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Abstract

This paper studies the complexity of learning classesof expressionsin propositional
logic from equivalencequeriesand membership queries. In particular, we focus on
bounding the number of queriesthat are required to learn the classignoring com-
putational complexity. This quantit y is known to be captured by a combinatorial
measureof conceptclassesknown asthe certi¯cate complexity. The paper givesnew
constructions of polynomial sizecerti¯cates for monotoneexpressionsin conjunctive
normal form (CNF), for unate CNF functions where each variable a®ectsthe func-
tion either positively or negatively but not both ways, and for Horn CNF functions.
Lower bounds on certi¯cate sizefor theseclassesare derived showing that for some
parameter settings the new certi¯cate constructions are optimal. Finally, the paper
givesan exponential lower bound on the certi¯cate sizefor a natural generalization
of these classesknown as renamable Horn CNF functions, thus implying that the
classis not learnable from a polynomial number of queries.

Preprint submitted to Information and Computation 2 March 2006



1 In tro duction

This paper studiesthe complexity of learningclassesof expressionsin proposi-
tional logic from equivalencequeriesand membershipqueries[1]. In this model
a learnertries to identify a hiddenconceptby askingquestions.An equivalence
query allows the learner to present a hypothesizedde¯nition of the concept
and askwhether it is correct. If the de¯nition is not correct the learnerobtains
a counterexample,which can be chosenadversarially. In a membership query
the learner presents a potential instanceand askswhether it is a member of
the concept. The goal of the learner is to identify the concept while using
as little resourcesas possible.Here resourcesrefer both to run time and to
the number of queriesasked in the processof identifying the concept. Such
complexity measuresare relevant when we ¯x a concept class,a set of con-
cepts,from which the hidden conceptis chosen.Then a singlelearnermust be
able to identify any member of this classin this mannerwhile using bounded
resources.

Since its introduction this model has been extensively studied and many
classeshave been shown to be e±ciently learnable. Of particular relevance
for the current paper are learning algorithms for monotone expressionsin
disjunctive normal form (DNF) [2,1], unate DNF expressions[3], and Horn
expressions[4,5]. Someresults in this model have alsobeenobtained for sub-
classesof Horn expressionsin ¯rst order logic but the complexity map there
is lessclear. Except for a \monotone-like case" [6] the query complexity is
either exponential in oneof the crucial parameters(e.g.universally quanti¯ed
variables)[7,8]or the algorithms useadditional syntax basedoracles[9{11]. It
is thus interesting to investigatewhether this gap is necessary. Results in [12]
show that VC-dimension[13] cannot resolve this question.We thereforeneed
to investigate the certi¯cate complexity [14,15] that more directly captures
the query complexity. The current paper takesa ¯rst step in this direction by
studying the query complexity in the propositional case.

Certi¯cate complexity was introduced by [14,15](seealso [16,17])who show

? This work hasbeenpartly supported by NSF Grant I IS-0099446(M.A. and R.K.),
a Research SemesterFellowship Award from Tufts University (R.K.) and by an NSF
Mathematical SciencesPostdoctoral Research Fellowship (R.S.). Work done while
A.F. wasat the Department of Electrical and Computer Engineering,Northwestern
University, while R.S. was at the Division of Engineering and Applied Sciences,
Harvard University, and while M.A was at the Department of Computer Science,
Tufts University.
¤ Corresponding author.

Email addresses:marta@cs.columbia.edu (Marta Arias),
arf@alumni.northwestern.edu (Aaron Feigelson),roni@cs.tufts.edu (Roni
Khardon), rocco@cs.columbia.edu (Rocco A. Servedio).

2



that a classC is learnable from a polynomial number of proper equivalence
queries (using hypothesesin C) and membership queries if and only if the
classC has polynomial size certi¯cates. This characterization is information
theoretic and ignoresrun time. Certi¯cates have alreadyproved to be a useful
tool for studying learnability. For example,conjunctionsof unate formulasare
learnablewith a polynomial number of queriesbut not learnablein polynomial
time unlessP=NP [18]. A recent result of [19] shows that DNF expressions
require a super-polynomial number of querieseven when the hypothesesare
larger than the target function by somefactor, albeit the factor is small.

This paper establisheslower and upper bounds on certi¯cates for several
classes.Wegiveconstructionsof polynomial certi¯cates for (1) monotoneCNF
whereno variablesare negated,(2) unate CNF whereby renamingsomevari-
ablesastheir negationswe get a monotoneformula, and (3) Horn CNF where
each clausehas at most one positive literal. We give certi¯cates in the stan-
dard learning model aswell as the model of learning from entailment [5] that
is studied extensively in Inductive Logic Programming (seee.g. [20]).

The learnability results that follow from thesecerti¯cate results are weaker
than the results in [2,1,3,4]sincewe obtain query complexity results and the
results cited are for time complexity. However, the certi¯cate constructions
which we give are di®erent from those implied by these earlier algorithms,
so our results may be useful in suggestingnew learning algorithms. We also
give new lower bounds on certi¯cate size for each of these concept classes.
For someparametersettings,our lower boundsimply that our new certi¯cate
constructionsare exactly optimal.

Finally, we also considerthe classof renamableHorn CNF expressions.Note
that unate CNF and Horn CNF generalizemonotoneexpressionsin two dif-
ferent ways. RenamableHorn expressionscombine the two allowing to get
a Horn formula after renaming variables. RenamableHorn formulas can be
identi¯ed in polynomial time and have e±cient satis¯abilit y algorithms and
are thereforeinteresting asa knowledgerepresentation [21].While unate CNF
and Horn CNF each havepolynomial certi¯cates, wegivean exponential lower
bound on certi¯cate sizefor renamableHorn CNF. This provesthat the class
of renamableHorn CNFs is not learnablein polynomial time from membership
and equivalencequeries,and answersan open questionposedin [22].

We note that recent work of [23] gives strong negative results on learning
DNF formulas. More precisely, [23] show that if NP 6= RP then there is no
polynomial-time proper PAC learning algorithm for DNF formulas. This re-
sult thus provides a computational lower bound for proper learning of DNF
in the standard PAC setting of learning from random examplesonly. In con-
trast, the certi¯cate constructions that we considerhave implications for the
information-theoretic complexity of proper learning algorithms in the frame-
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work of exact learning from membershipand equivalencequeries.Characteriz-
ing the query complexity of learning DNF in this model remainsan important
open question.

2 Preliminaries

We considerfamilies of expressionsbuilt from n ¸ 1 propositional variables.
We assumesome ¯xed ordering so that an element of f 0; 1gn speci¯es an
assignmentof a truth value to thesevariables.The weight of an assignment is
the number of bits that are non-zero.

A literal is a variable or its negation. A term is a conjunction of literals. A
DNF expressionis a disjunction of terms. A clauseis a disjunction of literals.
A CNF expressionis a conjunction of clauses.The DNF size of a boolean
function f : f 0; 1gn ! f 0; 1g, denoted jf jD N F , is the minimum number of
terms in a DNF representation of f . The CNF size of f , jf jCN F , is de¯ned
analogously. In general,let R be a representation classfor boolean formulas.
Then jf jR is the R-sizeof a minimal representation for f in R. If f 62R, we
assignjf jR = 1 .

Next, we present someclassesof boolean formulas and their properties. In
what follows we usethe notation f (x) = 1 or x j= f interchangeably, wheref
is a booleanfunction and x is an assignment. Both stand for classicalformula
satis¯abilit y. Additionaly, when x j= f we say that x is positive for f and
when x 6j= f we say that x is negative for f .

A term t is a minterm for a booleanfunction f if t j= f but t0 6j= f for every
other term t0 ½ t. A DNF representation t1 _ : : :_ tk of a booleanfunction f is
non redundant if each t i is a minterm of f and if removing any t i changesthe
function. That is, there is an assignment x such that x j= t i but x 6j= _ j 6= i t j .
Analogously, a CNF representation c1 ^ : : : ^ ck is not redundant if each clause
is minimal and for all ci we have ^ j 6= i cj 6j= ci .

A monotoneCNF (DNF) expressionis a CNF (DNF) with no negatedvari-
ables.Semantically, a function is monotonei®:

8x; y 2 f 0; 1gn : if x · y then f (x) · f (y); (1)

where· betweenassignments denotesthe standard bit-wise comparisonrela-
tion.

An anti-monotoneCNF (DNF) expressionis a CNF (DNF) whereall variables
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appear negated.Semantically, a function is anti-monotone i®:

8x; y 2 f 0; 1gn : if x · y then f (x) ¸ f (y): (2)

Let a;x; y 2 f 0; 1gn be three assignments. The inequality betweenassignments
x · a y is de¯ned as x © a · y © a, where © is the bit-wise exclusive OR.
Intuitiv ely if a[i ], the i 'th bit of a, is 0 then we get the normal order on this
bit. But if a[i ] = 1 we use 1 < 0 for the corresponding variable. We denote
x < a y i® x · a y but y 6·a x.

A boolean function f (of arity n) is unate i® there exists someassignment a
(called an orientation for f ) such that

8x; y 2 f 0; 1gn : if x · a y then f (x) · f (y): (3)

Equivalently, a variable cannot appear both negatedand unnegatedin any
non-redundant CNF or DNF representation of f . Each variable is either mono-
tone or anti-monotone. It is well known that a unate DNF expressionhas a
unique minimal representation given by the disjunction of its minterms, and
similarly the minimal CNF representation is unique.

A Horn clauseis a clausein which there is at most onepositive literal, and a
Horn expressionis a conjunction of Horn classes.A Horn clause(x i 1 _ ¢¢¢_
x i k _ x i k +1 ) is easilyseento be equivalent to the implication x i 1 ¢¢¢x i k ! x i k +1 ;
we refer to x i 1 ¢¢¢x i k as the antecedent and to x i k +1 as the consequent of such
a clause.Notice that an anti-monotone CNF expressioncanbe seenasa Horn
CNF whoseclauseshave empty consequents. For example,the anti-monotone
CNF (¹a _ ¹b) ^ (¹b_ ¹c) is equivalent to the Horn CNF (ab ! false ) ^ (bc !
false ).

Let x; y 2 f 0; 1gn betwo assignments. Their intersectionx\ y is the assignment
that setsto 1 only thosevariablesthat are 1 in both x and y. It is well known
that a function is Horn i®

8x; y 2 f 0; 1gn : if x j= f and y j= f ; then x \ y j= f (4)

The original characterization is due to McKinsey [24], although it was stated
in a di®erent context and in more generalterms. It was further explored by
Horn [25]. A proof adapted to our setting can be found e.g. in [26].

Let a;x; y 2 f 0; 1gn be three assignments. Let a[i ] be the i -th bit of assignment
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a. The unate intersectionx \ a y is de¯ned as:

(x \ a y)[i ] =

8
><

>:

x[i ] ^ y[i ] if a[i ] = 0

x[i ] _ y[i ] otherwise

It is easyto seethat this de¯nition is equivalent to (x \ a y)[i ] = ((x[i ]© a[i ]) \
(y[i ] © a[i ])) © a[i ] and that (x \ a y) · a x and (x \ a y) · a y so that · a and
\ a behave like their normal counterparts.

We say that a boolean function f (of arity n) is renamableHorn if there
exists someassignment c such that f c is Horn, wheref c(x) = f (x © c) for all
x 2 f 0; 1gn . In other words, the function obtained by taking the complement
of variablesset to 1 in c is Horn. We call such an assignment c an orientation
for f . Equivalently, a function is renamableHorn i® there existsan assignment
c such that

8x; y 2 f 0; 1gn : if x j= f and y j= f ; then x \ c y j= f : (5)

The renamableHorn sizeof a renamableHorn function f , that is jf jRen¡ H orn ,
is the CNF Horn sizeof f c(x).

Let B be any of the classesof propositional expressionsde¯ned above; Bm

denotesthe subclassof B whoseconceptshave sizeat most m.

The following simple lemma is useful in our constructions:

Lemma 1 Let c be any clause,t any term, and x; y; a any assignments.
(1) If x 6j= c and y 6j= c then x \ a y 6j= c for any a.
(2) If x j= t and y j= t then x \ a y j= t for any a.

Pro of: For (1) note that if x and y falsify the clausec then all the variablesin
c have to sharethe samevalue in both x and y. Thereforetheir \in tersection"
(w.r.t. any orientation a) doesnot changethe value of thesevariables in the
resulting x \ a y implying that that x \ a y falsi¯es c. The sameargument can
be usedto establish(2). 2

2.1 Learning with Queriesand Certi¯c ates

We brie°y review the model of exact learning with equivalencequeriesand
membership queries[1]. Beforethe learning processstarts, a conceptc 2 B is
¯xed. We refer to this conceptas the target concept.The learning algorithm
has accessto an equivalenceoracle and a membership oracle that provide
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information about the target concept. In an equivalencequery, the learner
presents a hypothesisand the oracle answers Yes if it is a representation of
the target concept.Otherwise, it answers Noand provides a counterexample,
that is, an example x 2 f 0; 1gn where the target and hypothesis disagree.
In general the representation of hypothesesis not restricted. However, for
proper learnability we require that the hypothesisin an equivalencequery is
represented by a formula in B. In a membershipquery, the learnerpresents an
exampleand the oracleanswersYesor Nodependingon whether the example
presented is a member of the target concept. For any target expressionin
the concept class the learning algorithm is required to identify the target
expressionand get a Yes answer to an equivalencequery.

Whenconceptclassesareparametrizedby sizethe notion of proper learnability
can be slightly re¯ned. In particular we allow the learning algorithm to learn
conceptsin Bm using hypothesesin Bp(m;n ) for somepolynomial p().

De¯nition 2 The query complexity of a concept class B, with hypothesis
expansion p(n; m), denoted QC(B; n; m; p(n; m)), is the minimum number of
queriesrequired by any algorithm that learns B with equivalence queriesand
membership queries,where the hypothesesare restricted to be in Bp(m;n ) .

If p(n; m) is a polynomial and QC is polynomial in n; m then wesay that B is
properly learnablewith a polynomial number of queries. If p(n; m) = m and
QC is polynomial in n; m then we say that B is strongly properly learnable
with a polynomial number of queries.

Certi¯cates are similarly de¯ned relative to expansionsin representation of
concepts.Informally, a certi¯cate givesa proof that a function f whoseB-size
is more than p(n; m) is not in Bm . More formally,

De¯nition 3 Let R be a class of representations de¯ning a boolean con-
cept class B. The class R has certi¯cates of size q(n; m) for representa-
tion expansion p(n; m) if for every n; m > 0 and for every boolean function
f µ f 0; 1gn s.t. jf jR > p(m; n), there is a set Q µ f 0; 1gn satisfying the fol-
lowing: (1) jQj · q(m; n) and (2) for every g 2 Bm there is somex 2 Q s.t.
g(x) 6= f (x). In other words, (2) states that no function in Bm is consistent
with f over Q.

If p(¢; ¢) and q(¢; ¢) are polynomials then we say that B has polynomial size
certi¯c ates.The certi¯c ate sizeof B for representationexpansion p(n; m), de-
noted CS(B; n; m; p(n; m)) is the smallest function q(n; m) which satis¯es the
above.

We can now state the relation betweenquery complexity and certi¯cates:
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Theorem 4 [15,14,16]

CS(B; n; m; p(n; m)) · QC(B; n; m; p(n; m)) · CS(B; n; m; p(n; m)) log(jBm j)

3 Certi¯cates for monotone and unate CNFs

In this section we give constructions of certi¯cates for monotone and unate
classes.We present the basic result for the classof anti-monotone CNF so as
to make the relation to the certi¯cate for Horn expressionsasclearaspossible.

Theorem 5 The classof anti-monotoneCNF haspolynomial sizecerti¯c ates
with p(m; n) = m and q(m; n) = minf (m + 1)n;

³
m+1

2

´
+ m + 1g.

Pro of: Fix m; n > 0. Fix any f µ f 0; 1gn s.t. jf janti ¡ monC N F > p(m; n) = m.
We proceedby cases.

Case 1. f is not anti-monotone. In this case,there must exist two assign-
ments x; y 2 f 0; 1gn s.t. x < y but f (x) < f (y) (otherwise f would be
anti-monotone). Let Q = f x; yg. Notice that by de¯nition no anti-monotone
CNF can be consistent with Q. Moreover, jQj = 2 · q(m; n).

Case 2. f is anti-monotone. Let c1 ^ c2 ^ : : ^ cm ^ : : ^ ck be a minimal
representation for f . Notice that k ¸ m+ 1 sincejf janti -monCNF > p(m; n) = m.

Wegive two di®erent constructionsfor certi¯cates in this casethat achieve the
two parts in the bound. De¯ne assignment x [ci ] as the assignment that setsto
1 exactly thosevariablesthat appear in ci 's antecedent. For example,if n = 5
and ci = v3v5 ! false then x [ci ] = 00101.

Remark 6 Notice that every x [ci ] falsi¯es ci (antecedent is satis¯ed but con-
sequent is false ) but satis¯esevery other clausein f . If this werenot so,then
we would have that someother clausecj in f is falsi¯ed by x [ci ], that is, the
antecedent of cj is true and therefore all variables in cj appear in ci as well
(i.e. cj µ ci ). This is a contradiction sinceci would be redundant and we are
looking at a minimal representation of f .

Let 0i be the assignment with 0 in position i and 1 elsewhere.For the ¯rst
construction let Q1 = Q+

1 [ Q¡ , where

Q¡ =
n
x [ci ]

¯
¯
¯ 1 · i · m + 1

o
and

Q+
1 =

n
x [ci ] \ 0j

¯
¯
¯ 1 · i · m + 1; 1 · j · n; and x [ci ][j ] = 1

o
:

Notice that jQ1j · (m + 1)n. By the remark assignments in Q¡ falsify f , and
sincethesearemaximally negativeassignments it is alsoclearthat assignments
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in Q+
1 satisfy f . Any anti-monotone CNF g with at most m clauseswill cover

two examplesx [ci ]; x [cj ] in Q¡ with the same clause. Therefore one of the
assignments directly below x [ci ] which is in Q+

1 is also falsi¯ed by this clause.
Sog is not consistent with f over Q1.

For the secondconstruction let Q2 = Q+
2 [ Q¡ , whereQ¡ is de¯ned asabove,

and
Q+

2 =
n
x [ci ] \ x [cj ]

¯
¯
¯ 1 · i < j · m + 1

o
:

Notice that jQ2j ·
³

m+1
2

´
+ m + 1. The assignments in Q+

2 are positive for

f . To seethis, supposesomex [ci ] \ x [cj ] 2 Q+
2 falsi¯es f . Then there is some

clausec in f that is falsi¯ed by x [ci ] \ x [cj ] 2 Q+
2 . That is, all variables in c

are set to 1 by x [ci ] \ x [cj ] 2 Q+
2 . Therefore,all variables in c are set to 1 by

x [ci ] and x [cj ] and they falsify the sameclausewhich is a contradiction by the
remark above.

It is left to show that no anti-monotone CNF g s.t. jgjanti -monCNF · m is
consistent with f over Q2. Fix any g = c0

1 ^ : :^ c0
l with l · m. If g is consistent

with Q¡ , then there is a c0 2 g falsi¯ed by two di®erent x [ci ]; x [cj ] 2 Q¡ since
we have m + 1 assignments in Q¡ but strictly fewer clausesin g. Lemma 1
guaranteesthat x [ci ] \ x [cj ] 6j= c0 and thereforeg is falsi¯ed by x [ci ] \ x [cj ] aswell.
But x [ci ] \ x [cj ] 2 Q+

2 and satis¯es f . We concludethat no g can be consistent
with f over Q+

2 . 2

By duality of the booleanoperatorsand DNF vs. CNF representations we get

Corollary 7 The classesmonotoneDNF,anti-monotoneDNF, monotoneCNF,
anti-monotone CNF havecerti¯c atesof sizeminf (m + 1)n;

³
m+1

2

´
+ m + 1g:

Constructing certi¯cates for unate expressionsappears harder at ¯rst since
there are many more g functions that may be consistent with Q1 or Q2.
Nonethelessessentially the sameconstruction works here as well. Since for
unate classeswe de¯ne an orientation to transform the function to be mono-
tone rather than anti-monotone, one would need the dual of the previous
construction. To make the notation similar to the previous casewe present
the result for DNF which meanstaking the dual again so that we can use
intersectionas before.

Theorem 8 Unate DNFs havepolynomial sizecerti¯c ateswith p(m; n) = m
and q(m; n) = minf (m + 1)n;

³
m+1

2

´
+ m + 1g.

Pro of: Fix m; n > 0. Fix any f µ f 0; 1gn s.t. jf junateDNF > p(m; n) = m.
Now we proceedby cases.

Case1. f is not unate. In this case,theremust exist four assignments x; y; z; w 2

9



f 0; 1gn and a position i (1 · i · n) such that:

² x[j ] = y[j ] for all 1 · j · n; j 6= i and x[i ] < y[i ]
² z[j ] = w[j ] for all 1 · j · n; j 6= i and z[i ] > w[i ]
² f (x) > f (y) and f (z) > f (w)

Let Q = f x; y; z; wg. Notice that jQj · q(m; n). To seethat no unate DNF
can be consistent with f over Q, take any unate DNF g and suppose it is
consistent. Let b be an orientation for g. If b[i ] = 0 then we have that x · b y
but g(x) > g(y). If b[i ] = 1 then z · b w but g(z) > g(w). Therefore there
cannot be any unate function consistent with f over Q.

Case2. f is unate. Let a be any orientation showing that f is unate. Sup-
posew.l.o.g. (just renumber variablesaccordingly) that a = 0r 1n¡ r wherer is
the number of monotonevariables in f . Supposethat the variables in f are
f v1; :::; vng and considerany minimal DNF representation t1_ t2_ :::_ tm _ :::_ tk

of f . Notice that k ¸ m + 1 sincejf junateDNF > p(m; n) = m. Sincea is an ori-
entation for f , and the DNF is minimal non-redundant the variablesf v1; :::; vr g
appear always positive in the DNF and variablesf vr +1 ; :::; vng appear always
negated.De¯ne j -th value of assignment x [t i ] as (for 1 · j · n):

x [t i ][j ] =

8
>>>>>>>><

>>>>>>>>:

1 if j · r and vj appearsin t i

0 if j · r and vj doesnot appear in t i

0 if j > r and ¹vj appearsin t i

1 if j > r and ¹vj doesnot appear in t i

Notice that if f doesnot depend on a variable vj , so that it doesnot appear
in any of the terms, then it has the samevalue in all the assignments.

Let 0j be de¯ned asabove. For the ¯rst construction let Q1 = Q+ [ Q¡
1 where

Q+ =
n
x [t i ]

¯
¯
¯ 1 · i · m + 1

o
and

Q¡
1 =

n
x [t i ] \ a (a © 0j )

¯
¯
¯ 1 · i · m + 1 and x [t i ][j ] = 1 ¡ a[j ]:

o

Notice that a© 0j hasall bits exceptthe j th at their maximal value sox [t i ] \ a

(a © 0j ) °ips the j th bit in x [t i ] to its minimum value. Each relevant variable
has at least one pair of assignments in Q+ ; Q¡

1 with Hamming distance 1
showing the direction of its in°uence. Thereforeany unate g consistent with
Q1 must have all variable polarities set correctly. As a result, the argument
for the monotone caseshows that any unate g with at most m terms over
the relevant variables cannot be consistent with f over Q1. Since irrelevant
variables have a constant value in Q1 they cannot a®ectconsistencyof any
potential g.
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For the secondconstruction let Q2 = Q+ [ Q¡
2 whereQ+ is de¯ned as before

and
Q¡

2 =
n
x [t i ] \ a x [t j ]

¯
¯
¯ 1 · i < j · m + 1

o
:

As beforeit is easyto seethat the assignments in Q+ are positive and assign-
ments in Q¡

2 are negative for f .

It is left to show that no unate DNF g s.t. jgjunateDNF · m is consistent with
f over Q2. If g is consistent with Q+ , then there is a t0 2 g satis¯ed by two
assignments x [t i ]; x [t j ] 2 Q+ . By Lemma1 we get that x [t i ] \ a x [t j ] j= t0 and soit
satis¯es g aswell. Sincex [t i ] \ a x [t j ] 2 Q¡

2 and it falsi¯es f , g is not consistent
with f over Q2. 2

Corollary 9 The class of unate CNF has polynomial size certi¯c ates with
p(m; n) = m and q(m; n) = minf (m + 1)n;

³
m+1

2

´
+ m + 1g.

4 Certi¯cates for Horn CNF

For anti-monotoneCNF wecouldusethe assignments de¯ned by the clausesto
generatethe certi¯cate. In particular the property from Remark 6 shows that
each such assignment falsi¯es the clausegeneratingit but no other clausein
the representation. Any non-redundant CNF representation hassuch a set of
assignments (sinceotherwisesomeclauseis not neededin the representation)
but it is not necessarilyeasyto ¯nd such assignments. As the following lemma
shows for Horn expressionswe can do this e±ciently:

Lemma 10 Let f be a non-redundant Horn CNF. For every clausec in f ,
we can e±ciently ¯nd an assignmentx [c] s.t. x [c] falsi¯es c but satis¯es every
other clausein f .

Pro of: Note ¯rst that such an assignment must exist sincef nc 6j= c implies
that there is an x such that x j= f nc and x 6j= c. Now sincef nc is Horn and
usingLemma1 we seethat if x; y are two di®erent assignments satisfying this
condition then so is x \ y. So there is a unique minimal assignment satisfying
this property. The minimal assignment can be found by ¯nding the minimal
model of (f n c) ^ c. 2

Remark 11 While the previouslemmashowshow to ¯nd the assignments ef-
¯ciently they arenot asexplicitly related to the syntax of the representation as
in the monotonecase.It is interesting to note that given any non-redundant
Horn CNF we can \saturate" it by adding implied propositions to the an-
tecedents of rules. For example, if f = (a ! b) ^ (a ! c) we change the
representation to f = (a ! b) ^ (ab ! c). One can show that if this is done
sequentially until no more changescan be madethen the ¯nal representation
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has a syntactic property as in Remark 6. This construction was used in a
previous version of this paper [27] and the improvement in Lemma 10 was
suggestedby an anonymous referee.

Theorem 12 Horn CNFs have polynomial size certi¯c ates with p(m; n) =
m(n + 1) and q(m; n) =

³
m+1

2

´
+ m + 1.

Pro of: Fix m; n > 0. Fix any f µ f 0; 1gn s.t. jf jhornCNF > p(m; n) = m(n +
1). Again, we proceedby cases.

Case1. f is not Horn. By Eq. (4), there must exist two assignments x; y 2
f 0; 1gn s.t. x j= f and y j= f but x \ y 6j= f . Let Q = f x; y; x \ yg. Again by
Eq. (4) no Horn CNF can be consistent with Q. Moreover, jQj = 3 · q(m; n).

Case2. f is Horn. Let c1 ^ c2 ^ : :^ ck0 bea minimal non-redundant representa-
tion of f . Notice that k0 ¸ m(n+ 1)+ 1 sincejf jhornCNF > p(m; n) = m(n+ 1).
Sincetherearemorethan m(n+ 1) clauses,theremust beat leastm+ 1 clauses
sharinga singleconsequent in f (there are at most n + 1 di®erent consequents
among the clausesin f ; including the constant false ). Let theseclausesbe
c1 = s1 ! b;: : ; ck = sk ! b, with k ¸ m + 1. Let x [ci ] be the assignment that
satis¯es the conditions of Lemma 10 for ci . Let Q = Q+ [ Q¡ where

Q¡ =
n
x [ci ]

¯
¯
¯ 1 · i · m + 1

o
and

Q+ =
n
x [ci ] \ x [cj ]

¯
¯
¯ 1 · i < j · m + 1

o
:

Notice that jQj = jQ+ j + jQ¡ j ·
³

m+1
2

´
+ m + 1 = q(m; n). The assignments in

Q¡ arenegativefor f by Lemma10.Wenext show that every assignment in Q+

satis¯es every clausein f and thereforealso satis¯es f . Take any assignment
x [ci ] \ x [cj ] 2 Q+ . For clausesc other than ci and cj , Lemma 10 guarantees
that x [ci ] j= c and x [cj ] j= c and therefore x [ci ] \ x [cj ] j= c sincec is Horn. To
seethat x [ci ] \ x [cj ] j= ci , supposeby way of contradiction that it does not.
Sinceboth x [cj ] and x [ci ] have the bit corresponding to their consequent set
to 0 by construction (ci and cj sharethe sameconsequent), it must be that
x [ci ] \ x [cj ] satis¯es the antecedent of ci . Therefore x [cj ] must also satisfy the
antecedent of ci , and x [cj ] 6j= ci in contradiction with Lemma10. We can prove
the remaining casex [ci ] \ x [cj ] j= cj analogously.

The argument that no Horn CNF g s.t. jgjhornCNF · m is consistent with f
over Q is analogousto the anti-monotone case. 2

Remark 13 The construction above relieson the fact that we can ¯nd many
clauseswith the sameconsequent. This fact doesnot hold in ¯rst order logic
since the number of possibleconsequents is not bounded and therefore this
hindersgeneralization.It is thusworth noting that a relatedconstruction with
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slightly worseboundsdoesnot require identical consequents. Consideragain
the minimal representation c1 ^ c2 ^ : : ^ ck0 with k0 ¸ m(n + 1) + 1. In this
construction we usea larger Q¡

Q¡ =
n
x [ci ]

¯
¯
¯ 1 · i · m(n + 1) + 1

o

and in addition we usethe set

Qothers =
n
x [ci ] \ x [cj ]

¯
¯
¯ 1 · i < j · m(n + 1) + 1

o
:

Note that assignments in Qothers may be either positive or negative sincewe
havenot restricted the consequent of clausesin Q¡ . However, sinceQ¡ is large,
we get that someclauseof g capturesat least n + 2 assignments in Q¡ . We
now considerthe useof assignments from saturated expressions,and consider
the relation between antecedents of di®erent clausesgenerating these n + 2
assignments. Sincesubsumption chains for antecedents (given by the subset
relation over variables)areof length at most n+ 1, any setof clausesof this size
must have a pair of clauseswhoseantecedents do not subsumeone another.
As a result there is at leastonepair of clauseswith incomparableantecedents,
sothat the intersectionof assignments satis¯esf but falsi¯es g sothat g is not
consistent with f over the certi¯cate set. Unfortunately, subsumptionchains
for antecedents in ¯rst order logic can be long [28] so there are still obstacles
in lifting the construction.

5 Learning from entailmen t

Work in inductive logic programming addresseslearning formulas in ¯rst or-
der logic and several setupsfor representing exampleshave beenstudied. The
setup studied above wherean exampleis an assignment in propositional logic
generalizesto using¯rst orderstructures(alsoknown asinterpretations) asex-
amples.The model is thereforeknown aslearning from interpretations [29]. In
the model of learning from entailment an exampleis a clause.A clauseexam-
ple is positive if it is implied by the target and negative otherwise.Therefore
a certi¯cate in this context is a set of clauses.In particular, as in the previous
case,for any expressionf whosesizeis more than p(m; n), a set Q of at most
q(m; n) clausesmust satisfy that for any g 2 Bm at least one element c of Q
separatesf and g, that is f j= c and g 6j= c or vice versa.We present a gen-
eral transformation that allows us to obtain an entailment certi¯cate from an
interpretation certi¯cate. Similar observations have beenmade before in dif-
ferent contexts, e.g. [30,20],whereonetransforms e±cient algorithms instead
of just certi¯cates.

De¯nition 14 Let x be an assignment.Then ones(x) is the set of variables
that are set to 1 in x. We slightly abusenotation and write ones(x) to denote
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also the conjunction of the variablesin the set ones(x).

Lemma 15 Let f be a boolean expressionand x an assignment.Then,

x j= f if and only if f 6j= (ones(x) !
W

b62ones(x) b):

Pro of: Supposex j= f . Supposeby way of contradiction that f j= (ones(x) !
W

b62ones(x) b). But sincex 6j= (ones(x) !
W

b62ones(x) b) we concludethat x 6j= f ,
which contradicts our initial assumption.Now, supposex 6j= f . Hence,there
is a clauses !

W
i bi in f falsi¯ed by x. This can happen only if s µ ones(x)

and bi 62ones(x) for all i . Clearly, (s !
W

i bi ) j= (ones(x) !
W

b62ones(x) b).
Thereforef j= (ones(x) !

W
b62ones(x) b). 2

Theorem 16 Let S be an interpretation certi¯c ate for an expressionf w.r.t.
a classB of boolean expressions.Then, the set f ones(x) !

W
b62ones(x) b j x 2 Sg

is an entailment certi¯c ate for f w.r.t. B.

Pro of: If S is an interpretation certi¯cate for f w.r.t. someclassB of propo-
sitional expressions,then for all g 2 B there is someassignment x 2 S such
that x j= f and x 6j= g or vice versa.Therefore,by Lemma 15, it follows that
f 6j= (ones(x) !

W
b62ones(x) b) and g j= (ones(x) !

W
b62ones(x) b) or vice versa.

Given the arbitrary nature of g the theoremfollows. 2

Remark 17 In the theorem above we include non-Horn clausesin the cer-
ti¯cate. This is necessarysinceotherwiseonecannot distinguish a function f
from its Horn least upper bound [26,31],the function that is equivalent to the
conjunction of all Horn clausesimplied by f . For example,onecannot distin-
guish f = f a ! b;b ! c _ dg from g = f a ! bg with Horn clausesonly. It
is worth noting, however, that a learning algorithm can usethesecerti¯cates
while making querieson Horn clausesonly. The algorithm in [15,14] simu-
lates the Halving Algorithm. In this processthe algorithm constructsvarious
functions f and asks membership queries on the examplesin their certi¯-
cates, i.e. in our caseon the clauses.For a Horn expressionT it holds that
T j= s ! b1 _ ::: _ bk if and only if T j= s ! bi for somei . Thus, instead of
askinga membershipquery on s ! b1 _ ::: _ bk , the algorithm can askk mem-
bership querieson s ! bi and reconstruct the answer. Sowhile the certi¯cate
must include non-Horn clauses,the queriescan avoid those.

6 Certi¯cate size lower bounds

The certi¯cate results above imply that unate and Horn CNF are learnable
with a polynomial number of queriesbut asmentioned above this wasalready
known. It is thereforeuseful to review the relationship betweenthe certi¯cate
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sizeof a classand its query complexity. Recall from Theorem4 that we have
CS(B; n; m; p(n; m)) · QC(B; n; m; p(n; m)) · CS(B; n; m; p(n; m)) log(jBm j).
We note ¯rst that positive certi¯cate results are not likely to improve known
upper bounds for these classes.For the classof monotone DNF there is an
algorithm that achieves query complexity O(mn) [2,1]. In this casewe have
log(jmonotoneDNFm j) = £( mn), soa certi¯cate result is not likely to improve
the known learningcomplexity. In the caseof Horn CNF, there is an algorithm
that achievesquery complexity O(m2n) [4]. Sinceagain log(jHornCNF m j) =
£( mn) improving on the known complexity O(m2n) would requirea certi¯cate
for Horn of sizeo(m).

The results in this section show that this is not possibleand in fact that
our certi¯cate constructionsare optimal. We do this by giving lower bounds
on certi¯cate size.Naturally, thesealso imply lower bounds for the learning
complexity.

In particular, for every m; n with m < n we construct an n-variable monotone
DNF f of size· n and show that any certi¯cate that f hasmorethan m terms
must have cardinality at least q(m; n) = m + 1 +

³
m+1

2

´
. This construction is

shown for p(n; m) = m thus giving lower boundsfor strongly proper learning
the class.We also give a variant where the sizeof f is n and where m < n
can be chosenarbitrarily . Thus the lower bound on learning complexity holds
for any hypothesisexpansionp(n; m) < n. For m > n we show that there is a
monotoneDNF of sizem + 1 that requiresa certi¯cate of size­( mn): Again
the bound is tight for strongly proper learning of monotoneexpressions.The
lower bounds apply for Horn expressionsas well where for m > n we have
a gap betweenO(m2) upper bound and ­( mn) lower bound. The result for
m < n is given in the next two theorems:

Theorem 18 Any certi¯c ate construction for monotoneDNF for m < n with
p(m; n) = m hassizeq(m; n) ¸ m + 1 +

³
m+1

2

´
.

Pro of: Let X n = f x1; : : ; xng be the set of n variables and let m < n. Let
f = t1 _ ¢¢¢_ tm+1 where t i is the term containing all variables (unnegated)
exceptx i . Such a representation is minimal and hencef hassizeexactly m+ 1.
We show that for any setQ of sizelessthan m+ 1+

³
m+1

2

´
there is a monotone

DNF with at most m terms consistent with f over Q.

If Q contains at most m positive assignments of weight n ¡ 1 then it is easy
to seethat the function with minterms corresponding to thesepositive assign-
ments is consistent with f over Q. Hencewe may assumethat Q contains at
least m + 1 positive assignments of weight n ¡ 1. Thus if jQj < m + 1+

³
m+1

2

´

then Q must contain strictly less than
³

m+1
2

´
negative assignments. Notice

that all the intersectionsbetweenpairs of positive assignments of weight n ¡ 1
are di®erent and there are

³
m+1

2

´
such intersections.It follows that Q must
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be missingsomeintersectionbetweensomepair of positive assignments in Q.
But then there is an m-term monotoneDNF consistent with Q which usesone
term for the missingintersectionand m ¡ 1 terms for the other m ¡ 1 positive
assignments. 2

The next theorem improves the hypothesisexpansionfrom p(n; m) = m to
any choicesatisfying p(n; m) < n.

Theorem 19 Any certi¯c ate construction for monotoneDNF for m < n with
p(m; n) < n hassizeq(m; n) ¸ m + 1 +

³
m+1

2

´
.

Pro of: Let q(m; n) = m + 1 +
³

m+1
2

´
and de¯ne f =

W
i 2f 1;::;ng t i where t i

is the term containing all variables (unnegated) except x i . Clearly, all t i are
minterms, f has size exactly n and f is monotone. We show that for any
m < n and any set of assignments Q of cardinality strictly lessthan q(m; n),
there is a monotonefunction g of at most m terms consistent with f over Q.

We ¯rst argue that w.l.o.g. we can assumethat all the assignments in the
potential certi¯cate Q have weight n ¡ 1 (positive assignments) or weight
n ¡ 2 (negative assignments). If Q contains the positive assignment 1n , then
we replaceit by any assignment that of weight n ¡ 1. If Q contains a negative
assignment x of weight smallerthan n¡ 2, then wereplaceit by any assignment
x0 ¸ x of weight n ¡ 2. Let Q0 be the set obtained by replacing all these
assignments of weight exactly n or smallerthan n¡ 2 in the mannerdescribed.
Now any monotonefunction g consistent with Q0 is alsoconsistent with Q. As
a result if Q0 is not a certi¯cate then neither is Q.

We next show that if jQj < q(m; n) then there exists a function g consistent
with Q. Now sinceassignments in Q haveweight n¡ 1 or n¡ 2 wecanmodel the
problem of ¯nding a suitable monotonefunction asa graph coloring problem.
We map Q into a graph GQ = (V; E) where V = f p 2 Q j f (p) = 1g and
E = f (p1; p2) j f p1; p2; p1 \ p2g µ Qg. Let jV j = v and jE j = e.

First we show that if GQ is m-colorablethen there is a monotonefunction g of
DNF sizeat most m that is consistent with f over Q. It is su±cient that for
each color c we ¯nd a term tc that (1) is satis¯ed by the positive assignments
in Q that have beenassignedcolor c, with the additional condition that (2)
tc is not satis¯ed by any of the negative assignments in Q. We de¯ne tc as
the minterm corresponding to the intersection of all the assignments colored
c by the m-coloring. Property (1) is clearly satis¯ed, sinceno variable set to
zeroin any of the assignments is present in tc. To seethat (2) holds it su±ces
to notice that the assignments coloredc form an independent set in GQ and
thereforenone of their pair-wise intersectionsis in Q. By the assumptionno
negative point below the intersectionsis in Q either. The resulting consistent
function g contains all minterms tc. Sincethe graph is m-colorable,g has at
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most m terms.

It remains to show that GQ is m-colorable. Note that the condition jQj <
q(m; n) translates into v + e < q(m; n) in GQ. If v · m then there is a trivial
m-coloring. For v ¸ m + 1, we have e <

³
m+1

2

´
¡ 1 so it su±ces to prove the

following lemma to completethe proof of Theorem19:

Lemma 20 Any v-node graph with v ¸ m + 1 with at most
³

m+1
2

´
¡ 1 edges

is m colorable.

We prove this lemma by induction on v. The basecaseis v = m + 1; in this
casesincethe graph hasat most

³
m+1

2

´
¡ 1 edgesit can be coloredwith only

m colors by reusing one color for the missing edge.For the inductive step,
note that any v-node graph which has at most

³
m+1

2

´
¡ 1 edgesmust have

somenode with fewer than m neighbors since otherwise there would be at
least vm=2 ¸ (m+2) m

2 = (m+1) m
2 + m

2 >
³

m+1
2

´
¡ 1 edgesin the graph. By the

induction hypothesisthere is an m-coloringof the (v¡ 1)-nodegraph obtained
by removing this node of minimum degreeand its incident edges.But since
the degreeof this node was lessthan m in G; we can color G using at most
m colors.This concludesthe proof of Lemma 20 and of Theorem19. 2

Finally, we give an ­( mn) lower bound on certi¯cate sizefor monotoneDNF
for the casem > n: Like Theorem18 this result givesa lower bound on query
complexity for any strongly proper learning algorithm.

Theorem 21 Any certi¯c ate construction for monotoneDNF for m > n with
p(m; n) = m hassizeq(m; n) = ­( mn).

Pro of: Fix any constant k: We show that for all n and for all m =
³

n
k

´
¡ 1;

there is a function f of monotoneDNF sizem + 1 such that any certi¯cate
showing that f hasmore than m terms must contain ­( nm) assignments.

We de¯ne f as the function whosesatisfying assignments have at least n ¡ k
bits set to 1. Notice that the DNF size of f is exactly

³
n
k

´
= m + 1. Let P

be the set of assignments corresponding to the minterms of f , i.e. P consists
of all assignments that have exactly n ¡ k bits set to 1. Let N be the set
of assignments that have exactly n ¡ (k + 1) bits set to 1. Notice that f
is positive for the assignments in P but negative for those in N . Clearly,
assignments in P are minimal weight positive assignments and assignments
in N are maximal weight negative assignments. Note that jPj =

³
n
k

´
and

jN j = (m + 1)n¡ k
k+1 =

³
n

k+1

´
= ­( mn) for constant k. Moreover, any assignment

in N is the intersectionof two assignments in P.

We next show that any certi¯cate for f must have sizeat least jPj + jN j. As
in the previousproof, we may assumew.l.o.g. that any certi¯cate Q contains
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assignments in P [ N only. Let Q ½ P [ N . If Q has at most m positive
assignments then it is easyto construct a function consistent with Q regard-
lessof how negative examplesare placed.Otherwise,Q contains all the m + 1
positive assignments in P and the rest are assignments in N . If Q missesany
assignment in N then we build a consistent function by using the minterm
corresponding to the missing intersection to \cover" two of the positive as-
signments with just one term. The remaining m ¡ 1 positive assignments in
P are covered by one minterm each. Hence,any certi¯cate Q must contain
P [ N and thus is of size­( nm). 2

Finally, we observe that all the lower boundsabove apply to unate and Horn
CNF expressionsas well. This follows from the fact that the function f used
in the construction is outside the class(has size more than m in all cases)
and that the function g constructedis in the class(sincemonotoneDNF is a
special caseof unate DNF and Horn DNF). We thereforehave:

Corollary 22 Any certi¯c ate construction for unate CNF (DNF) and for
Horn CNF (DNF) must satisfy the boundsgiven in Theorems18, 19 and 21.

7 An exp onential lower bound for renamable Horn

In this section we show that renamableHorn CNF expressionsdo not have
polynomial certi¯cates. This answersan openquestionof [22]and implies that
the classof renamableHorn CNF is not exactly learnableusing a polynomial
number of membership and equivalencequeries.In the following let B be the
classof renamableHorn expressions.

To show non-existenceof polynomial certi¯cates, we need to prove the fol-
lowing: for all two-variable polynomials p(¢; ¢) and q(¢; ¢) there exist n; m > 0
and a boolean function f̂ µ f 0; 1gn with jf̂ jB > p(m; n) such that for every
Q µ f 0; 1gn , either (1) jQj > q(m; n) or (2) someg 2 Bm is consistent with f
over Q.

In order to show this, we de¯ne a function f̂ that is not renamableHorn, so
that jf̂ jB = 1 > p(m; n) holds for any function p(m; n) and the requirement
can be simpli¯ed. Utilizing this simpli¯cation, what we show is: for each n
which is a multiple of 3, there exists a non-renamableHorn f̂ µ f 0; 1gn s.t.
if no g 2 Bn6 is consistent with f̂ over someset of assignments Q (i.e. we
are taking m = n6), then jQj ¸ 1

322n=3: Equivalently, for every such n every
certi¯cate Q that f̂ is not a renamableHorn CNF function of sizen6 has to
be of exponential size.This is clearly su±cient to prove the non-existenceof
polynomial certi¯cates for renamableHorn booleanfunctions.
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We say that a set Q such that no g 2 Bn6 is consistent with f̂ over Q is a
certi¯c ate that f̂ is not small renamableHorn. The following lemmais useful:

Lemma 23 Let f be a satis¯able renamableHorn function. Then there is an
orientation c for f suchthat c j= f .

Pro of: Let c0 be an orientation of f such that c0 6j= f . Let c be the positive
assignment of f which is minimal with respect to the partial order imposed
by · c0. There exists a single such assignment. This can be seenvia Eq. (5)
since if a and b are both positive assignments unrelated in the partial order
imposedby · c0, then c00= a \ c0 b is positive.

We claim that c is an orientation for f . It su±ces to show a \ c0 b= a \ c b for
all positive assignments a and b. We show that (a \ c0 b)[i ] = (a \ c b)[i ] for all
1 · i · n. If i is such that c[i ] = c0[i ] then clearly (a\ c0 b)[i ] = (a\ c b)[i ]. Let i
besuch that c[i ] 6= c0[i ]. Then every positiveassignment setsthe bit i likec[i ]: if
a[i ] 6= c[i ] then (a\ c0c)[i ] = c0[i ] and thus (a\ c0c) < c0 c (strictly), contradicting
the minimalit y of c. Thus a[i ] = b[i ] = c[i ] and (a ^ b)[i ] = (a _ b)[i ], and
therefore(a \ c b)[i ] = (a \ c0 b)[i ]. 2

We next de¯ne the function f̂ . As the next lemma shows f̂ is not renamable
Horn. The function has two useful properties: it has a very small number
of satisfying assignments, and the hamming distancebetweentheseis large.
The secondproperty helps guarantee that the certi¯cate is large. The ¯rst
property is used to bound the size of the hypothesisexpansion.This is the
main di®erencefrom an earlier result of [22] where a weaker type of lower
bound was proved. In that result Feigelson[22] gave a classof functions and
showed that a superpolynomial size set of assignments is neededto certify
that they are not renamableHorn. However, a certi¯cate only needsto certify
that the function is not small renamableHorn sothe result did not have direct
implications for certi¯cate size.This is addressedby the current construction.

De¯nition 24 Let n = 3k for somek ¸ 1. We de¯ne f̂ : f 0; 1gn ! f 0; 1g
to be the function whoseonly satisfying assignmentsare 0k1k1k ; 1k0k1k ; and
1k1k0k .

Lemma 25 The function f̂ de¯ned above is not renamableHorn.

Pro of: To seethat a function f is not renamableHorn with orientation c it
su±ces to ¯nd a triple (p1; p2; q) such that p1 j= f , p2 j= f but q 6j= f where
q = p1 \ c p2. By Lemma 23 it is su±cient to check that the three positive
assignments are not valid orientations for f :
The triple (1k1k0k ; 1k0k1k ; 1k1k1k) rejectsc = 0k1k1k .
The triple (0k1k1k ; 1k1k0k ; 1k1k1k) rejectsc = 1k0k1k .
The triple (0k1k1k ; 1k0k1k ; 1k1k1k) rejectsc = 1k1k0k . 2
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Considernext how certi¯cates for renamableHorn may be structured. If an
orientation c doesnot witnessthat f is renamableHorn then there is a triple
of assignments (p1; p2; q) such that p1 j= f , p2 j= f , q = p1 \ c p2 but q 6j= f .
However, a certi¯cate doesnot necessarilyneedto havesuch a triple explicitly.
To illustrate this consider three positive assignments x; y; z and a negative
assignment w such that w = (x ^ c y) ^ c z. Clearly f x; y; z; wg show that c is
not an orientation for f but the assignment (x ^ c y) is not in the set and there
is no explicit triple of this form. As the next lemma shows a weaker notion of
triple must appear in any certi¯cate.

We say that a triple (p1; p2; q) such that p1 j= f , p2 j= f but q 6j= f is suitable
for c if q · c p1 \ c p2.

Lemma 26 If Q is a certi¯c ate that f̂ is not small renamableHorn with
orientation c, then Q includesa suitabletriple (p1; p2; q) for c.

Pro of: Supposethat a certi¯cate Q that f̂ is not small renamableHorn with
orientation c doesnot include any suitable triple (p1; p2; q) for c. We de¯ne a
function g that is consistent with f̂ on Q as follows:

g(x) =

8
>>>>><

>>>>>:

1 if x 2 Q and x j= f̂

1 if x · c (s1 \ c s2) for any s1; s2 2 Q s.t. s1 j= f̂ and s2 j= f̂

0 otherwise.

The function g is consistent with Q sinceby assumptionno negative example
is coveredby the secondcondition.

First we show that the function g is renamableHorn with orientation c. Con-
sider any assignments p1; p2 that are positive for g, i.e., p1 j= g and p2 j= g,
and let t = p1 \ c p2. If p1; p2 are included in Q, then clearly t j= g by the
de¯nition of g. If p1 62Q then p1 · c (s1 \ c s2) for somepositive s1; s2 2 Q
(secondcondition in the de¯nition of g). Sincet · c p1 · c (s1 \ c s2), then by
the de¯nition of g, t j= g aswell. The samereasoningappliesfor the remaining
casep2 62Q. Hence,g is renamableHorn with orientation c. Note that this
part of the proof doesnot rely on speci¯c properties of f̂ and thus holds for
any f which is not renamableHorn.

Now, we show that g is alsosmall. We usethe fact that our particular f̂ is de-
signedto have very few positive assignments. First notice that g only depends
on the positive assignments in Q. Moreover, these must be positive assign-
ments for f̂ . Supposethat Q contains any l · 3 of thesepositive assignments.
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Let thesebe x1; : : ; x l . A DNF representation for g is:

g =
_

1· i · l

t i _
_

1· i<j · l

t i;j

wheret i is the term that is true for the assignment x i only and t i;j is the term
that is true for the assignment x i \ c x j and all assignments below it (w.r.t. c).
Notice that we can represent this with just oneterm by removing literals that
correspond to maximal values(w.r.t. c). For example,if l = 2 andx1 = 001111,
x2 = 110011and c = 101001then t1 = v1 v2v3v4v5v6, x1 \ c x2 = 101011,and
the only variable at its maximal value is v5 so t1;2 = v1v2v3v4v6.

Since l · 3, g has at most 3 +
³

3
2

´
= 6 terms. Hence,g has CNF size at

most n6 (multiply out all terms to get the clauses).Note that so far we have
shown that jgjCN F · n6 but we must alsoshow that jgjRen¡ H orn is small. This
follows from the well known fact that if a function h is Horn and g is a non-
Horn CNF representation for h, then every clausein g can be replacedwith
a Horn clausewhich usesa subsetof its literals; seee.g. [24] or Claim 6.3 of
[26]. Sothe arbitrary CNF for g can be replacedwith a renamableHorn CNF
of the samesize.We arrive at a contradiction: Q is not a certi¯cate that f̂ is
not small renamableHorn with orientation c since~g is not rejected. 2

Theorem 27 For all n = 3k, there is a function f̂ : f 0; 1gn ! f 0; 1g which
is not renamableHorn suchthat any certi¯c ate Q showingthat the renamable
Horn sizeof f̂ is more than n6 must havejQj ¸ 1

322n=3:

Pro of: Recall that a triple (p1; p2; q) is suitable for c if p1 j= f , p2 j= f but
q 6j= f where q · c p1 \ c p2. Considerany bit where p1 and p2 di®er, that is
p1[i ] 6= p2[i ]. In this casethe intersection always obtains the minimal value
p1[i ] \ c p2[i ] = c[i ]. This also implies that q[i ] · c p1[i ] \ c p2[i ] = c[i ] satis¯es
q[i ] = c[i ]. Now if p1; p2 have k bits with di®erent values,any ¯xed q forcesk
bit valuesin c and therefore(p1; p2; q) is suitable for 2n¡ k valuesof c.

Now we use the fact that the Hamming distance between any two positive
assignments of f̂ is 2n=3. A negative example in Q can appear in at most
3 triples (only 3 choices for p1; p2), and henceany negative example in Q
contributes to at most 3¢2n=3 orientations. The theoremfollows sincewe need
to reject all orientations. 2

Corollary 28 RenamableHorn CNFs do not have polynomial sized certi¯-
cates.
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8 Conclusion

This paper providesa study of the certi¯cate complexity of several well known
representation classesfor propositional expressions.Sincecerti¯cates areknown
to characterizethe query complexity of exact learning with queriesour results
have direct implications for learnability. In particular the paper provides cer-
ti¯cate constructions and henceupper bounds on their size for monotone,
unate and Horn expressions.Lower bounds for theseclassesare also derived
and theseare tight in somecases.An exponential lower bound for the class
of renamableHorn expressionsestablishesthat the classis not learnablewith
a polynomial number of queries.The following table summarizesthe bounds
obtained in this paper:

Class LowerBound UpperBound

unate DNF/CNF m < n
¡ m+1

2

¢
+ m + 1¤ (Th. 19)

¡ m+1
2

¢
+ m + 1 (Th. 8)

unate DNF/CNF m ¸ n ­( mn)¤¤ (Th. 21) O(mn) (Th. 8)

Horn CNF m < n
¡ m+1

2

¢
+ m + 1¤ (Th. 19)

¡ m+1
2

¢
+ m + 1 (Th. 12)

Horn CNF m ¸ n ­( mn)¤¤ (Th. 21)
¡ m+1

2

¢
+ m + 1 (Th. 12)

renamableHorn CNF 1
322n=3 (Th. 27)

¤ For p(m; n) < n.

¤¤ Strong certi¯cate sizeonly, i.e. p(m; n) = m.

Several interestingquestionsremain unsolved.For Horn expressionswith m >
n clausesthere is a gapbetweenthe lower bound ­( mn) and the upper bound
O(m2). Also except for renamableHorn the lower bounds are for strongly
proper learnability or a small expansionin hypothesissizep(m; n) < n. Iden-
tifying the certi¯cate complexity and equivalently the query complexity of
general DNF is an important open question. Finally, as mentioned in the
introduction, there is an exponential gap between known lower bounds and
upper bounds on learning complexity for ¯rst order Horn expressions.Cer-
ti¯cates may provide a tool to resolve this gap and the constructions for the
propositional special casesdeveloped in this paper are natural starting points
in such an endeavor.
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