;2;1
7 ¡ w2;1

1 g [ f u0;2;2
1 ¡ w2;2

7 ; u0;2;2
2 ¡ w2;2

6 ; : : ; u0;2;2
7 ¡ w2;2

1 g [

f u0;2;3
1 ¡ w2;3

7 ; u0;2;3
2 ¡ w2;3

6 ; : : ; u0;2;3
7 ¡ w2;3

1 g [

f u0;3;0
1 ¡ w3;0

7 ; u0;3;0
2 ¡ w3;0

6 ; : : ; u0;3;0
7 ¡ w3;0

1 g [ f u0;3;1
1 ¡ w3;1

7 ; u0;3;1
2 ¡ w3;1

6 ; : : ; u0;3;1
7 ¡ w3;1

1 g [

f u0;3;3
1 ¡ w3;3

7 ; u0;3;3
2 ¡ w3;3

6 ; : : ; u0;3;3
7 ¡ w3;3

1 g [

Notice that the portion of the matching

f u0;3;2
1 ¡ w3;2

1 ) W 0
1 ; u0;3;2

2 ¡ w3;2
2 ) W 0

2 ; : : ; u0;3;2
7 ¡ w3;2

7 ) W 0
7 g

makessure that the atoms P0;3;2;x0 ;x1 in Trans(C1)

(u0;3;2
1 ;u0;3;2

2 ;z1 ) (u0;3;2
2 ;u0;3;2

3 ;z1 ) (u0;3;3
3 ;u0;3;3

4 ;z1 ) (u0;3;2
4 ;u0;3;2

5 ;z0 ) (u0;3;2
5 ;u0;3;2

6 ;x0 ) (u0;3;2
6 ;u0;3;2

7 ;x1 )

and the atoms P3;2;y3 ;y2 in Trans(C2)

(w3;2
1 ;w3;2

2 ;z1 ) (w3;2
2 ;w3;2

3 ;z1 ) (w3;2
3 ;w3;2

4 ;z1 ) (w3;2
4 ;w3;2

5 ;z0 ) (w3;2
5 ;w3;2

6 ;y3 ) (w3;2
6 ;w3;2

7 ;y2 )

appear in the pairing lggM (3201)
(Trans(C1); Trans(C2)) as

(W 0
1 ;W 0

2 ;z1 ) (W 0
2 ;W 0

3 ;z1 ) (W 0
3 ;W 0

4 ;z1 ) (W 0
4 ;W 0

5 ;z0 ) (W 0
5 ;W 0

6 ;X 3 ) (W 0
6 ;W 0

7 ;X 2 ):

Final ly, lggM (3201)
(Trans(C1); Trans(C2)) =

(W 0
1 ;W 0

2 ;z1 ) (W 0
2 ;W 0

3 ;z1 ) (W 0
3 ;W 0

4 ;z1 ) (W 0
4 ;W 0

5 ;z0 ) (W 0
5 ;W 0

6 ;X 3 ) (W 0
6 ;W 0

7 ;X 2 )

(W 1
1 ;W 1

2 ;z1 ) (W 1
2 ;W 1

3 ;z0 ) (W 1
3 ;W 1

4 ;z0 ) (W 1
4 ;W 1

5 ;z0 ) (W 1
5 ;W 1

6 ;X 2 ) (W 1
6 ;W 1

7 ;X 0 )

(W 2
1 ;W 2

2 ;z0 ) (W 2
2 ;W 2

3 ;z0 ) (W 2
3 ;W 2

4 ;z0 ) (W 2
4 ;W 2

5 ;z1 ) (W 2
5 ;W 2

6 ;X 0 ) (W 2
6 ;W 2

7 ;X 1 )



Recall lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2) is

(z1; z1; z1; z0; X 3; X 2) (z1; z0; z0; z0; X 2; X 0) (z0; z0; z0; z1; X 0; X 1)

and hence Trans(lgg¼[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2)) is

(Y 1
1 ;Y 1

2 ;z1 ) (Y 1
2 ;Y 1

3 ;z1 ) (Y 1
3 ;Y 1

4 ;z1 ) (Y 1
4 ;Y 1

5 ;z0 ) (Y 1
5 ;Y 1

6 ;X 3 ) (Y 1
6 ;Y 1

7 ;X 2 )

(Y 2
1 ;Y 2

2 ;z1 ) (Y 2
2 ;Y 2

3 ;z1 ) (Y 2
3 ;Y 2

4 ;z1 ) (Y 2
4 ;Y 2

5 ;z0 ) (Y 2
5 ;Y 2

6 ;X 2 ) (Y 2
6 ;Y 2

7 ;X 0 )

(Y 3
1 ;Y 3

2 ;z1 ) (Y 3
2 ;Y 3

3 ;z1 ) (Y 3
3 ;Y 3

4 ;z1 ) (Y 3
4 ;Y 3

5 ;z0 ) (Y 3
5 ;Y 3

6 ;X 0 ) (Y 3
6 ;Y 3

7 ;X 1 )

and indeed one can check that

lggM (3201)
(Trans(C1); Trans(C2)) ¼ Trans(lgg(3201)[f z0 ¡ z0 ;z1 ¡ z1g(C1; C2))

via the variable renamingf Y 1
k $ W 0

k ; Y 2
k $ W 1

k ; Y 3
k $ W 2

k j 1 · k · 7g:

Theorem 5.3 Let S be a signature containing a predicate symbol of arity at least 3. The
number of distinct pairings between a pair of function free S-clausesusing O(v3 logv) vari-
ables,O(v3 logv) literals can be ­( v!).

Renamingparametersto usev1=4 original variablesin the theoremwe get:

Corollary 5.4 Let S be a signature containing a predicate symbol of arity at least 3. The
number of distinct pairings between a pair of function free S-clausesusingat mostv variables
and v literals can be ­(2 v=4).

5.4 Implications for Learnabilit y

The Algorithms in [14, 3] areshown to learn ¯rst order classesfrom equivalenceand member-
ship queries.The algorithms usepairings in the processof learning and a t v upper bound on
the number of theseis used. No explicit lower bound was given leaving open the possibility
that better analysis might yield better upper bounds. The results above can be used to
give a concreteexamplewherean exponential number of queriesis indeedused. We sketch
the details here for the algorithm in [3]. Let the target be T. The algorithm maintains a
set of meta-clausesas its hypothesis. Two major steps in the algorithm are minimization
and pairing. In minimization, given a counter exampleclauseC s.t. T j= C the algorithm
iterates dropping oneobject at a time and askingan entailment membershipquery to check
whether it is correct. For examplegiven p(x1; x2); p(x2; x3); p(x1; x3); p(x3; x4) ! q(x3; x3)
dropping x2 (and all atoms using it) yields p(x1; x3); p(x3; x4) ! q(x3; x3). In this way a
counter examplewith a minimal set of variables is obtained. Then the algorithm tries to
¯nd a pairing of the minimized exampleand a meta-clausein the hypothesiswhich yields an
implied clauseof smaller size. This is doneby enumerating all \basic" pairings. If no such
pairing is found then the clauseis addedasa new meta-clauseto the hypothesis. Therefore
in order to show that the algorithm makes an exponential number of queriesit su±ces to
show a target T = D1 ^ D2 where(1) each of D1; D2 is alreadyminimal sothat minimization



does not alter them, (2) D1; D2 have an exponential number of \basic" pairings, and (3)
T 6j= C for any C which is a pairing of D1; D2. If this holds then we can give the clauseD1

to the algorithm as a counter exampleand then follow with D 2. The algorithm will ask a
membershipquery on all the pairings getting an answer of No every time and eventually add
D2 to its hypothesis. We omit the technical de¯nition of \basic" pairings but note that all
pairingsconstructedin the previoussectionare\basic" sincethey map variablesto variables.

Let f () be a nullary predicatesymbol, and q() and r() binary predicates.Let N1, N2 be
the number of variables used in C1; C2 in the construction above respectively, and rename
these variables (in any order) so that C1 usesvariables v1; : : : ; vN1 , and C2 usesvariables
w1; : : : ; wN2 . Then we use q() and r () to de¯ne chains of variables touching all variables
in C1; C2: Q = ^ 1· l<N 1 q(vl ; vl+1 ) and R = ^ 1· l<N 2 r (wl ; wl+1 ). Now de¯ne C0

1; C0
2 to be

the conjunction of the atoms from C1; C2 above (we useddisjunction above) and let D1 =
C0

1 ^ Q ! f () and D2 = C0
2 ^ R ! f (). Finally T = D1 ^ D2. The following 3 lemmasgive

useful properties of T and its clauses.

Lemma 5.5 D1 6¹ D2 and hence D1 6j= D2. D2 6¹ D1 and hence D2 6j= D1.

Pro of: To seethat D1 6¹ D2 and D2 6¹ D1, it su±cesto notice that in D1 there are atoms
containing the predicate symbol q which is not present in D 2, and in D2 there are atoms
containing the predicatesymbol r which is not present in D 1. D1 6j= D2 and D2 6j= D1 follow
from the fact that when consideringclausesthat are not self-resolvingand where chaining
is not possible,logical implication coincideswith subsumption[11].

Lemma 5.6 Let C be any clause. Let T = D1 ^ D2 as de¯ned above. If T j= C then it is
the casethat either D1 ¹ C or D2 ¹ C.

Pro of: Since the clausesin T are not self-resolvingand D1 and D2 cannot be resolved
together, implication reducesto subsumption[11].

Lemma 5.7 Let T = D1 ^ D2 as de¯ned above. If D is a result of droppingany object from
D1 or D2 then T 6j= D.

Pro of: By Lemma5.6,T j= D i® D1 ¹ D or D2 ¹ D. AssumeD is a result of dropping an
object from D1 (the other caseis similar). Then sinceQ; R usedi®erent predicate symbols
it is clear that D2 6¹ D. To seethat D1 6¹ D notice that D1 includesa q() chain of length
N1 including all variables in D1. Consider any substitution µ mapping variables in D1 to
variablesin D and assumethat v1 is mappedto wk for somek. The only way for subsumption
to work is to map v2 to wk+1 and so on. However, sinceD contains strictly fewer variables
than D1 then for somei it must be the casethat q(wk+ i ; wk+ i+1 ) is not in D. Therefore it
cannot be the casethat D1µ µ D.

Lemma 5.7 establishescondition (1). It is easyto seethat the clauseshave exactly the
samepairings as in the previous section since the atoms by q and r are dropped in every
pairing and the chainsdo not introducenewvariables. This implies that condition (2) holds.
Finally (3) holds sinceq and r atoms are dropped in every pairing so subsumption is not
possible.We thereforeget:

Theorem 5.8 The algorithm of [3] can make­(2 v=4) querieson somelearning problems.
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