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Abstract

The paper identi es seweral new properties of the lattice induced by the subsump-
tion relation over rst-order clausesand derivesimplications of these for learnability.
In particular, it is shavn that the length of subsumption chains of function free clauses
with bounded size can be exponertial in the size. This suggeststhat simple algorith-
mic approades that rely on repeating minimal subsumption-basedre nements may
require a long time to corverge. It is also shovn that with bounded size clausesthe
subsumption lattice hasa large branching factor. This is usedto show that the classof
‘rst-order length-bounded monotone clausesis not properly learnable from member-
ship queriesalone. Finally, the paper studies pairing, a generalization operation that
takestwo clausesand returns a number of possible generalizations. It is showvn that
there are clauseswith an exponertial number of pairing results which are not related to
ead other by subsumption. This is usedto shaw that recert pairing-basedalgorithms
can make exponertially many querieson somelearning problems.

1 Intro duction

The eld of Inductive Logic Programming (ILP) is concernedwith deweloping theory and
methods that allow for excient learning of classesf conceptsexpressedn the languageof
‘rst-order logic. Subsumptionis a generality relation over rst order clausesthat induces
a quasi-orderon the set of clauses. The subsumption lattice is of crucial importance since
many ILP algorithms perform a seart over this spaceand as a result the lattice has been
investigatedextensiwely in the literature (seesurvey in [16]). The paper cortributes to this
study in two ways. First, we exposeand prove new properties of the subsumptionlattice of
‘rst-order clauses.Second,we usethesepropertiesto prove negative learning resultsin the
model of exact learning from queries. Theseresults illustrate the connectionbetweenthe
subsumptionlattice and learning.

°This work hasbeenpartly supported by NSF Grant 11S-0099446



This work arisesfrom the study of query complexity of learningin rst orderlogic. Se\eral
positive learnability results exist in the model of exact learning from queries[1]. Howe\er,
exceptfor a \monotone-like case"[20] the query complexity is either exponertial in one of
the crucial parameters(e.g. the number of universally quarti ed variables) [14, 3] or the
algorithms useadditional syntax-basedoracles[7, 21, 19]. It is not clear whether the expo-
nertial dependences necessaryor not. Previouswork in [4] shoved that the VC-dimension
cannot resole this question. The current paper exploreshow properties of subsumption
a®ectthis question.

We start by consideringthe length of proper subsumptionchainsc, A ¢, A :: A ¢, of rst
order clausesof restricted size. This is motivated by two issues.First, many ILP algorithms
(e.g.[22 18, 8]) usere nemert of clauseswherein ead step the clauseis modi ed using a
minimal subsumption step. Thus the length of subsumption chains hingeson cornvergence
of such approades. A secondmotivation comesfrom the useof certi cates [13, 12] to study
qguery complexity. It is known [13, 12] that a classC is learnable from equivalenceand
menbership queriesif and only if the classC has polynomial certi cates. Previouswork in
[6] deweloped certi cates for propositional classes.In particular, one of the constructions of
certi cates for Horn expressionausesthe fact that all proper subsumption chains of propo-
sitional Horn clausesare short. Henceany generalizationof this construction to rst order
logic relieson the length of sud chains.

Section3 showvsthat subsumptionchains canbe exponertially long (in number of literals
and variables) even with function free clauseswith a bounded number of literals. This re-
sult suggestghat simple algorithmic approahesthat rely only on minimal re nemert steps
may require a long time to cornverge and excludessimple generalizationsof the certi cate
construction. We alsoshow that if oneimposesnequalitieson all termsin a clausethen sub-
sumption chains are short. This further supports the useand study of inequatedexpressions
asdonee.g.in [14, 3, 9].

The chain length result givesan informal argumert againstcertain approades. Section4
usesa similar construction to show that the classof length-bounded monotone rst order
clausesis not properly learnable using menbership queriesonly. This result is derived by
studying the lattice structure of length boundedclausesand usingit to show that the teaching
dimension [2, 10]is exponertial in the size. The result follows sincethe teadching dimension
givesa lower bound for the number of menbership queriesrequiredto learn a class[2, 10].

Finally in Section5 we addressthe complexity of the algorithms givenin [14, 3] discussed
above. One of the sourcesof exponertial dependenceon the number of variables is the
number of pairings. Intuitiv ely, a pairing is an operation that, giventwo rst-order clauses,
results in a new clausewhich is more generalthan the initial ones;two clauseshave many
pairings and the algorithm enumeratesthesein the processof learning. Resultsin [14, 3]
gave an upper-bound on the number of pairings, but left it open whether a large number of
pairings can actually occur in examples. We give an exponertial lower bound (in number
of variables) on the number of pairings and construct an explicit exampleshowing that the
algorithm can be forcedto make an exponertial number of queries.

Due to spacelimitations se\eral proofs are omitted from the paper; they canbe found in

[5].



2 Preliminaries

We assumefamiliarity with basic conceptsin rst order logic as described e.g. in [15, 16].
We brie°y review notions relevant to this paper.

A signature S consistsof a nite set of predicatesP and a nite set of functions F,
both with their assaiated arities. Constarts are functions with arity 0. A courtable set of
variables x;; X»; X3;::: is usedto construct expressions.A variable is a term. If ty;:::;t,
areterms and f 2 F is a function symbol of arity n, then f (t;;::;;ty) is a term. An atom
is an expressionp(ty;:::;;t,) wherep 2 P is a predicate symbol of arity n and ty;:::;t, are
terms. An atom is called a positive literal. A negative literal is an expression: | where |
is a positive literal. A clauseis a disjunction of literals where all variables are universally
quarti ed. A Horn clause has at most one positive literal and an arbitrary number of
negative literals. A Horn clause: p; _ i : pn_ Pn+1 iS equivalert to its implicational form
pr ™ N pn ! pasr. Wecall pp ™ i p, the antecedent and p,+; the conseuent of the
clause. A meta-clauseis a pair of the form [s;c], where both s and c are sets of atoms
sudh that s\ ¢ = ;; s is the antecedent of the meta-clauseand c is the conseuent Both
are interpreted as the conjunction of the atqms they cortain. Therefore, the meta-clause
[s;c] is interpreted as the logical expression ,.s! b. An ordinary clauseC = s; ! Ik
correspndsto the meta-clausgsg; f b.g]. Fully inequatedclaused3] are clausesvhoseterms
are forced to be always distinct. That is, any instance of a fully inequated clauseis not
allowed to unify any of its terms. This can be done by adding explicit inequalities on all
termsasin: E=[x6 f(X)]" [x 6 a]* [a6 f (X)]" p(x;f(x)) ™ p(a;x)! qg(a).

We usethe symbol 'F' to denotelogical implication which is de ned following the stan-
dard sematics of rst-order logic.

We needse\eral parametersto quartify the complexity of a rst-order expressionswe
usethe rst-order expressiorE = : p(x;f (x)) _: p(a;b) _q(b) to illustrate these. NTerms(¢):
courts the number of distinct terms in the input expression. Hence, NTerms(E) = 4
correspnding to the term set fx;a;f (x);bg. WTerms(@: similar to NTerms, with the
only di®erencethat functional terms are given twice as much weight as variables. Hence,
WTerms(E) = 7 sinceterms in fa;f (x); bg cortribute 2 and x contributes 1. NLiterals(9:
courts the number of literals in the input expression.Hence,NLiterals(E) = 3.

Let C; D betwo arbitrary rst-order clauses.We say that a clauseC subsumesa clause
D and denotethis by C * D if there is a substitution p sud that C ¢uu D. Moreover,
they are subsume-guivalent denotedC » D,if C* D andD * C. We sa& that C strictly
or properly subsumesD, denotedC A D, if Ct D but D 6:C. The relation ! is re°exive
and transitive and henceit inducesa quasi-orderon the set of clauses.

3 On the Length of Prop er Chains

In this sectionwe study the length of proper subsumptionchainsof clauses; A ¢, A 1 A c,.
It is known that in nite chains exist if one doesnot restrict clausesize[17, 16] but bounds
for clausesof restricted size (which are necessarily nite) were not known before. We shov
that in the caseof fully inequated clauses,the length of any proper chain is polynomial in
the number of literals and the number of terms in the clausesnvolved. On the other hand, if



clausesare not fully inequated,then chains of length exponertial in the number of variables
(or literals) exist, even if clausesare function free.

3.1 Subsumption Chains for Fully Inequated Clauses are Short

We say that a substitution p is unifying w.r.t. a clausec; if there exist two distinct terms
t;t%in ¢, that have beensyntactically unied i.e. t ¢y = t°¢u The following two lemmas
relate subsumptionand size parameters:

Lemma 3.1 Let ci;c, be two fully inequatel clauses. If ¢, 1 ¢, then (1) it must be via a
non-unifying substitutionw.r.t. ¢, (2) WTerms(c;) - WTerms(c;), and (3) NLiterals(c,) -
NLiterals(cy).

Pro of: Let u be the witnessing substitution for the fact that ¢; * ¢,. Supposethat [ is
unifying w.r.t. c;. That is, there exist two distinct terms t; t°in ¢; that have beenunied
and thereforet ¢u = t°¢u= f. Sincec, is fully inequated, the inequality (t 6 t9 2 ¢;. But
then (t 6 t9 ¢u is precisely (f 6 f) and sincec, is fully-inequated it cannot be included,
cortradicting the fact that ¢; ¢up ;. Thus (1) holds.

For (2) note that by (1) all distinct terms in c; remain distinct in ¢; ¢ becausep is
non-unifying. Hence,c, has at leastas marny terms asc; sinceit cortains c;. Moreover, u
might replace(light) variablesby (heavier) functional terms, and (2) follows.

For (3) note that if NLiterals(c;) > NLiterals(c,), then at least two literals in ¢;, and
hencetwo terms in ¢;, must be uni ed in ¢, cortradicting (1). |

Lemma 3.2 Letc;c, befully inequatel clausessuchthat ¢; A c,. Then, either NLiterals(c;) <
NLiterals(c;) or WTerms(c;) < WTerms(c,).

Pro of: By the previouslemmawe only needto disprovethe possibility that both NLiterals(c;) =
NLiterals(c,) and WTerms(c;) = WTerms(c,). Supposeso, and let u be the substitution
sudh that c;uu ¢;. Then pinducesa 1-1 mapping of terms. Now if g mapsa variable to a
non-variable term then WTerms(c;) < WTerms(c,). Sop must be a variable renaming. If p
is a variable renaming and NLiterals(c;) = NLiterals(c,), then ¢; and ¢, must be syntactic
variants, cortradicting the assumptionthat c, 6c;. n

As a result eat stepin a strict subsumptionchain reducesone of NLiterals or WTerms
and we get:

Theorem 3.3 The longestproper subsumptionchain of fully inequatel clauseswith at most
t terms and | literalsis of lengthat most 2t + I.

Proof: Letc, A ¢ A :: A ¢, beachain of maximal length. By Lemma3.2, after ead step
in the chain (from left to right), either we increasethe number of literals, or the quartity
WTerms increases. By Lemmas 3.1 these quartities newver decrease.The bound t on the
number of terms implies that WTerms can never grow beyond 2t (in the casethat all the
terms are functional). SinceNLiterals cannot surpassl, the number of total clausesin our
chain is at most 2t + I. |



3.2 Function Free Clauses Have Long Prop er Chains

In this sectionwe demonstratethat function free rst-order clausescan produce chains of
exponertial length. We start with a simple construction wherethe arity of predicatesis not
constart.

Let p be a predicatesymbol of arity a. The chaind; A d, A :: A d, isde nedinductively.
The rst clauseis d; = p(z;::;z), and given a claused; = pi;p2;::;p«, We de ne the
next claused;.; asfollows: (1) if p, cortains only two occurrencesof the variable z, then
di-1 = p2;::;pk, Or else(2) if p; cortains ¢, 3 occurrencesof the variable z, replacethe
atom p; by a new set of atoms p?;::; pd suc that k= min(c;l i k+ 1), and every new
atom pj0 for1- j - k%isacopy of p; in which the j 'th occurrenceof the variable z hasbeen
replacedby a new fresh variable not appearingin d; (the samevariable for all copies).

Example 3.1 Supmsep hasarity 4 andthat | = 3. The construction producesthe following
chain of length 11

p(z;2;2;2)

P(X1;Z;Z;2); P(Z; X1; Z; 2); P(Z; Z; X1, Z)
P(X1;X2; Z;2); P(Z; X1, Z; 2), P(Z; Z; X1; 2)
P(z;X1;2;2); p(Z; Z; X1, Z)

P(X2; X1; 2, 2); P(Z; X1; X2, 2); P(Z; Z, X1, Z)
P(Z; X1 X2; 2); P(Z; Z; X1, 2)

p(Z; 2, X1; 2)

P(X2;Z; X1, 2); P(Z; X25 X1; 2); P(Z; Z; X15 X2)
P(Z; X2; X1, 2); P(Z; Z, X1; X2)

P(Z; Z; X1; X2)

> > I>» >» > > > D>» >» >

Let N(c;s) be the number of subsumptiongeneralizationsthat can be producedby this
method when starting with a singleton clausewhich is allowed to expandon s literals (i.e.,
| = s+ 1) and whoseonly atom hasc, 2 occurrencesof the variable z. Then, the following
relations hold:

2 N(2;8) = 1,for all s, 0. To seethis note that when there are only 2 occurrencesof
the variable z, the only possiblestepis to remove the atom, thus obtaining the empty
clause.

2 N(c;0) = cj 1,forall c, 2. This is derived by observingthat whenwe havec, 2
occurrencesf the distinguishedvariable z and no expansionon the number of literals
is possible,we can apply cij 2 stepsthat replaceoccurrencesof z by new variables,
and a nal stepthat dropsthe literal. After this, no more generalizationsare possible.

P
2 N(G;8) = 1+ oo s vy N(Ci L), forall c> 2;s> 0: This recurrenceis obtained

by observingthat the initial clause cortaining our single atom can be replaced by



min(c;s + 1) \copies" in a rst generalization step leaving g = max(0;sj c+ 1)
empty slots. After this, ead of these copieswhich cortain cj 1 occurrencesof the
distinguished variable z, go through the seriesof generalizations:the left-most atom
has q positionsto usefor its expansionand is generalizedN (cj 1;q) times until it is
‘nally dropped;the next atom hasq+ 1 position to expand sincethe left-most atom
has beendropped, and henceit producesN (cj 1;g+ 1) generalizationstepsuntil it
is nally dropped, and soon.

¢
Lemma 3.4 N(c;s), lsfl i 1forc, 2ands, O.

i ¢
Pro of: Recallthat in casethat n < Kk, IE = 0. The proof is by induction on c;s. The
basecasesarewhens= 0Qorc= 2:

¢
2 N(c;0)=cj 1 Ii i 1=cj 1forallc, 2.

5

i ¢
2 N(2;s)=1, '.2 ; 1foralls, O.

s+l

For the step case,assumethat N(c%s9 | 'So‘flq:i 1 for valuesc® < cor s°< s. Then, if
c, 3ands, 1we havethat:
XS
N(cs) = 1+ N(ci L) (1)
i=max (0;sj c+1)
1+ [}IEC_nlil[,S)+ Ndin_ 111@ 1) (2)
A S (3)
g st 1 S
Ko )
= g | 1 (4)

For (2), noticethat c, 3ands, limplythat 0- sj landsj c+ 1:- sj 1, hence
maxf 0; s j C+i1%' $i 1¢ For (3} we apply the induction hypothesis,and for (4) we usethe
nj 1 nj 1

basicidertity } = " + w1 Which alsoholds for n; k such that k > n. n

It remainsto shav that this is a proper chain. First, we investigate key structural
properties of the clausesparticipating in our chain. It is easyto verify the following lemma
by induction on the updatesof d;.

Lemma 3.5 Let Vars(p) be the variablesoccurring in the atom p. For all di = py;::; p« the
following properties hold:

2 Every atom p; 2 d; contains no repeated occurrenaes of variables,with the exeption of
z, which appears at least twice in each atom.

2 Vars(p;) 1 Vars(pj+1) forallj = 1;::5;ki 1.

From the properties stated in the previouslemma, it follows that we canview any clause
d; asa sequenceof blocks of atoms By; B,;::; B sud that all the atomsin a single block
contain exactly the samevariables, and variables appearing in neighboring blocks are sud
that Vars(Bj) % Vars(Bj+1).



Lemma 3.6 Fix someclaused;, and let p be an atom in any black B. If p¢u2 B, then p
does not changevariablesin p.

Pro of: By induction onthe updatesof d,. The claimistrivially true for d; sinceit cortains
a singleatom. For the step case,assumethe lemmais true for di = pq;::; p«-

If div1 = p2;::;p (left-most atom was dropped), then the induction hypothesisguaran-
teesthe result. Otherwise, di+1 = p?;::;pP; p2;::;px (left-most atom replacedby new set
cortaining one more variable in di®eren places). By the induction hypothesiswe only have
to ched that the claim is true for the newblock B = p;::;p. If k= 1then B cortains
a single atom and the lemmaiis trivially true. Otherwise, B cortains at least two atoms.
Notice that the way the atoms p?;::; pd have beencreatedis by replacingthe variable z in
p. by a new variable x, but in di®eren positionsin ead new atom p(tjo). Hence,it holds
that for every pair p;;p, 2 B, they agreeon all positions exceptin two where one has the
variable z and the other one hasthe new variable x (and vice versafor the other position).
If p; ¢ = p, then pwould have to map the variable z into the newly introducedvariable x.
But this would result in an atom with at leasttwo occurrencesof x, and suc atoms do not
appear in the clauseswe create. Hence,the new variable must be left untouched by p and
therefore there is no | sud that p; ¢ = p,. Sincepy; p, are arbitrary atoms we conclude
that p¢u62B unlessp ¢ = p and therefore u doesnot changethe value of variablesin p. m

Lemma 3.7 Letd; be any clausein the sequene and let B;;::; By, beits blacks. Then, for
any pair of blacks Bj, and B;, s.t. i1 < i, there exists somevariable in Vars(B;,) nfzg
that is in the sameposition j in all the atomsin B;, butin all the atomsin B;, it appears
in di®etent positions, alwaysdi®erent from the onein B;,. Moreover, all the atomsin B,
contain the variable z at position j .

Pro of: By induction on the updates of di. The claim is trivially true for d; since it
cortains a singleatom and hencea singleblock. For the step case,assumethe lemmais true
for di = pg;iiipk.

If di-a = p2;::;pk (left-most atom was dropped), then the induction hypothesisguaran-
teesthe result. If divy = p2;::; pdo; P2; 1 15 Py, then the property is guararteed by the induction
hypothesisfor pairs of blocks in p,;::;p«. It remainsto ched that the lemmais true when
Bi, = pj;::;p and B;, is any other block in di4;. If the replacedatom p; 2 di appeared
in a di®erert block in d; asthe atomsin Bj,, then the induction hypothesisapplies. If p;
appearedin the sameblock asthe atomsin B;,, then the variable that was introduced by
the creation of that block hasto be in di®eren positionsin all the atomsin B;,. Sinceall
the atomsin pd;::;pd inherit this variable from p;, the lemma follows. |

Lemma 3.8 Fix someclaused, = p;;::;px with at least 2 atoms (i.e., k , 2). Then
(P2;::;pk) S di only if pdoesnot changevariablesin p,.

Proof: Letd = Bj;::;Bny. Let p beany atom in any block B; and assumep ¢p 2 d.
Notice that p ¢u 62B4;::;B;; 1 sinceatoms in blocks B4;::;Bj; 1 cortain strictly more
variablesthan p ¢ Hencep ¢u 2 Bj;::;Bn. We rst claim that if p doesnot change
variablesin Bj.1;::;Bn then p doesnot changevariablesin B;. To prove the claim note



that if p¢p 2 B; then Lemma 3.6 applies. On the other hand if p¢p 2 Bjo for j < j°
then Lemma 3.7 guararteesthat there exists somevariable x 2 Vars(Bjo) that appearsin a
position in p in which atomsin Bj. cortain the variable z. Sinceby assumptionp does not
changethis variable this implies that p ¢u 6280 leadingto a cortradiction.

Finally if (p2;::;pk) B di then we have an atom p asabove from ead block. Therefore
we canapply the claim inductively starting with j = m and until j = i, wherei, is the block
index of p,. This implies that p doesnot changevariablesthat appearin the leftmost block
of po; ::; P, and hencein p, asrequired. |

Lemma 3.9 Foralli= 1;:::nj 1wehavethatd, A di.;.

Pro of: Supposethat d; = ps;::;p. We have the following possibletransitions from d; to
di+1 :

Casel. dis; = po;::;pk. Clearly, di % di+1, and henced; ° di+; via the empty substi-
tution. Supposeby way of cortradiction that d; * di+;, sothere must be a substitution p
s.t. d ¢pp disy. Clearly, i + 1 6 n sinceotherwisewe could not satisfy di ¢ divg = ;.
Therefore, di.; 6 ; and d; contains at least 2 atoms. The fact d; ¢4 1 dis; implies that
(P2 ::;pk) Cup di, and by Lemma 3.8, 4 must not changevariablesin p,. If p; and p, arein
the sameblock, then p, ¢u= p; 62,4, . If p, and p, arein di®eren blocks, then Lemma 3.7
guararteesthat for every atom in py;::;px there is a variable that appearsin a di®erert
location in p; and as above this variable cannot be changedby . Hence, p; ¢y 62di4,,
cortradicting our assumptionthat d; * di+; .

Case2. diu1 = p2;::;plop2;ii;pk- Let x be the newly introduced variable. Then,
di+1 ¢fx 7! zg u di and henced, °© d;. To seethat d; 6*d;,;, supposethat this is not
the case. Hence,there must be a substitution p sud that d; ¢pup diq. If di = pq, (€., d;
cortains one atom only), then p; ¢up pd;::;pd. In this case,u must map z into the new
variable x but this resultsin multiple occurrencesof x, and hencep; ¢ 6up?; ::; pl. Hence,
d; must cortain at leasttwo atoms and the substitution p must satisfy that (ps;::;px) CHJ
p%; 115 PP P2; i i Pk The newatomsp?;::; pl, cortain morevariablesthan py;::; px, therefore
(P1;::;pk) S p2; i pk- By the samereasoningasin the previous case,we concludethat
di A di+1 . |

Now Lemma 3.4 and Lemma 3.9 imply:

Theorem 3.10 Let.p pe a predicate symil of arity ®, 1. There existsa proper subsump-
. . ' . ; . .
tion chain of length " of function free clausesusing at most ® variablesand | literals.

The construction above can be improved to usepredicatesof arity 3 as follows.

De nition 3.1 Let d be any clause. Let Trans(d) be the clauseobtained by replacingeach
literal p(ty;::;ty) with a newset fp(yi;Vyi+1;ti)j1- 1 - ag; whee all y;3;::;ya+1 are new
variablesnot appearing in d. The newvariablesy;;::;ya.+1 are di®eent for each atomin d.

Example 3.2 The clausep(z; X1;X2; 2); p(z; Z; X1; ) is transformed into the clausep(ys; Y2; z),
P(Y2; Y3 X1), P(Ys; Yas X2), P(Ya; Y53 2), P(YS; Y9 2), P(YS: ¥3: 2), P(YS: Ya: X1), P(Y3: ¥8: 2).



Considera function free claused with predicate symbols of arity at most a, containing v
variablesand | literals. Then, Trans(d) usespredicatesof arity 3, hasl(a+ 1) + v variables
and al literals. The next lemma givesthe main property of this transformation:

Lemma 3.11 Letd;;d, be clauses.Then, d; * d, i® Trans(d;) * Trans(d,).

Proof: Assume rst that d; ! d, i.e., there is a substitution p from variablesin d; into
terms of d, sud that d; ¢up d,. Obviously, u doesnot alter the value of the new variables
addedto Trans(d;), and henceTrans(d;) 1= Trans(d; @) p Trans(d,), sothat Trans(d;) *
Trans(d,).

For the other direction, assumethat there existsa substitution psud that Trans(d;) tu p

Trans(d,). Letd; = 12 _12_:: % andlet fyl;:: ;yfariw(Ij ., @ be the variablesusedin the
1

transformation for literal I} in dy, for 1- j - ky. Similarly, let d, = 13 _15_::_ 1% and
let fyd;:: ;y"my(Ij o1 9 be the variables usedin the transformation for literal 1% in d,, for
i 2

1- J - kg First weshav that p must map blocks of auxiliary variablesin Trans(d,),

iyl : " - : G%...d°
fyl;:: Varity (i1 9 into blocks of auxiliary variablesin Trans(d,), fy4;:: Yoty (1041 g so

that the predicate symbol of I"l coincideswith the predicate synmbol of Ijzo. Moreover, the
order of the variablesis presened, i.e., umapseah y! 7! y3° forall 1- i - arity (I,). By
way of cortradiction, supposethat there existsa pair of variablesin Trans(d,), y! andyl,,,
that have beenmapped into y® and y®, respectively, wherea 6 b. Then, p(y{ ;y{'+1 ;0) Cu=
p(y(ﬁ;ydg;n) 2 Trans(dy). This contradicts the fact that, by construction, all literals in
Trans(d,) are sudh that the superscripts of the rst two auxiliary variablescoincide.

Supposenow that somey{ has beenmapped into yqff wherei 6 i°and i is the smallest
sudh index. Assumealsothat the predicate symbol corresmnding to literal I} is p. If i > 1,
then p(y!. ;;y!; =)= p(yd. ;;y%; =) 2 Trans(d,). But this is a cortradiction sinceall literals
in Trans(d,) are sud that its two initial argumerts have the form p(y%;y%,,;9) and here
(ii 1)+ 16 i Ifi = 1, then sincei®> 1 there must be anindex h s.t. pmapsy’, , 7! ydo.
but u doesnot mapyl,, ., 7! yq&hﬂ. Thus we arrive to the samecortradiction asin the
previous case. _ _

Now, the fact that ead y! 7! y"i0 implies that © maps argumerts of literals in d; into
argumerts in the sameposition of literals in d,. Moreover, sinceblocks of variablesare not
mixed, all argumernts from a literal in d; are mapped into all the argumeris of a xed literal
in dy, sowe concludethat d; ¢up d,. n

Theorem 3.12 If there is a predicatg symlwl of arity at least 3, then there exist proper
subsumptionchains of lengthat least 2 V=? of function free clausesusing at mostv variables
and 3 literals, whee v, 9.
i.¢ jr_¢ _
Pro of: Theorem 3.10 shows that there exists a chain of length 'j" = lpv‘iz > 27 v=2 jf
_p_ o

we use predicate symbols of arity P v, P v variablesand —* atoms per clause. Considerthe
chain Trans(d;) A Trans(d,) A :: A Transp(gng). Lemma3.11 guarar‘gqesthat this is alsoa
proper chain. The chain hasclauseswith (" v+ 1)+ " v = %+ 3TV - v variables (here

b _
we usev , 9)and P VTV = 3 literals. [ |



4 Learning from Mem bership Queries Only

The previousresult suggestshat simple use of minimal re nemert stepsmay require long
time to corverge. We next usea related construction to shaw that there can be no polyno-
mial algorithm that properly learnsthe classof monotonefunction-free and length-bounded
clausesfrom menbership queriesonly. We usea conbinatorial notion, the teaching dimen-
sion [2, 10], that is known to be a lower bound for the complexity of exact learning from
menbership queriesonly.

De nition 4.1 The teacing dimensionof a classT is the minimum integer d such that
for each expressionf 2 T there is a set T of at most d examples(the teaching set) with
the property that any expressiong 2 T di®erent from f is not consistent with f over the
examplesn T.

Let k be sudh that log, k is an integer. Then h;;::; tyi denotesthe term represered by a
completebinary tree of applications of a binary function symbol f of depth logk with leaves
ti;:;tk. For example,hl; 2; 3; 4;5; 6; 7; 8i represens the term f (f (f (1; 2);fF(3;4));f (f (5;6);
f (7;8))): Notice that the number of distinct termsin hty;::; txi isat mostk+ :‘:1 NTerms(t;).
In particular, if ead t; is either a variable or a constart, then NTerms(ht; ::;tei) - 2K

Let p be a unary predicatesymbol. Considerthe clausep(ha;::; ai), wherethe constart a
occursk times. We considerall the possibleminimal generalizationsof p(ha;::;ai). That is,
clausesC that are strict generalizationsof p(ha;::;ai) for which no other clauseC®is sud
that p(ha;:;;ai) A C°A C. Among them we nd the clauses

Ck = p(hx;:;xi)
Cv 1 = p(ha;x;:xi) _ p(hx;a;x; xi) o phx; i x; ai)

Cki2 = p(hesa;x; ;xi) _ p(ha;x; a;x:;xi) _ o p(hx; o x; a;ai)
Ck=2. = p(ha;:;a;x;nxi) o p(h i x;a;;ai)
Cl. = p(ha;:;a;xi) _ pha; s a;x;ai) o p(hx; a;:sai)

where e%m Ci includes atl p033|b|I|t|§s of replacing i positions with a variable. Clearly,
jCij= "% In particular, Cyo, = 5, > 22,

We next de ne the learning problem for which we nd an exponertial lower bound. The
signature S consistsof the function symbol f of arity 2, two constaris a;b, and a single
predicate symbol p of arity 1. Fix | to be someinteger. Let the (represemation) concept
classbe C= f rst-order monotoneS-clauseswith at most| atomsy and the set of examples
be E = f rst order ground monotone S-clauseswith at most | atomsy:

We identify the represemation conceptclassC with its denotationsin the following way.
The conceptrepreseted by C 2 Cis fE 2 Ej C F Eg which in this casecoincideswith
fE 2 EjC?! Eg. Thus,this problemis castin the framework of learning from ertailment.



k
Supposethat the target conceptis f = p(ha;::;ai) and that | - (k;"‘). We want to nd
a minimal teadhing set T for f. The cardinality of a minimal teaching set for f is clearly
a lower bound on the teaching dimensionof C. By de nition, the examplesin T have to
eliminate every other expressionin C. In other words, for every expressiong in C other than
f, T must include an exampleE such that f 1 E and g 6'E or vice versa.

We rst obsene that the clauseCy-, is not included in our conceptclassC becauseit

corntains too mary literals: | - (kkTZ) = JCkTZJ < _Ckzz_. Howeer, subsetsof Cy-, with exactly
| atoms are included in C becausethey are monotone S-clausesof at most | literals. Note
alsothat ead clauseincludes- 2kl terms. There are K = '(k%z) > (2k|—:2)I = 20K suc
subsetswhere we use an additional restriction that | - k. Let thesebe Cl_,;::;C\,. By
de nition, the teaching set T hasto reject ead one of theseK clauses.

Notice that C,_,* f = p(ha;:;ai) for eadrj = 1;::;K (considerthe witnessingsubsti-
tution fx 7! ag). Now, to rejectan arbitrary Clj(zz, T hasto include someexampleE 2 E s.t.
Cf;zz 1 E but p(ha;::;ai) 6*E. The only examplein E that qualiesis E/ = Cjk:2 ¢fx 7! bg.
Hence,for eah C_, the exampleE! must be includedin T and theseexamplesare distinct.

_ P
Hence, T must cortain all the examplesin E';::;EX. Substituting k = pt andl - < so
that 2kl - t we obtain:

Theorem 4.1 Let C be the classof monotone clausesbuilt from a signature confaining 2
constants, a binary function symiwol and a unary predicate symiol with at most| - 7‘ literals

p_
and t terms per clause. Then, the teaching dimensionof Cis 2(" Y,

5 On the Num ber of Pairings

Plotkin [17] (seealso [16]) de ned the least geneanl genenlization (Igg) of clausesw.r.t.
subsumption and gave an algorithm to computeit. The Igg of C;;C; is a clauseC that
subsumedoth clauseshamelyC !t C;, C! C,, andisthe leastsud clause,ithat isD 1 C
for any D that subsumesboth clauses. The algorithm essetially takesa crossproduct of
atomswith the samepredicate symbol in the two clausesand generalizesargumerts bottom
up. We proceedwith formal de nitions.

De nition 5.1 A pair of literals are compatible if they usethe samepredicate symtol (and
hene samearity) and havethe samesign. A pair of rst-or der terms are compatible if they
agree on their leftmost function symiwl (and hene on their arity aswell).

The algorithm computing the Igg is as follows:



lgg (Cy1;Cy)
if C4, C, are clauses
then SA ;
for ead pair of compatibleliterals I; 2 C; and 1, 2 C,
do SA S[ lgg (I1;12)
return S
if C,, C, are compatible literals
then if Cy = p(ti::t,), Co = p(t?::t0) are compatible positive literals
then return p(lgg (t1;t9) ::lgg (tn;t2))
else =a Cy=:p(ty::ty) andCy = : p(t9::1%) ==
return : p(lgg (t1;t?)::1gg (t,;t%)
11 if C4, C, are rst-order terms
12 then if Cy = f(t1::t,), Co = f (t?::t9) are compatible terms
13 then return f (Igg (t1;t9) ::lgg (tn;t2))
14 else return a new variable x

|
OOWoO~NOOOTPA~, WNPEF

This procedureis designedto be initially called with two clausesas argumerts; in the
subsequenrecursiwe calls the argumerts are either compatible literals of rst-order terms.

It is important to note that wheneer the Igg returns a new variable (step 14 in Igg )
the algorithm storesthe fact that the pair C;; C, hasbeenmapped to x into what we call
the Igg table If this pair of terms comeup again, they are mapped to the samevariable.
More formally, the Igg table producedby the computation of Igg(C;; C,) is a mapping from
Terms(C,) £ Terms(C;) into the new set of terms Terms(Igg(C;; C,)). We denotethe Igg
tables as sets of orderedtriplets of the form [t; - t, => t3], meaningthat t; and t, are
mapped to t3 = Igg(ts;tz).

Example 5.1 Let C; = fp(a;f (b);p(a(a;x);c);aq(@g and C, = fp(z;f(2));q(z)g. Their
pairs of compatible literalsare f p(a; f (b)i p(z;f (2)); p(9(a;x);0)i p(z:f(2)); aA(@)i a(2)g:
Their Igg is 1gg(Cy; C,) = fp(X;f(Y));p(Z;V);q(X)g. The Igg table produced during the
computation of Igg(C4; Cy,) is

[a-z=>X] (from p(a; f (b)) with p(z;f (2)))
[ b-2=>Y] (from p(a;f (b)) with p(z;f (2)))
[ (b - f(2) =>f(Y)] (fromp(a;f () with p(z;f (2)))
[ 9(&x) - z=>Z] (from p(g(a;x); ©) with p(z; f (2)))
[ c- f(2) =>V ] (from p(g(a; x); ©) with p(z;f (2)))

The number of literals in the Igg of two clausescan be as large as the product of the
number of literals in the two clausesand repeatedapplication of Igg canleadto an exponertial
increasein size. Pairings are subsetsof the Igg that avoid this explosionin sizeby imposing
an additional constraint requiring that ead literal in the original clausesis paired at most
once with a compatible literal of the other clause. In Example 5.1, we have the literal
p(z;f (2)) 2 C, paired to the literals p(a;f (b)) and p(g(a;x);c) of C;. A pairing disallows
this by including just onecopy in the result. Naturally, given two clauseswve now have many
possiblepairings instead of a singlelgg.



Pairings are de ned in [14, 3] by way of matchings of terms. Notice that the rst two
columnsof the Igg table de ne a matching betweenterms in the two clauses.In our example
this matching is not 1-1 sincethe term f (2) in C, hasbeenusedin more than oneertry of
the matching, in particular, in entries f (b) j f(2) andcj f(2). This re°ects the fact that
the atom p(z;f (2)) of C, is paired with two atomsin C; in the Igg. Every 1-1 matching
correspnding to a 1-1restriction of the lgg table inducesa pairing.

5.1 General Clauses

We rst shaw that generalclausesallowing the useof arbitrary terms canhave an exponertial
number of pairings. Fix v sud that log, v is an integer. Let t;; be a ground term that is
unique for every pair of integersO - i;j - vi 1. For example,t;; could usetwo unary
function symbols f, and f; and a constart a and we de ne t;; asa string of applications
of fo or f, of length 2logv, nalized with the constart a suc that the rst logv function
symbols encale the binary represetation of i and the last logv function symbols encalej .
For example,if v = 8, then the term ts3 can be encaled as[1(E£(f}([O(Ei(f}(a)))))). The
5 3
sizeof sudh a term (in terms of symbol occurrences)is exactly 2logv + 1. Let Xo;::; Xy; 1
and yo;::;Yy; 1 be variables. We de ne

Ci= p(tij ;X Xie)
0-ijj <v

0-I<vij 1

C, = p(ti; YisYi):
0 ijj <v

Notice that jC,j = v2(vj 1) and jC,j = Vv?, and they usea single predicate symbol of
arity 3.

Any 1-1 matching betweenthe variablesin C, and C, canberepreseted by a permutation
Yaof £0;::;v i 1g: ead variable x; in C; is matched to yy) in C,. All the matchings
consideredin this sectionmap the commonground terms of C; and C, to one another, i.e.,
the extended matchings also contain all ertries [t - t =>t], wheret is any ground term
appearingin both C; and C,. Let the extendedmatching induced by permutation Ysbe

a
©xi i Yuiy) Xy O- - vi 1 [ ftjt) tjt2 Terms(Cy)\ Terms(C,)g:

First we study 19g,(Ci; C,), the pairing induced by the 1-1 matching represeted by %
A literal p(ti; ; Xa; Xp) is included in 19g.(C4; C,) i® a = Yl) and b = Y4l + 1) for some
| 2 f0;::;vi 2g (this is the condition impowdby C1), andi = a;j = b(this is the condition
imposedby C,). Therefore,19gg(C1;C2) = ¢ oy 1 P(tyqysq+1) s Xuarys Xy ):

Finally we seethat di®eren permutations yield pairings that are subsumptioninequiva-
lent, i.e., 1gg,(Cy; C,) 61gg,s(Cy; C,) for any a8 Y4, It is suxcient to obsene that since¥
and Y4 are distinct, there must exist someterm tyy+1) 1IN 190(Cy; Cy) that is not presert
in 199,»(Cy; Cy). This holds sincea distinct pair of consecutie indices exists for any two
permutations. Sincethe terms t... are ground, subsumptionis not possible. There are v!
distinct permutations of f0;::;vj 1g and therefore:



Theorem 5.1 Let S be a signature containing a predicate symiwl of arity at least 3, two
unary function symlwls and a constant. The numker of distinct pairings between a pair of
S-clausesusing v variables,O(v?®) literals and terms of size O(logv) can be -( v!).

5.2 Function Free Clauses

We next generalizehe constructionto usefunction freeclauses.We start with a construction
using non- xed arity. Our construction mimics the behavior of pairing ground terms in the
previous section by using 2 additional variables, z, and z;, that encale the integersi and
j in a similar way to ti; . By looking at matchings ¥“sthat match the variables z, and z;
to themseles, we guarartee that the resulting 1gg,, contains the correct encaling of the
variablesin the last and previous-to-lastpositions of the atoms. Let

C = P(Zi5 0 Zing v 1213 55 g v o XT3 X141)
(11550 jog v)2f 0;1glog v

(1153 1og v)2f 0:1g109 v
0-I<vij 1

C2: p(zil;::;Zilogv;zjl;::;Zjlogv;yi;yj)
(g log v) = binar y(i)
(1550 jog v) = binar y(j)
0 ijj <v

where we use binary(n) to denote the tuple z,,;::;z,,,, encaling n in its binary repre-
senation using zp;z;. For example, assumingv = 8, binary(6) = z;;2;;29. Notice that
jCij = V3(vi 1) andjC,j = v?, the clausesusea single predicate symbol of arity 2logv + 2,
and both clausesuseexactly v + 2 variables.

Any 1-1 matching betweenthe variablesxo;::;Xy; 1 in C; and yo;::;Vyy; 1 In C, can be
represetied by a permutation ¥%of f0;::;v i 1g: ead variable x; in C; is matched to yu)
in C,. Let the matching induced by permutation Ysbe

a

Xi i Yy ) XV(i)_O' i<v :

First we study 199yt i 20:211 z29(C1; C2), the pairing induced by the 1-1 matching repre-
serted by Yzaugmened with z, and z; matchedto themsehes. A literal p(z,;::;z,,:%,;
1152 v) Xas Xp) isincludedin 1ggy(Cy; Co) i®a = Y{l) andb= %{l+ 1) for somel 2 f0;::;vj
29 (this is the condition imposedby C;), and (i1;::;i0gv) = binary(a);(j1;:: jiogv) =
Q\ipary(b) (this is the condition imposedby Cj). Therefore, 190vit z0; z0:21; 229(C1; C2) =

0. 1<v; 1 P(binary(¥1)); binary (41 + 1)); Xuqy; Xuqr+1) ):

Example 5.2 Letv = 4 and let ¥4= (3201) Henee, in this examplewe use a predicate
symiol p of arity 6. For clarity, we omit the predicate symiml throughoutthe exampleand
denoteatom p(ty;::;te) by just the argumenttuple (ty;::;tg). Also, we omit the disjunction
operator _.



Then, clauseC; is

(20; 20} Zo; Zo; X0; X1) (Z0; Zo; Zo; Z1; Xo; X1) (205 Zo; Z1; Zo; Xo0; X1) (Z0; Zo; Z1; Z1; Xo) X1)
(Z0; 21, Z0; Zo; X0; X1) (Z0; Z1; Zo; Z1; Xo; X1) (205 Z1; Z1; Zo; X0; X1) (Z0; Z1; Z1; Z1; Xo; X1)
(21; Zo; Z0; Zo; X0, X1) (Z1; Z0; Zo; Z1; X0; X1) (Z1; Z0; Z1; Zo; X0; X1) (215 2o} Z1; Z1; Xo; X1)
(215 21} Zo; Zo; Xo03 X1) (Z1; 215 Z0; Z1; Xo; X1) (Z1; 215 215 Zo; Xo; X1) (21, 215 Z1; Z1; Xo) X1)

(20; Zo; Z0; Zo; X1, X2) (Zo; Zo; Zo; Z1; X1; X2) (20 Z0; Z1; Zo; X1; X2) (205 20} Z1; Z1; X1; X2)
(Z0; 21, Z0; Z0; X1, X2) (Z0; 215 Z0; Z1; X1; X2) (20 Z1; 215 Zoy X1; X2) (Z0; 215 Z1; 215 X1 X2)
(21, 20; Zo; Zo; X1; X2) (Z1; Z0; Z0; Z1; X15 X2) (Z1; Z0; Z1; Zoy X1; X2) (215 205 Z1; Z1; X1 X2)
(21, 21; 205 Zo; X1, X2) (Z1; 215 Z0; 21, X1, X2) (215215 Z1; Zo; X1; X2) (215 21; Z1; Z1; X1; X2)

(20} Z0; Zo; Zo; X2; X3) (Z0; Z0; Z0; Z1; X2; X3) (Z0; Zo; Z1; Zo; X25 X3) (2o} Zo; Z1; Z1; X2; X3)
(20 21; Z0; Zo; X2; X3) (20 Z1; Z0; Z1; X2; X3) (Z0; Z1; Z1; Zo; X2; X3) (Z0; Z1; Z1;5 Z1; X2; X3)
(215 20} Z0; Zo0; X2 X3) (Z1; Zo; Zo; Z1; X2; X3) (Z1; Z0; 215 Zo;y X2; X3) (Z1; Z0; Z1; Z1; X2; X3)
(21} 215 Z0; Zo; X2, X3) (215 Z1; 20 215 X2; X3) (215215 Z1; Zo; X2; X3) (Za; Z1;5 215 Z1; X2; X3)

ClauseC, is

(205 Z0; Z0; Zo; Yo; Yo) (Zo; Zo; Zo; Z1; Yo; Y1) (Z0; Zo; Z1; Zo; Yo, Y2) (205 Zo; 215 Z1; Yo, Y3)
(20; 215 Z0; Zo; Y1, Yo) (2Z0; Z1; 205 21, Y1: Y1) (Zo; 215 215 205 Y13 Y2) (205215 215 213 Y13 Y3)
(215 Z0; Z0; Z0; Y23 Yo) (Z1; Z0; Zo; 213 Y2; Y1) (21 Z0; Z1; 203 Y2: Y2) (215 Z0; 215213 Y23 Y3)

(215 21; 20; 20, Y3, Yo) (Z1; 215 20, 213 Y33 Y1) (215215 215 205 Y3, Y2) (215215 245 215 Y3, Y3)

The matching induced by Y= (3201) is
fXoi Y3) XaiXei Y2) X2iX2i Yo) XojXsi Y1) Xi0:

ANd 199vr 20; z0:21i 219(C1; C2) is (notice that we havemarked literals of C; and C, which
participate in this Igg)

(215 21; 21 Z0; X 35 X2) (21; Z0; 205 Zo; X 2; X0) (2Z0; Z0; Z0; 215 X 0; X 1)

Finally, we want to chedk whether di®erert permutations yield pairings that are sub-
sumption inequivalert, i.e., if for any ¥46 %2

|991/{f 200 Z0;Z1i zlg(cl; CZ) 1 |991/9[f 20i 20:;Z1i zlg(Cl; CZ):
To this end, we investigatewhich substitutions u satisfy

lggl/{f 20i 20Z1i zlg(C1; Cy) tpp Iggl/P[f 20i 2071 zlg(Cl; Co):



If udoesnot changethe valuesof zg; z;, then as beforesomeatom
p(binary(%1)); binary(*41 + 1)); =;8) ¢p = p(binary(*41)); binary(“(l + 1)); o; =)

iN 199yt 201 20217 29(C1; C2) ¢ does not occur in 199y z0; z0:21; 219(C1; C2). If 1 maps both
variables zy;z; to the same value (either z; or zp), then inclusion cannot happen since
199vatt 20i 20211 29(C1; C2) cortains no atoms of the form p(zo;::; Zo; ®;8) or p(zy;::;2Z1; 9 Q).
Obviously, if zy or z; aremappedinto any other variable X 5, then the inclusionis not possible
either. Hence, 1 must exchangethe valuesof zy; z;, and:

p(binary(*41)); binary(*4l + 1));=;0) ¢u= p(binary(*41)); binary(*(l + 1));=; o

wherebinary(n) isthe \complement" of binary(n). For example,assumingv = 8, binary(6) =
Zo; Zo; Z1. More precisely binary(n) = binary(vj 1j n). We have seenthat there is only
one permutation ¥# = %ifor which there exists somep s.t. 109vst 20i 20:21i 229(C1; C2) G
199vatt 20i 20:211 z20(C1; C2): Moreover, pisexactlyfzg 7! z1;z, 7! zog[f X; 7! Xy;1;1J0- | < vg.
We therefore get:

Theorem 5.2 LetS be a signature containing a predicate symtol of arity at least2logv+ 2.
The numker of distinct pairings betwesn a pair of function free S-clausesusingv+ 2 variables,
O(v3) literals can be -( V).

5.3 Function Free Clauses with Fixed Arit y

As in the previous section we can improve the result to use arity 3 predicatesby using
the construction of Lemma 3.11. Using the same clausesC; and C, from the previous
construction, we establishthat for someappropriate 1-1 matching M+, it holds:

lgom,,(Trans(C,); Trans(Cy)) ¥ Trans(199yr zoi z0:211 z:9(C1; C2)); (5)

where ¥4 indicates that the clausesare syntactic variants, that is they are the sameup to
variable renaming.

In the previoussectionwe establishedthat there are "5' distinct pairings betweenCy; C,.
Lemma3.11guararteesthat the transformation on clausesTrans(® preseressubsumption,
hencethere must be alsovf’ distinct clausescorresmpnding to the right hand side of Equa-
tion (5). Equation (5) thereforeestablishesthat there are also ¥ di®erer pairings between
Trans(C;) and Trans(C,). Moreover, the clausesTrans(C;) and Trans(C,) use resources
within bounds,namely, they usea polynomial number of atoms(in v), a polynomial number
of variables(in v), but xed arity 3.

To x notation, let us unfold the transformation:

Trans(Cl) = I:)I;i;j X
i=( i1 jog v)2f 0;1glog v

i=(i1: jog v)2f 0:1g109 v
0 I<vij 1l

X141

Trans(C,) = B P iy,

(iqs5msi Iogv) = binar y(i)
(1 og v) = binar y(j)
0 ijj <v



where

— |Ij |Ij I;i3] (HH}
IDl;i;j AB T (Ll le) — p(ulogw l'llog v+l Z'Iog v) —
1;5) I;i;) 1;i5) 1;i5)
p(ulog v+1 1 uIogv+2 ’ ZJl) s (u2logv’ u2|ogv+1 ’ ZJ log v) —

[HH| [HH| (HH] I;isj . .
p(UZIogv+l ' u2logv+2 ’ A) — (UZIog v+2 1 l'IZIog v+3? B)’

— N
I:)i;j AB — p(W s Wy Zil) p(Wlog v? Wlog v+l 1 i Iog v) —
p(WIog v+1 ’Wlog v+2 1 ZJl) —_ = p(W2logv' W2log v+1 ZJ log v) -

p(WZ logv+1 W2log v+2 1 A) — p(WZ log v+2 ’W2 logv+3 B)'
Intuitiv ely, the clauseP; x,x,,, usesthe additional variablesfu," g;. . si0gv+3 to \en-
code" the atom p(binary(i); binary(j ); X;; Xj+1) in Cq, i.e.
Prij xix.. = Trans(p(binary(i); binary(j); Xi; Xi+1)):

Similarly, the clauseP;; .., usesthe setof auxiliary variablesfw,i(;j 01 k- 2logv+3 tO \encode”
the atom p(binary(i); binary(j);yi;y;j) in Cy, i.e.,

Pij iy, = Trans(p(binary(i); binary(j);yi;y;)):

Noticethat Trans(C,) usesE( v3logv) literals and variables,and Trans(C,) usesE( v2 logv)
literals and variables. Both usea single predicate of arity 3.

Example 5.3 Following Example5.2, let p(z1; zo; z1; z1; X1; X2) be an atom in C; and
P(Zo; Z1; 21, Zo; Y1, Y2) be an atomin C,. Then,

Piosxix, = Trans(p(zi; Zo; Z1; Z1; X1; X2))
_ 123, 123 1,2:3. . .1:2:3.
= p(up ;Z1) _ p(uy ™ ug™; 20)

~ p(u123 123’ 20 p(ub?3; uk?s: 7,)
_ P ug®xa) _ pug®® ur®®xy)
Proyiy, = Trans(p(zo;zl;21;Zo'Y1'Y2))

= p(Wl ’Wz 720)_p(W2 :W3 121)
_p(wg? ,W4 % 21) _ p(wy? ’W5 2 21)
_ p(W5 ’WG 1Y1)_p(W6 1W7 ,yz)



Then Trans(C,) =

0;0;0. ooo 0;0;0.,,0;0;0. 0;0;0.,,0;0;0. 0;0;0. ooo 0;0;0.,.0;0;0. 0;0;0. ooo
(U™ U5 5z0) (U iU Zo) (U’ U Zo) (g iug T iZo) (U g o) (Ugt U7 T X )
0:0:1. 001 0;0;1. 0;0;1. 0;0;1. 0;0;1. 0:0:1. 001 0;0;1. 0;0;1. 0;0;1. 001
(uy iZ0) (uy " 7iug T izo) (ug T TiugiZo) (ug iZ1) (ugTiug T TiXo) (ug iU T X))
0:3:2, 032 0;3;2. 0,3;2. 0;3;3. 0;3;3. 0:3:2, 032 0;3;2. 0;3;2. 0;3;2. 032
(Ch 1Z1) (U™ 55U ™ %5z1) (U™ u, 7 7z1) (uy 1Zo) (U™ 5ug™ " Xo) (ug™ U X1)
0;3;3. 033 0;3;3. 0;3;3. 0;3;3. 0;3;3. 0;3;3. ,0;3;3. 0;3;3. 0;3;3. 0;3;3. 033
(uy™~u z1) (U™ 7ug ™ ze) (Ug ™ uy T za) (U T U T T ze) (ugT UG T Xo) (ugtT T X1)
wlOO 1002) uﬁoo 1002) wlOO 1002) wlOO 1002) wloouéoox) wlOO 100X)
L0:1. 101 1;0;1.,,1;0;1. 1;0;1. 1;0;1. 1,0:1. 101 1;0;1.,,1;0;1. L,0:1. 101
(ug i20) (uy ' uz’ T izo) (uzTiug T zo) (uy iz1) (uz™Tug T Tixa) (ug X2)
1,2,0. 1,2,0. 1,2;0. 1,2,0. 1,2;0. 1,2,0. 1,2,0. 1,2,0. 1,2,0. 1,2,0. 1,3;3. 1,2,0.
(up7uy ™ 5za) (uy ™ 7uy ™ ize) (U™ iUy 5Zo) (Uy'™ iU TiZo) (U iU T iXa) (Ug'TT iUz T X))
133, 133 1;3;3.,,1;3;3. 1;3;3. 1;3;3. 133, 133 1;3;3.,,1;3;3. 1;3:3. 133
(ug iz1) (U™ Uy ™ za) (U iuy T za) (uy i21) (uz™7ug ™ ixa) (ug X2)
2;0;0. 200 2;0;0. 2;0;0. 2,0;0.,20:0. 2;0;0. 200 2;0;0. 2;0;0. 2;0;0.,20:0
(u™ u iZo) (U5 7sug T 5zo) (Ug iUy iZo) (uy U 1Zo) (U5~ 7sug T iX2) (ug T Tiug X))
2,0,1. 201 2,0,1. 2,0,1. 2,0,1. 2,0,1 2,0,1. 201 2,0,1. 2,0,1. 2011, Z0/1
(U™ U5 5z0) (U5 iU T Zo) (U Uy T Zo) (U ug T iza) (U UG i) (Ug T ug T T XE)
2;3;3. 2:3;3 2;3;3. 2:3;3. 2;3;3, 2:3;3. 2;3;3. 2;3;3 2;3;3. 2:3;3. 2;3:3., 33
(™ 5u5™%5ze) (U™ 7ug ™ za) (ug ™ Tuy ™ ze) (uy T ug T Tize) (Uug T U T T xe) (ug T U T Xs)
Trans(C,) =
0;0..,,0;0. 0;0.,,,0;0 0;0..,,0;0 0;0.,,.0;0. 0;0.,,,0;0. 0;0.,,,0;0
(Wy' "Wy 75z0) (Wy' iWg'3Zo) (W3 "W, 120) (W,  sW5'5Z0) (Wg' sWg' 1Yo) (Wg' W' ;Yo0)
0;1..0;1, 0;1..,0;1. 0;1 0;1..,0;1. 0;1..,0;1. 0;1..,0;1,
(Wi "Wy "520) (W, " W3'";20) (w w4 1Z0) (Wy'"iwg'™;za) (W5 " ;Wg'"1Yo) (Wg' w7 7iy1)
0;2..,0;2. 0;2..,0;2. 0;2..,0;2 0;2..,0;2. 0;2..,,0;2, 0;2..,,0;2,
(Wi 5wy %520) (Wy' S Wg'%z0) (W3'“wy'“5z1) (W' wg'%Z0) (Wg'"wg'“iy0) (Wg w37 7y2)
0;3.,,,0;3. 0;3.,,,0;3. 0;3.,,,0;3. 0;3.,,,0;3. 0;3.,,,0;3. 0;3.,,,0;3.
(Wl Wo 120) (W2 W3 120) (W3 Wy 1Z1) (W4 Wg 1Z1) (W5 Wg Yo) (Wa Wy 'y3)
1,0.,,,1,0. 1;0.,,,1;0. 1;0.,,1;0 1;0.,,,1;0. 1;0.,,,1;0. 1;0.,,,1;0.
(Wi w3 5z0) (W' wg'iz1) (W3' wy'5Zo) (W' iWg';Zo) (W5 ™ wg'"sy1) (Wg' w37 ;Yo)
1;1..,,1;1. 1;1..,.1;1. 1;1 1;1 1;1. .11, 1;1..,,1;1, 1;1. .11,
(Wl W5 120) (W2 W3 121) (W3 Wy 1Z0) (W4 Wg 1Z1) (W5 W Y1) (W6 W7 Y1)
1;,2.,1,2. 1;2.,,1;2. 1;2.,,1;2 1;2.,,1;2. 1;2.,,1:2. 1;2.,,1;2.
(Wi 5wy %5z0) (Wy 5 iwg'%iz1) (W3'"wy'®iza) (Wy " iwg'"zo) (W5 " wg'"iy1) (wg'™sw3'"ly2)
1;3.,,,1;3. 1;3.,,1;3. 1;3..,,1;3 1;3.,,1:3. 1;3.,,1;3. 1;3.,,,1:3.
(wi™wy'™5z0) (Wy ™ iwg'5za) (Wa'™swyiza) (wy' " swg'™iz1) (wg"wg'™y1) (wg'™ w3 ~lys)
2;0.,,,2;0. 2;0....2;0. 2;0..,,2;0 2:0..,2:0. 2:0.. .,2;0. 2;0..,,2;0.
(Wl Wo 1Z1) (W2 W3 120) (W3 Wy 1Z0) (W4 Wg 120) (W5 W y2) (WG Wy ;Yo)
2;1..,,2;1, 2;1..,,2;1. 2;1..,,2;1 2;1..,,2;1. 2;1..,,2;1, 2;1..,,2;1.
(Wi 5wy 7iz1) (wo' ™ w3'™;Zo) (W3 " swy'7izo) (Wy ' iwg'iz1) (Wg' " wg' iy2) (Wg' w5 3y1)
2;2. . .2;2. 2;2. . .2;2. 2;2...2;2 2:2...2,2. 2;2...2;2, 2;2...2;2.
(w5 w5'%5za) (wy w3 5zo) (W3'iwy'%5z1) (wy'“wg'“zo) (W' wg' y2) (wg' w3 ly2)
2;3..,2;3. 2;3..,2;3. 2;3..,,2;3 2;3..,.2;3. 2;3..,2;3. 2;3..,2;3.
(Wi2sw5%5z1) (wy”iwg*izo) (wg™swy ™iza) (wy”iwg”iz1) (wg ™ wg 7iy2) (wg ™ ws7ys)
3;0.,,3;0. 3;0.,,,3;0. 3;0.,,,3;0. 3;0..,,3,0. 3;0.,,,3;0. 3;0.,,3;0.
(Wi mwy ™5za) (Wy "Wy 7iz1) (W3 3wy "iZo) (Wy' iWg' iZo) (Wg' iWg' 1y3) (Wg' ;w3 " ;Yo)
3;1..,,3;1. 3;1..,.,3;1 3;1.,,3;1 3;1. .,3;1. 3;1. .3;1. 3;1..3;1.
(Wi swy'55za) (W' wg'™iz1) (W3'wy'™izo) (W' " wg'™;z1) (Wg'™wg'iys) (wg' 5wy iy1)
3;2..,3;2. 3;2..,3;2. 3;2..,,3,2 3;2..,.3,2. 3;2..,3;2. 3;2...3,2.
(W 5wy %5z1) (Wy S wy%iz1) (w3 5wy 5z1) (Wy 5 we'%izo) (We s wg “iys) (wg swy 7y2)




3;3.,,,3:;3. 3;3.,,,3;3. 3;3.,,,3;3. 3;3.,,,3;3. 3;3.,,,3;3. 3;3.,,,3:3.
(Wy2w52sza) (w37 iw3=ize) (32w, %ize) (wyoswe 7iz1) (w7 wgwiys) (wg'” w3 ®iys)

Let [v] & fO;::;vi 1lg. We de ne the 1-1 matching M., between Trans(C;) and

Trans(C,) asfollows:

fXii Yui)) XuiyOoiev [ T20i Zo;z2i 29[ (6)
L) v(+1) . )+ |

fuy i Wy ) Wi k. 210gv+3 and o 1<v 1 [ (7)
Oiij . H]

fue™ i W|21I0gv+4i k91 k- 2logv+3 and (ij )2[vI2nf (1) ¥41+1)) jO- I<v i 1g (8)

First we note that this is indeed a 1-1 matching since no variable in Trans(C;) or
Trans(C,) is usedtwice in M, and all variablesin Trans(C,) are presen in it (the clause
Trans(C,) hasfewer variablesthan Trans(C,)).

Parts (7) and (8) determine the matchings between auxiliary variables (those coming
from the transformation Trans); part (6) matches original variables. As we seenext, (7)
is designedso that atoms in 199y zo; z0:2:; 229(C1; C2) are included in the pairing and (8)
guararteesthat ewerything elseis not included in the pairing.

We carefully study Iggu.,(Trans(C;); Trans(C,)). We obsene that M., matchesauxiliary
variablesu2® j wi . Thereforeatomsareincludedin the pairing only if they are producedby
Puij o0 2 Trans(Cq) and P ..0 2 Trans(C,) sharingthe samei; j. In the casethat i = %4l)
andj = ¥l + 1) for somel 2 f0O;::;vj 29, we obsene by (7) that the auxiliary variables
are matched following their order in the chain fu'lf/‘(');l/‘('”) i Wlk/‘(');l/‘('”) ) Wllgl. K- 2l0gv+3 »
and henceclausesP.y )y i+1) xx. 2 C1 and Pygy.y+1 ey Yooy 2 C2 are included in the
pairing preciselyas

Putyvq1+1) Xy X ey 72 11ANS(P(bINAry(41)); binary (41 + 1)); Xuy; X141y ))

where the auxiliary variablesusedin the transformation are Wy;::; Wy,,.,.5. TO seethat
atoms in the product Pa;j.oa £ Pij.ae are not included in the pairing when (i;j) 2 [v]? n
fOAL, Y1+ 1))jO- I <vj lg, it is suxcient to obsene that the auxiliary variables are

matched in reversedorder fuy™ | W3\ ,;,.4; d (8), sothat in order to be included it is re-

quired that an atom p(WL;Ll ;WL;J ; 8) existsin Trans(C,) which is not possibleby construction.
Therefore:

lggm..(Trans(C,); Trans(C,))

1
/4 Pl/(')?l/(|+1) Xty X y1+1)
0-I<vij 1

Yo~ Trans(p(binary(%4])); binary (Yl + 1)); Xy; X1+1)))
0 I<vij 1l
Yo Trans(  p(binary(*41)); binary(Y41 + 1)); Xuqy; X141y )
0-I<vij 1l

Ya Trans(lggl/{f 20i 20,71 zlg(Cl; Co)):



Example 5.4 Following Example5.3, the matching M (3201 is as follows. Correswnding to

(6):
fXoi ¥3) XaziX1i Y2) XosXai Yo) XosXsi Y1) X19[ fzoi Zo;Z1i 710

Correspnding to (7):

fu032| ) WO, 032[ ) Wz,- 032[ W§;2) W7Og[
fulZOI ) Wl, 120[ ) Wz,- 120[ WZ;O) W7lg[
fu201| ) Wl, 201| ) Wz,-- 201 W;);l) W7Zg

Corresmnding to (8):

0;0;2 0;0;2 02....,,002 . 0;2

0;0,0 . 0;0;0 0;0....,,0,0;0 . ;
fud®0; wo%ud%0 w%ud%0 G wlfg [ fud® i wiEud% i weg i ud%? witg [
fu003l W u003I VVOS....UOOSI WO;Sg[

7 2 6 1 7
0;1,0 . 0;1;0 . 10....,,0,1,0 . 0;1;1 . 0,51 . L1i....,,011, 1;1
fud O wi%ud O wg% it wilg [ fudtt o wihud o we i udtt o witg [
fug;l;zi W7 ung Wéz;:"U912| g [ fu013| W% ugl3I Wfls3;:..ugl3 W1;3g[
0;2,1 . 0;2;1 , 2;1....,,021 . 0;2;2 , 0;2,2 . 22....,,0,2,2 . 2;2
fud®hp witud @ty witnudEt o witg [ fudP i wih Uyt wig i udtt o witg [
fU023| u023I W23""U023| Wg[

2 6 - 7
0;3,0 . 0;3;0 . 30.... 0;3,0 . 0;3;1 . 0;3;1 . 31.... 031 3;1
fuy™"i %ug*0 i we i ud0p wig [ fuptt Lupttiowghiug wi g [
fU033| u(2)33I W33....u033 W, [
6 - U7 i Wi Q
Notice that the portion of the matching
0;3;2 . 0. 032 032
fU i ) W u i ) WZ" i ) W7g

makessure that the atoms Py.3.2.4,:x, iN Trans(C;)

0:3;2.,0:3;2. 0;3;2.,0;3;2. 0;3;3.,0;3;3. 0:3;2.,0:3;2. 0;3;2.,0;3;2. 0:3;2.0;3;2
(U5 %z) (U™ %ug ™% z) (Uug ™ Uy ™ 7hza) (U™ %ug ™% Z0) (Ug ™" %ug ™ % Xo) (Ug'™ U7 X1)

and the atoms P3.»...,, in Trans(Cy)
(wWiw3%iz1) (w32 w3iza) (W3Zwi%ize) (wiwg?izo) (weZiwgZiys) (wg iwy2iy2)
appear in the pairing 199w 4,,,, (Trans(Ci); Trans(C;)) as
WPw2iz1) (WPiWiz1) (WIiwRiz1) (WPiwlizo) (WQWEiX3) (WEHW DX 2):
Finally, 199w ., (Trans(C;); Trans(Cy)) =

(WPWZ2iz1) (WEiWZ5z1) (WWRiz1) (W2Wgizo) (WgiWg'Xs) (WgiWP:X2)
(WiiW3iz1) (W3iW3iz0) (W3iW5iz0) (WgiWgizo) (WgiWgiX2) (WgiW7:Xo)

(WZW2:z0) (WZWZ520) (W2W2iz0) (WZW2iz1) (WEWEXo) (WEW2:X1)



Recall lgg%{f 200 2021 zlg(Cl; Cy) is
(21; 21 21; 20, X3, X 2) (215 Z0; Zo; Zo; X 2, X o) (205 Z0; Zo; Z1; X0, X 1)
and hen@ Trans(199v 2 20:21; z2g(C1; C2)) IS

(Y&iYhiza) (Y3:Y5hza) (Y&iYhzi) (Y4:Y8hz0) (YehYehiXa) (YgiY7iX2)
(Y2 Y2iz1) (Y2 YZiz1) (Y2Y221) (Y2 Y2:20) (Y2YZ:X2) (YE:Y7:X0)

(Y2 Y3i21) (Y2Y5iz1) (Y 3z1) (Y2YE:20) (Y Y& X0) (Y&:YF:X1)

and indeed one can check that
[ggm (3201 (Trans(C,); Trans(Cy)) ¥ Trans(199s201)t zoi z0:217 z29(C1; C2))
via the variablerenamingf V! $ W2 v2$ W5 VY2$ W2j1- k- 7g:

Theorem 5.3 Let S be a signature containing a predicate symlwl of arity at least 3. The
numker of distinct pairings between a pair of function free S-clausesusing O(v2logv) vari-
ables,O(v2logv) literals can be -( v!). |

Renamingparametersto usev'™ original variablesin the theoremwe get:

Corollary 5.4 Let S be a signature containing a predicate symiwl of arity at least 3. The
numker of distinct pairings betwesn a pair of function free S-clausesusingat mostv variables
and v literals can be -(2 V™). n

5.4 Implications for Learnabilit y

The Algorithms in [14, 3] areshowvn to learn rst order classedrom equivalenceand member-
ship queries. The algorithms usepairings in the processof learningand a t¥ upper bound on
the number of theseis used. No explicit lower bound was given leaving open the possibility
that better analysis might yield better upper bounds. The results above can be usedto
give a concreteexamplewhere an exponertial number of queriesis indeed used. We sketch
the details here for the algorithm in [3]. Let the target be T. The algorithm maintains a
set of meta-clausesas its hypothesis. Two major stepsin the algorithm are minimization
and pairing. In minimization, given a courter exampleclauseC s.t. T = C the algorithm
iterates dropping oneobject at a time and askingan ertailment menbership query to chedk
whether it is correct. For example given p(x1; X2); p(X2; X3); p(X1; X3); p(X3;X4) ! q(X3;X3)
dropping X, (and all atoms using it) yields p(X1; X3); p(X3;X4) !  q(X3;X3). In this way a
courter examplewith a minimal set of variablesis obtained. Then the algorithm tries to
‘nd a pairing of the minimized exampleand a meta-clausen the hypothesiswhich yields an
implied clauseof smaller size. This is done by enumerating all \basic" pairings. If no sud
pairing is found then the clauseis addedas a new meta-clauseto the hypothesis. Therefore
in order to show that the algorithm makesan exponertial number of queriesit sutxcesto
shov atarget T = D, D, where(1) eat of D4; D, is already minimal sothat minimization



does not alter them, (2) D,; D, have an exponertial number of \basic" pairings, and (3)
T 6 C for any C which is a pairing of D4; D,. If this holds then we can give the clauseD,
to the algorithm as a courter exampleand then follow with D,. The algorithm will ask a
menbershipquery on all the pairings getting an answer of No every time and evertually add
D, to its hypothesis. We omit the technical de nition of \basic" pairings but note that all
pairings constructedin the previoussectionare\basic" sincethey map variablesto variables.

Let f () be a nullary predicate symbol, and q() and r() binary predicates.Let N1, N, be
the number of variablesusedin C;; C, in the construction above respectively, and rename

Wi, Wy,. Then we useq() and r() to de ne chains of variables touching all variables
in Cy;Cor Q = "1 1en,g(VisVis1) and R = "4 oy ,r (W;Wis1 ). Now dene C2;C9 to be
the conjunction of the atoms from C;; C, above (we useddisjunction above) and let D, =
CirQ! f()andD,=CI*"R! f(). Finaly T = D;” D,. The following 3 lemmasgive
useful propertiesof T and its clauses.

Lemma 5.5 D, 6D, andhene D, 6 D,. D, 61D, and hene D, 6§ D;.

Pro of: Toseethat D, 61D, and D, 61D, it suxcesto notice that in D, there are atoms
containing the predicate symbol g which is not presert in D,, and in D, there are atoms
cortaining the predicate symbol r which is not presert in D;. D; 6 D, and D, § D; follow
from the fact that when consideringclausesthat are not self-resolvingand where chaining
is not possible,logical implication coincideswith subsumption[11]. ]

Lemma 5.6 Let C be any clause.Let T = D;» D, asde ned alove. If T F C thenit is
the casethat either D;* C or D, C.

Pro of: Sincethe clausesin T are not self-resolvingand D; and D, cannot be resohed
together, implication reducesto subsumption[11]. ]

Lemma 5.7 LetT = D1 D, asde ned alove. If D is a resultof dropping any object from
D, or D, thenT 6 D.

Proof: By Lemma5.6,T F Di®D;* DorD,* D. AssumeD is aresult of dropping an
object from D, (the other caseis similar). Then sinceQ; R usedi®eren predicate symbols
it is clearthat D, 6'D. To seethat D; 6* D notice that D, includesa g() chain of length
N, including all variablesin D;. Considerany substitution g mapping variablesin D; to
variablesin D and assumehat v, is mappedto wy for somek. The only way for subsumption
to work is to map v, to wyg.+; and soon. Howewer, sinceD contains strictly fewer variables
than D; then for somei it must be the casethat q(wy+i;Wk+i+1) IS not in D. Thereforeit
cannot be the casethat D;up D. [ |

Lemma 5.7 establishescondition (1). It is easyto seethat the clauseshave exactly the
samepairings as in the previous section sincethe atoms by g and r are dropped in ewvery
pairing and the chainsdo not introducenew variables. This impliesthat condition (2) holds.
Finally (3) holds sinceq and r atoms are dropped in every pairing so subsumptionis not
possible. We therefore get:

Theorem 5.8 The algorithm of [3] can make-(2 Y=*) querieson somelearning problems.
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