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Abstract

This paper studiesthe complexity of learning classesf expressionsn propositional
logic from equivalencequeriesand membership queries. In particular, we focus on
bounding the number of queriesthat are required to learn the classignoring com-
putational complexity. This quartity is known to be captured by a combinatorial

measureof conceptclasseknown asthe certi cate complexity. The paper givesnew
constructions of polynomial sizecerti cates for monotone expressionsn conjunctive
normal form (CNF), for unate CNF functions where eact variable a®ectsthe func-
tion either positively or negatively but not both ways, and for Horn CNF functions.
Lower bounds on certi cate sizefor these classesare derived showing that for some
parameter settings the new certi cate constructions are optimal. Finally, the paper
givesan exponertial lower bound on the certi cate sizefor a natural generalization
of these classesknown as renamable Horn CNF functions, thus implying that the
classis not learnable from a polynomial number of queries.
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1 Intro duction

This paper studiesthe complexity of learning classe®f expressionsn proposi-
tional logic from equivalencequeriesand menbershipqueries[1]. In this model
alearnertries to identify a hiddenconceptby askingquestions.An equivalence
query allows the learnerto presen a hypothesizedde nition of the concept
and askwhetherit is correct. If the de nition is not correctthe learnerobtains
a courterexample,which can be chosenadversarially. In a membership query
the learner presens a potential instance and askswhether it is a menber of
the concept. The goal of the learner is to idertify the conceptwhile using
as little resourcesas possible.Here resourcesrefer both to run time and to
the number of queriesasked in the processof identifying the concept. Such
complexity measuresare relevant whenwe x a conceptclass,a set of con-
cepts,from which the hidden conceptis chosen.Then a singlelearner must be
ableto identify any menber of this classin this mannerwhile using bounded
resources.

Since its introduction this model has been extensiwely studied and many
classeshave been showvn to be etciently learnable. Of particular relevance
for the current paper are learning algorithms for monotone expressionsin
disjunctive normal form (DNF) [2,1], unate DNF expressiong3], and Horn
expressiond4,5]. Someresultsin this model have also beenobtained for sub-
classesof Horn expressionsn rst order logic but the complexity map there
is lessclear. Except for a \monotone-like case" [6] the query complexity is
either exponertial in oneof the crucial parameters(e.g. universally quarti ed

variables)[7,8] or the algorithms useadditional syntax basedoracles[9{11]. It

is thus interesting to investigatewhether this gap is necessaryResultsin [12]
show that VC-dimension[13] cannot resolwe this question. We therefore need
to investigate the certi cate complexity [14,15]that more directly captures
the query complexity. The current paper takesa rst stepin this direction by
studying the query complexity in the propositional case.

Certi cate complexity was introduced by [14,15](seealso[16,17]) who shov
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that a classC is learnable from a polynomial number of proper equivalence
gueries (using hypothesesin C) and menbership queriesif and only if the

classC has polynomial size certi cates. This characterization is information

theoretic and ignoresrun time. Certi cates have already provedto be a useful

tool for studying learnability. For example,conjunctionsof unate formulas are

learnablewith a polynomial number of queriesbut not learnablein polynomial

time unlessP=NP [18]. A recer result of [19] showns that DNF expressions
require a super-polynomial number of querieseven when the hypothesesare

larger than the target function by somefactor, albeit the factor is small.

This paper establisheslower and upper bounds on certi cates for se\eral
classesWe give constructionsof polynomial certi cates for (1) monotoneCNF
whereno variablesare negated,(2) unate CNF whereby renamingsomevari-
ablesastheir negationswe get a monotoneformula, and (3) Horn CNF where
ead clausehas at most one positive literal. We give certi cates in the stan-
dard learning model as well asthe model of learning from ertailment [5] that
is studied extensiwely in Inductive Logic Programming (seee.g.[20]).

The learnability results that follow from these certi cate results are weaker

than the resultsin [2,1,3,4]sincewe obtain query complexity results and the

results cited are for time complexity. Howeer, the certi cate constructions
which we give are di®erent from those implied by these earlier algorithms,

so our results may be usefulin suggestingnew learning algorithms. We also
give new lower bounds on certi cate size for eath of these concept classes.
For someparametersettings, our lower boundsimply that our new certi cate

constructionsare exactly optimal.

Finally, we also considerthe classof renamableHorn CNF expressionsNote
that unate CNF and Horn CNF generalizemonotone expressionsan two dif-
ferert ways. RenamableHorn expressionsconbine the two allowing to get
a Horn formula after renaming variables. RenamableHorn formulas can be
iderti ed in polynomial time and have e+cient satis ability algorithms and
are thereforeinteresting asa knowledgerepresemation [21]. While unate CNF
and Horn CNF ead have polynomial certi cates, we give an exponertial lower
bound on certi cate sizefor renamableHorn CNF. This provesthat the class
of renamableHorn CNFsis not learnablein polynomial time from menbership
and equivalencequeries,and answers an open question posedin [22].

We note that recent work of [23] gives strong negative results on learning
DNF formulas. More precisely [23] shawv that if NP 6 RP then there is no
polynomial-time proper PAC learning algorithm for DNF formulas. This re-
sult thus provides a computational lower bound for proper learning of DNF
in the standard PAC setting of learning from random examplesonly. In con-
trast, the certi cate constructionsthat we considerhave implications for the
information-theoretic complexity of proper learning algorithms in the frame-



work of exactlearning from membership and equivalencequeries.Characteriz-
ing the query complexity of learning DNF in this model remainsan important
open question.

2 Preliminaries

We considerfamilies of expressionsouilt from n , 1 propositional variables.
We assumesome xed ordering so that an elemen of f0;1g" speci es an
assignmentof a truth value to thesevariables.The weight of an assignmenh is
the number of bits that are non-zero.

A literal is a variable or its negation. A term is a conjunction of literals. A
DNF expressionis a disjunction of terms. A clauseis a disjunction of literals.
A CNF expressionis a conjunction of clauses.The DNF size of a boolean
function f : f0;1g" ! f0;1g, denoted jf j;\ g, iS the minimum number of
terms in a DNF represemation of f. The CNF sizeof f, jf j.yg, is de ned
analogously In general,let R be a represetation classfor booleanformulas.
Then jf j; is the R-sizeof a minimal represemation for f in R. If f 62R, we
assignjfj; = 1.

Next, we presert some classesof boolean formulas and their properties. In
what follows we usethe notation f (x) = 1 or x E f interchangeably wheref
is a booleanfunction and x is an assignmeh Both stand for classicalformula
satis ability. Additionaly, when x F f we say that x is positive for f and
whenx 6 f we say that x is negative for f .

A term t is a minterm for a booleanfunction f if t = f but t°6j f for every
otherterm t°%t. A DNF represemation t; _::: t, of abooleanfunction f is
non redundantif ead t; is a minterm of f and if removing any t; changesthe
function. That is, there is an assignmen x sud that x F t; but x 6 _jeit;.
Analogously a CNF represetation c; " :::” ¢ is not redundart if ead clause
is minimal and for all ¢ we have jgiG 6j G.

A monotone CNF (DNF) expressionis a CNF (DNF) with no negatedvari-
ables.Sematrtically, a function is monotonei®:

8x;y2f0;1g" : if x - ythenf(x) - f(y); (1)
where- betweenassignmets denotesthe standard bit-wise comparisonrela-
tion.

An anti-monotone CNF (DNF) expressions a CNF (DNF) whereall variables



appear negated.Semartically, a function is anti-monotone i®:

8x;y2f0;1g" : if x- ythenf(x), f(y): (2)

Let a;x;y 2 f0; 1g" bethree assignmets. The inequality betweenassignmets
X -ayisdenedasx©a - y®© a, where®© is the bit-wise exclusive OR.
Intuitiv ely if afi], the i'th bit of a, is 0 then we get the normal order on this
bit. But if afi] = 1 we usel < O for the correspnding variable. We denote
X<,YI®X -,y buty6-,X.

A booleanfunction f (of arity n) is unate i® there exists someassignmenh a
(called an orientation for f) sud that

8x;y2f0;1g" : if x - gy thenf (x) - f(y): 3)

Equivalently, a variable cannot appear both negatedand unnegatedin any
non-redundan CNF or DNF represemation of f . Eadh variableis either mono-
tone or anti-monotone. It is well known that a unate DNF expressionhas a
unique minimal represetation given by the disjunction of its minterms, and
similarly the minimal CNF represemation is unique.

A Horn clauseis a clausein which there is at most one positive literal, and a
Horn expressionis a conjunction of Horn classesA Horn clause(x;, _ ¢¢¢_
Xi. _ Xi,, ) Is easilyseento be equivalert to the implication x;, ¢¢¢x;, ! Xi,,,;
we referto x;, ¢¢¢x;, asthe antecedent and to x;,,, asthe consejuent of suc
a clause.Notice that an anti-monotone CNF expressioncan be seenasa Horn
CNF whoseclauseshave empty consequets. For example,the anti-monotone
CNF (a_ b~ (b_ &) is equivalert to the Horn CNF (ab! false )~ (bc!
false ).

Letx;y 2 f0; 1g" betwo assignmets. Their intersectionx\ y is the assignmen

that setsto 1 only thosevariablesthat are 1 in both x andy. It is well known
that a function is Horn i®

8x;y2f0;1g": if xF f andyfF f; thenx\ yF f 4)
The original characterization is due to McKinsey [24], although it was stated

in a di®eren cortext and in more generalterms. It was further explored by
Horn [25]. A proof adaptedto our setting can be found e.g.in [26].

Let a;x;y 2 f0; 1g" bethree assignmets. Let ai] bethe i-th bit of assignmen



a. The unate intersectionx \ .y is de ned as:

8
(VY] = X[f] y[f] if afi] .0
= x[i] _ y[i] otherwise

It is easyto seethat this de nition is equivalert to (x\ ay)[i] = ((x[i]©a]i])\
(Y[il© ai])) ©ali] and that (x\ ay) - ax and (x\ ,y) - 4y sothat - 5 and
\ 2 behave like their normal cournterparts.

We sa that a boolean function f (of arity n) is renamableHorn if there
exists someassignmeh ¢ sud that f. is Horn, wheref(x) = f (x © ¢) for all
x 2 £0;1g9". In other words, the function obtained by taking the complemen
of variablessetto 1 in cis Horn. We call such an assignmen c an orientation
for f . Equivalertly, a function is renamableHorn i® there existsan assignmenh
¢ sud that

8x;y2f0;1g": if xF f andyfF f; thenx\ .y F f: (5)

The renamableHorn sizeof a renamableHorn function f , that is jf jz,.
is the CNF Horn sizeof f .(x).

Horn?

Let B be any of the classesof propositional expressionsde ned above; By,
denotesthe subclassof B whoseconceptshave sizeat most m.

The following simple lemmais usefulin our constructions:

Lemma 1 Letc be any clause,t any term, and x; y; a any assignments.
(1) If x6 candy 6 cthenx\ .y 6 c for any a.
2 f xFtandyE tthenx\ ,y F t for any a.

Pro of: For (1) notethat if x andy falsify the clausec then all the variablesin
¢ have to sharethe samevalue in both x andy. Thereforetheir \in tersection”
(w.r.t. any orientation a) doesnot changethe value of thesevariablesin the
resulting x \ 5 y implying that that x\ .y falsi es c. The sameargumern can
be usedto establish(2). 2

2.1 Learning with Queriesand Certi c ates

We brie°y review the model of exact learning with equivalencequeriesand
menbership queries[1]. Beforethe learning processstarts, a conceptc 2 B is
“xed. We refer to this conceptas the target concept. The learning algorithm
has accessto an equivalence oracle and a membership oracle that provide



information about the target concept. In an equivalence query, the learner
presens a hypothesisand the oracle answers Yes if it is a represemation of
the target concept. Otherwise, it answers Noand provides a courterexample,
that is, an examplex 2 f0;1g" where the target and hypothesis disagree.
In generalthe represemation of hypothesesis not restricted. Howewer, for
proper learnability we require that the hypothesisin an equivalencequery is
represerted by a formula in B. In a menbershipquery, the learnerpresens an
exampleand the oracleanswers Yesor Nodepending on whether the example
preserted is a member of the target concept. For any target expressionin
the concept classthe learning algorithm is required to identify the target
expressionand get a Yesanswer to an equivalencequery.

When conceptclassesre parametrizedby sizethe notion of proper learnability
can be slightly re ned. In particular we allow the learning algorithm to learn
conceptsin By, using hypothesesin Bym:n) for somepolynomial p().

De nition 2 The query complexity of a conaept class B, with hypthesis
ex@nsion p(n; m), denotel QC(B; n; m; p(n; m)), is the minimum numkber of
queriesrequired by any algorithm that learns B with equivalene queriesand
memlership queries,whete the hypothesesare restricted to be in Byim:n).

If p(n; m) is a polynomial and QC is polynomial in n; m then we saythat B is
properly learnable with a polynomial numker of queries.If p(n;m) = m and
QC is polynomial in n;m then we say that B is strongly properly learnable
with a polynomial numker of queries.

Certi cates are similarly de ned relative to expansionsin represetation of
concepts.Informally, a certi cate givesa proof that a function f whoseB-size
is more than p(n; m) is not in By,. More formally,

De nition 3 Let R be a class of representationsde ning a boolean con-
cept class B. The class R has certi cates of size q(n; m) for representa-
tion exmnsion p(n; m) if for everyn;m > 0 and for every boolean function
f uf0 19" s.t. jfjz > p(m;n), thereis asetQ p f0;1g" satisfying the fol-
lowing: (1) jQj - q(m;n) and (2) for everyg 2 B, there is somex 2 Q s.t.
g(x) 6 f(x). In other words, (2) statesthat no function in By, is consistent
with f over Q.

If p(¢®9 and q(¢ § are polynomials then we say that B has polynomial size
certi ¢ ates. The certi ¢ ate sizeof B for representationexmnsion p(n; m), de-
noted CS(B; n; m; p(n; m)) is the smallest function q(n; m) which satis es the
alove.

We can now state the relation betweenquery complexity and certi cates:



Theorem 4 [15,14,16]

CS(B;n;m; p(n;m)) - QC(B;n;m;p(n;m)) - CS(B;n; m;p(n; m)) log(jBmj)

3 Certi cates for monotone and unate CNFs

In this sectionwe give constructions of certi cates for monotone and unate
classesWe presen the basicresult for the classof anti-monotone CNF so as
to make the relation to the certi cate for Horn expressionasclearaspossible.

Theorem 5 The classof anti-monotone CNF has polynomial sizecerti c ates
with p(m;n) = m and g(m; n) = minf(m + 1)n; mgl + m+ 1g.

Proof: Fixm;n> 0.Fixany f p f0;19" s.t.jf i moncne > P(M;N) = m.
We proceedby cases.

Case l. f is not anti-monotone. In this case,there must exist two assign-
mernts x;y 2 f0;1g" s.t. x < y but f(x) < f(y) (otherwise f would be
anti-monotone). Let Q = fx; yg. Notice that by de nition no anti-monotone
CNF can be consistenh with Q. Moreover, jQj = 2 - g(m;n).

Case?2. f is anti-monotone. Let ¢; ~ ¢, M :: ¢y N i ¢ beaminimal
represemation for f . Noticethat k , m+ 1sincejf j, i monene > P(M;N) = m.

We give two di®eren constructionsfor certi cates in this casethat achieve the
two parts in the bound. De ne assignmeh x[%! asthe assignmeh that setsto
1 exactly thosevariablesthat appearin ¢'s anteceden. For example,if n =5
and g = vzvs | false then x[%! = 00101.

Remark 6 Notice that ewvery x5! falsi'es ¢; (anteceden is satis ed but con-
sequehn is false ) but satis esewery other clausein f . If this werenot so,then
we would have that someother clauseg in f is falsi'ed by x4, that is, the
anteceden of ¢ is true and thereforeall variablesin ¢; appearin ¢ as well
(i.e. g M G). This is a cortradiction sincec; would be redundart and we are
looking at a minimal represemation of f .

Let O be the assignmeh with 0 in position i and 1 elsewhereFor the rst
constructionlet Q; = Q7 [ Q' , where
n - 0
Q = x71. . m+1 and
n - )
Qi = xBIhN g 1-i- m+L1-j- n andxClj]=1 :
Notice that jQ,j - (m+ 1)n. By the remark assignmets in Qi falsify f , and
sincetheseare maximally negative assignmets it is alsoclearthat assignmets



in Q7 satisfy f . Any anti-monotone CNF g with at most m clauseswill cover
two examplesx[@l;x[4] in Q' with the same clause. Therefore one of the
assignmets directly below x[%1 which is in Q] is alsofalsied by this clause.
Sog is not consiste with f over Q;.

For the secondconstructionlet Q, = Q3 [ Qi , whereQi is de ned asabove,
and
[0}

n _
Q= xlh\ xlel=1. i<j. m+1:

3

Notice that jQ,j - ™;* + m+ 1. The assignmets in Q} are positive for

f . To seethis, supposesomex!©l\ x[61 2 Q} falsi'es f. Then there is some
clausec in f that is falsied by x[%1\ x[61 2 Q}. That is, all variablesin ¢
aresetto 1 by x[@1\ x[61 2 Q. Therefore, all variablesin c are setto 1 by
xl¢1 and x%1 and they falsify the sameclausewhich is a cortradiction by the
remark above.

It is left to shav that no anti-monotone CNF g S.t. 0,1t -moncNE m is
consistet with f over Q,. Fix any g= ¢ ~::AcPwith | - m. If gis consister
with Qi , then thereis a c®2 g falsi ed by two di®eren x[1:x[%1 2 Qi since
we have m + 1 assignmeis in Qi but strictly fewer clausesin g. Lemma 1
guararteesthat x[¢1\ x[41 65 c®and thereforeg is falsi ed by x[%1\ x[G1 aswell.
But x[61\ x[612 Q) and satis esf . We concludethat no g can be consisten
with f overQ;. 2

By duality of the booleanoperatorsand DNF vs. CNF represemations we get

Corollary 7 The classesmonotoneDNF,anti-monotone DN&, monotoneCNF,

anti-monotone CNF havecerti ¢ ates of size minf (m + 1)n; mgl + m+ 1g:

Constructing certi cates for unate expressionsappears harder at rst since
there are many more g functions that may be consisteh with Q; or Q.
Nonethelessessetially the same construction works here as well. Since for
unate classesve de ne an orientation to transform the function to be mono-
tone rather than anti-monotone, one would need the dual of the previous
construction. To make the notation similar to the previous casewe presert
the result for DNF which meanstaking the dual again so that we can use
intersection as before.

Theorem 8 Unate DNFs hayepolynomial size certi ¢ ateswith p(m;n) = m

and g(m; n) = minf(m+ 1)n; ™' + m+ 1g.

Proof: Fix m;n > 0.Fix any f p f0;19" s.t. jf ], aeone > P(M;N) = m.
Now we proceedby cases.

Casel.f isnot unate.In this casethere must exist four assignmets x; y; z; w 2



f0; 1g" and a positioni (1 - i - n) sud that:

2 x[jl=ylj]foralll- j - n;j 6iandx]i]< yJi]
2 zjl=w[j]forall1- j - n;j 6 i andz[i]> wli]
2 f(x)>f(y)andf(z) > f(w)

Let Q = fXx;y;z;wg. Notice that jQj - g(m;n). To seethat no unate DNF
can be consistet with f over Q, take any unate DNF g and supposeit is
consisten. Let b be an orientation for g. If i] = 0 then we havethat x - py
but g(x) > g(y). If b[i] = 1thenz -, w but g(z) > g(w). Therefore there
cannot be any unate function consistem with f over Q.

Case?2. f is unate. Let a be any orientation shawing that f is unate. Sup-
posew.l.0.g. (just renumber variablesaccordingly) that a= 0"1"i " wherer is
the number of monotonevariablesin f . Supposethat the variablesin f are
fvi; 5 vag and considerany minimal DNF represemation t; t, ity ity
of f. Noticethat k , m+ 1sincejfj, .one > P(M;N) = m. Sincea is an ori-
ertation for f , andthe DNF is minimal non-redundar the variablesf vy;:::; v, ¢
appear always positive in the DNF and variablesfv,.; ; :::; v,g appear always
negated.De ne j -th value of assignmen xlil as(for 1- j - n):

- O0if j - r andv; doesnot appearin t;
x 1=

8
% 1if j - r andv; appearsin t
% 0if j > r and ¥ appearsin t;

- 1if j > r and ¥ doesnot appearin t;

Notice that if f doesnot depend on a variable v;, sothat it doesnot appear
in any of the terms, then it hasthe samevaluein all the assignmets.

Let O, be de ned asabove. For the rst constructionlet Q; = Q* [ Q) where

n — (0]
Q"= xM~1.i. m+1 and

0 -
Qi = xh,(@®0) 1- i- m+landxll[j]=1; afjI:

Notice that a© 0; hasall bits exceptthe j th at their maximal value soxtil\ ,
(@a®© Q) °ips the jth bit in x! to its minimum value. Each relevant variable
has at least one pair of assignmets in Q*;Q} with Hamming distance 1
showing the direction of its in°uence. Therefore any unate g consisten with
Q: must have all variable polarities set correctly. As a result, the argumert
for the monotone caseshaws that any unate g with at most m terms over
the relevant variables cannot be consisten with f over Q;. Sinceirrelevant
variables have a constart value in Q; they cannot a®ectconsistencyof any
potential g.

(o]

10



For the secondconstructionlet Q, = Q* [ Q5 whereQ"* is de ned as before
and n - o
Q, = xUh\  xlil=1. i<j. m+1:

As beforeit is easyto seethat the assignmets in Q* are positive and assign-
merts in Q) are negative for f .

It is left to shav that no unate DNF g s.t. j0j ,aeone @ M IS CONsisten with
f over Q.. If g is consisteh with Q*, then there is at°2 g satis ed by two
assignmets x[tl; xt1 2 Q*. By Lemmal we getthat x[t\ ,xl! = t°and soit
satis esg aswell. Sincexl\ ,x12 Q) andit falsiesf, gis not consister
with f over Q,. 2

Corollary 9 The class of unate CNF has polynomial size certi ¢ ates with

p(m;n) = m and gq(m; n) = minf (m + 1)n; mgl + m+ 1g.

4 Certi cates for Horn CNF

For anti-monotone CNF we could usethe assignmets de ned by the clausego
generatethe certi cate. In particular the property from Remark 6 shows that
ead sud assignmen falsi es the clausegeneratingit but no other clausein
the represemation. Any non-redundar CNF represemation hassud a set of
assignmets (since otherwisesomeclauseis not neededin the represemation)
but it is not necessarilyeasyto nd sud assignmets. As the following lemma
shows for Horn expressionsve can do this exciently:

Lemma 10 Let f be a non-redundant Horn CNF. For every clausec in f,
we can exciently nd an assignmentx!® s.t. x9 falsi'es ¢ but satis es every
other clausein f .

Pro of: Note rst that suc an assignmeh must exist sincef nc 6j c implies
that there is an x sud that x £ f ncand x 6j c. Now sincef ncis Horn and
usingLemmal we seethat if x;y are two di®eren assignmets satisfying this
condition then sois x\ y. Sothere is a unique minimal assignmen satisfying
this property. The minimal assignmeh can be found by nding the minimal
model of (f nc)~T. 2

Remark 11 While the previouslemmashonvshow to nd the assignmets ef-
“ciently they arenot asexplicitly relatedto the syntax of the represemation as
in the monotonecase.lt is interesting to note that given any non-redundart
Horn CNF we can \saturate" it by adding implied propositions to the an-
tecedens of rules. For example,if f = (a! b " (a! c) we changethe
represemation to f = (a! b~ (ab! c¢). One canshow that if this is done
sequetially until no more changescan be madethen the nal represemation

11



has a syntactic property asin Remark 6. This construction was usedin a
previous version of this paper [27] and the improvemen in Lemma 10 was
suggestedby an anorymousreferee.

Theorem 12 Horn CNEs have polynomial size certi c ates with p(m;n) =
m(n+ 1) andg(m;n)= ™' +m+ 1L

Proof: Fix m;n> 0.Fix any f p f0;19" s.t. jf j,omene > P(M;N) = m(n +
1). Again, we proceedby cases.

Casel. f is not Horn. By Eq. (4), there must exist two assignmets x;y 2
fO;1g" st.xF f andyF f but x\ y6 f.Let Q= fx;y;x\ yg. Again by
EqQ. (4) no Horn CNF canbe consistem with Q. Moreover, jQj = 3 - g(m;n).

Case2.f isHorn. Let ¢c; » ¢, 1 i ¢ be a minimal non-redundar represenma-
tion of f . Noticethat k°, m(n+ 1)+ 1sincejf j,,,cne > P(M;N) = m(n+ 1).
Sincethere are morethan m(n+ 1) clausesthere must be at leastm+ 1 clauses
sharinga singleconsequenin f (there areat mostn+ 1 di®eren consequets
amongthe clausesin f; including the constart false ). Let theseclausesbe
ct=5! b:i;o=s¢! b with k, m+ 1. Let x[%! be the assignmen that
satis esthe conditions of Lemmal1lOfor ¢. Let Q = Q" [ Q! where
~n — )
Q = xl71. i. m+1 and
n - o)
Q"= xlél\ x6l-1. i<j. m+1 :

.
Notice that jQj = jQ*j+jQ'j- ™' +m+ 1= g(m;n). The assignmets in
Q' arenegativefor f by Lemmal10.We next shav that every assignmehin Q*
satis es ewery clausein f and thereforealso satis esf . Take any assignmen
xlal\ x4 2 Q*. For clausesc other than ¢ and ¢, Lemma 10 guarartees
that x[¢1 F c and xl%1 E ¢ and thereforex1\ x[41 ¢ sincec is Horn. To
seethat x%1\ x61 = ¢, supposeby way of cortradiction that it does not.
Sinceboth x[%1 and x[¢] have the bit correspnding to their consequen set
to 0 by construction (¢ and ¢ sharethe sameconsequet), it must be that
x[é1\ xl4] satis"es the anteceden of ¢;. Thereforex%! must also satisfy the
anteceden of ¢, and x[%1 6§ ¢ in cortradiction with Lemma10. We can prove
the remaining casex[®!\ x!4! = ¢ analogously

The argumert that no Horn CNF g s.t. jdi,onene @ M IS consisten with f
over Q is analogousto the anti-monotone case. 2

Remark 13 The construction above relieson the fact that we can nd many
clauseswith the sameconsequen This fact doesnot hold in rst order logic
sincethe number of possibleconsequets is not bounded and therefore this
hindersgeneralization.It is thusworth noting that a related construction with
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slightly worsebounds doesnot require identical consequets. Consideragain
the minimal represemation ¢; ~ ¢ " ::” o with k°, m(n+ 1)+ 1. In this
construction we usea larger Q'

n — (0]
Q = xG-1. i. mn+1+1

and in addition we usethe set

n — (0]
Qothers= XN\ xB171. i<j . mnh+1)+1 :

Note that assignmets in Quiners May be either positive or negative sincewe
have not restricted the consequenof clausesn Q' . Howewer, sinceQ' islarge,
we get that someclauseof g capturesat leastn + 2 assignmets in Q' . We
now considerthe useof assignmets from saturated expressionsand consider
the relation between antecedeits of di®eren clausesgeneratingthesen + 2

assignmets. Since subsumption chains for antecedens (given by the subset
relation over variables)are of length at mostn+ 1, any setof clauseof this size
must have a pair of clauseswhoseantecederts do not subsumeone another.
As aresult there is at leastonepair of clauseswith incomparableantecedelts,

sothat the intersectionof assignmets satis esf but falsi es g sothat g is not

consisteh with f over the certi cate set. Unfortunately, subsumption chains
for antecedens in rst order logic can be long [28] so there are still obstacles
in lifting the construction.

5 Learning from entailmen t

Work in inductive logic programming addressedearning formulas in ‘rst or-
der logic and se\eral setupsfor represeting exampleshave beenstudied. The
setup studied above wherean exampleis an assignmeh in propositional logic
generalizego using rst order structures (alsoknown asinterpretations) asex-
amples.The model is thereforeknown aslearning from interpretations [29]. In
the model of learning from ertailment an exampleis a clause.A clauseexam-
ple is positive if it is implied by the target and negative otherwise. Therefore
a certi cate in this cortext is a set of clausesIn particular, asin the previous
case,for any expressionf whosesizeis morethan p(m;n), a setQ of at most
g(m; n) clausesmust satisfy that for any g 2 B, at leastoneelemen ¢ of Q
separatesf and g, that isf E cand g 6 c or vice versa.We presen a gen-
eral transformation that allows us to obtain an ertailment certi cate from an
interpretation certi cate. Similar obsenations have beenmade beforein dif-
ferert conexts, e.g.[30,20],where onetransforms excient algorithms instead
of just certi cates.

De nition 14 Let x be an assignment.Then onegx) is the set of variables
that are setto 1 in x. We slightly abusenotation and write onegx) to denote
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also the conjunction of the variablesin the set onegXx).
Lemma 15 Letf be a boolean expressionand x an assignment.Then,
. . . : w
xF f if andonlyif f 6 (onegx) !  anesix) D):

Wo of: Supposex F f . Supposeby wayvgfcortradiction that f E (onegXx) !

bepnes(x) D). BuUt sincex 6f (onegx) !  spnes(x) B We concludethat x 6j f,
which cortradic% our initial assumption.Now, supposex 6 f . Hence,there
isaclauses! ;b inf falsied by x. Th{ﬁ can happen only if S M onegx)
and b 62onegx) for all i.V(\;IearIy, (s! ihb) F (onegx) ! bednes(x) D)-
Thereforef F (oneqXx) !  epnesx) B 2

Theorem 16 Let S be an interpretation certi ¢ ate for an\ﬁxpressionf W.r.t.
a classB of boolean expessions.Then, the setfoneqXx) !  sanesx) Pj X 2 Sg
is an entailment certi ¢ ate for f w.r.t. B.

Pro of: If Sisaninterpretation certi cate for f w.r.t. someclassB of propo-
sitional expressionsthen for all g 2 B there is someassignmeh x 2 S sud
that x = f and xvga' g or vice versa. Therefore, by Ivgmma 15, it follows that
f 6 (onegx) ! eanesy ) and g F (onegx) ! panes(x) 0) Or vice versa.
Given the arbitrary nature of g the theoremfollows. 2

Remark 17 In the theorem above we include non-Horn clausesin the cer-
ti cate. This is necessarysinceotherwiseone cannot distinguish a function f
from its Horn least upper bound [26,31],the function that is equivalert to the
conjunction of all Horn clausesmplied by f . For example,one cannot distin-
guishf = fa! b;b! c_dgfromg= fa! bgwith Horn clausesonly. It
is worth noting, howeer, that a learning algorithm can usethesecerti cates
while making querieson Horn clausesonly. The algorithm in [15,14] simu-
lates the Halving Algorithm. In this processthe algorithm constructs various
functions f and asks menmbership queries on the examplesin their certi -
cates,i.e. in our caseon the clauses.For a Horn expressionT it holds that
TEs! bh_:: Kkifandonlyif T E s! I for somei. Thus, instead of
askinga membershipqueryons! b, _::: b, the algorithm canaskk mem-
bership queriesons! b and reconstructthe answer. Sowhile the certi cate
must include non-Horn clausesthe queriescan avoid those.

6 Certi cate size lower bounds

The certi cate results above imply that unate and Horn CNF are learnable
with a polynomial number of queriesbut as mertioned above this wasalready
known. It is thereforeusefulto review the relationship betweenthe certi cate
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sizeof a classand its query complexity. Recall from Theorem 4 that we have
CS(B;n;m;p(n;m)) - QC(B;n;m;p(n;m)) - CS(B;n; m; p(n; m)) log(jBmj).
We note rst that positive certi cate results are not likely to improve known

upper bounds for these classesFor the classof monotone DNF there is an
algorithm that adchieves query complexity O(mn) [2,1]. In this casewe have
log(jmonotoneDNF,j) = £( mn), soa certi cate resultis not likely to improve
the known learning complexity. In the caseof Horn CNF, there is an algorithm

that achievesquery complexity O(m?n) [4]. Sinceagain log(jHornCNF ,,j) =

£( mn) improving on the known complexity O(m?n) would requirea certi cate

for Horn of sizeo(m).

The results in this section shav that this is not possibleand in fact that
our certi cate constructionsare optimal. We do this by giving lower bounds
on certi cate size.Naturally, thesealsoimply lower bounds for the learning
complexity.

In particular, for every m; n with m < n we construct an n-variable monotone
DNF f ofsize- n andshow that any certi cate that f hasmorethan m terms
must have cardinality at leastg(m;n) = m+ 1+ mgl . This construction is
shown for p(n; m) = m thus giving lower boundsfor strongly proper learning
the class.We also give a variant wherethe sizeof f is n and wherem < n
can be chosenarbitrarily . Thus the lower bound on learning complexity holds
for any hypothesisexpansionp(n; m) < n. For m > n we shaw that thereis a
monotoneDNF of sizem + 1 that requiresa certi cate of size-( mn): Again
the bound is tight for strongly proper learning of monotoneexpressionsThe
lower bounds apply for Horn expressionsas well where for m > n we have
a gap between O(m?) upper bound and -( mn) lower bound. The result for

m < n is givenin the next two theorems:

Theorem 18 Any certi ¢ ate construction for-monotoneDNF for m < n with
p(m;n) = m hassizeg(m;n), m+ 1+ mgl

Proof: Let X, = fxy;::;X,g be the set of n variablesand let m < n. Let
f =t _ ¢e¢_tn.1 wWheret; is the term cortaining all variables (unnegated)
exceptx;. Sud arepresemation is minimal and hengef hassizeexactly m+ 1.
We show that for any setQ of sizelessthan m+ 1+ mgl there is a monotone

DNF with at most m terms consisten with f over Q.

If Q contains at most m positive assignmets of weight nj 1 then it is easy
to seethat the function with minterms correspnding to thesepositive assign-
merts is consisten with f over Q. Hencewe may assumethat Q cortains at
leastm + 1 positive assignmets of weight nj 1. Thusif jQj < m+ 1+ ™*
m+1

then Q must cortain strictly lessthan ™" negative assignmets. Notice
that all the intersectionsbetweenpairs of positive assignmets of weight nj 1

are di®eren and there are mgl sudh intersections. It follows that Q must
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be missing someintersection betweensomepair of positive assignmets in Q.
But then there is an m-term monotoneDNF consister with Q which usesone
term for the missingintersectionand mj 1terms for the other mj 1 positive
assignmets. 2

The next theorem improves the hypothesisexpansionfrom p(n;m) = m to
any choice satisfying p(n; m) < n.

Theorem 19 Any certi ¢ ate constructian for monotoneDNF for m < n with

p(m;n) < n hassizeg(m;n) , m+ 1+ ™*

3
Proof: Let glm;n) = m+ 1+ ”‘;1 anddenef = Wizf 1.ng ti Wheret;
is the term cortaining all variables (unnegated) exceptx;. Clearly, all t; are
minterms, f has size exactly n and f is monotone. We show that for any
m < n and any set of assignmets Q of cardinality strictly lessthan q(m;n),

there is a monotonefunction g of at most m terms consiste with f over Q.

We rst argue that w.l.o.g. we can assumethat all the assignmets in the
potential certi cate Q have weight n j 1 (positive assignmets) or weigh
ni 2 (negative assignmets). If Q contains the positive assignmeh 1", then
we replaceit by any assignmenthat of weight nj 1. If Q cortains a negative
assignmehx of weight smallerthan nj 2,then wereplaceit by any assignmenh
x% . x of weight nj 2. Let Q° be the set obtained by replacing all these
assignmets of weight exactly n or smallerthan nj 2 in the mannerdescriked.
Now any monotonefunction g consistet with Q°is alsoconsistet with Q. As
aresult if Q%is not a certi cate then neither is Q.

We next shaw that if jQj < g(m; n) then there exists a function g consisten
with Q. Now sinceassignmets in Q haveweight nj 1ornj 2wecanmodelthe
problem of nding a suitable monotonefunction asa graph coloring problem.
We map Q into a graph Go = (V;E) whereV = fp2 Qjf(p) = 1g and
E =f(pup2)ifpup2spi\ p2gp Qg LetjVj=vandjEj=e

First we show that if G is m-colorablethen there is a monotonefunction g of
DNF sizeat most m that is consistet with f over Q. It is sutcient that for
ead colorcwe nd aterm t. that (1) is satis ed by the positive assignmets
in Q that have beenassignedcolor ¢, with the additional condition that (2)
t. is not satis ed by any of the negative assignmets in Q. We de ne t. as
the minterm correspnding to the intersection of all the assignmets colored
c by the m-coloring. Property (1) is clearly satis ed, sinceno variable set to
zeroin any of the assignmets is presen in t.. To seethat (2) holdsit sutces
to notice that the assignmets coloredc form an independert setin G and
therefore none of their pair-wise intersectionsis in Q. By the assumptionno
negative point below the intersectionsis in Q either. The resulting consistet
function g contains all minterms t.. Sincethe graph is m-colorable,g has at
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most m terms.

It remainsto shav that G is m-colorable. Note that the condition jQj <
g(m; n) translatesinto v+ e< g(m; n) in,Gq.-If v- m then there is a trivial
m-coloring. For v, m+ 1, we have e < mgl 1 soit suxcesto prove the
following lemmato completethe proof of Theorem 19:

s -
Lemma 20 Any v-node graphwith v, m + 1 with at most ’“;1 i 1edges
is m colorable.

We prove this lemmaby induction on-v. The basecaseisv = m + 1; in this
casesincethe graph hasat most ”‘;1 i 1 edgesit canbe coloredwith only
m colors by reusing one color for the missing eege.For the inductive step,
note that any v-node graph which has at most mgl i 1 edgesmust have
somenode with fewer than m neighbars since otherwise there would be at
leastym=2 , (M2m = (m¥hm L m 5 ™41 edgesin the graph. By the
induction hypothesisthere is an m-coloringof the (vj 1)-node graph obtained
by removing this node of minimum degreeand its incidernt edges.But since
the degreeof this node was lessthan m in G; we can color G using at most

m colors. This concludesthe proof of Lemma 20 and of Theorem19. 2

Finally, we give an -( mn) lower bound on certi cate sizefor monotone DNF
for the casem > n: Like Theorem 18 this result givesa lower bound on query
complexity for any strongly proper learning algorithm.

Theorem 21 Any certi ¢ ate construction for monotoneDNF for m > n with
p(m;n) = m hassizeg(m; n) = -( mn).

s -
Pro of: Fix any constart k: We shaw that for all n andforall m= | j 1
there is a function f of monotone DNF sizem + 1 sud that any certi cate

shawing that f hasmore than m terms must cortain -( nm) assignmets.

We de ne f asthe function whosesatisfying assignmets have at leastnj k
bits setto 1. Notice that the DNF sizeof f is exactly E =m+ 1 LetP

be the set of assignmets correspnding to the minterms of f , i.e. P consists
of all assignmets that have exactly n j k bits setto 1. Let N be the set
of assignmets that have exactly nj (k + 1) bits setto 1. Notice that f

is positive for the assignmets in P but negative for those in N. Clearly,
assignmets in P are minimal weight positive assignmets and assignmets

in N are maximal weight negative assignmets. Note that jPj = v and
jNj= (m+ 1)% = 41 = -( mn)for constart k. Moreover, any assignmeh

in N is the intersection of two assignmets in P.

We next shaw that any certi cate for f must have sizeat leastjPj + jNj. As
in the previous proof, we may assumew.l.o.g. that any certi cate Q cortains
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assignmets in P [ N only. Let Q ¥2 P [ N. If Q hasat most m positive
assignmets then it is easyto construct a function consistem with Q regard-
lessof how negative examplesare placed. Otherwise, Q contains all the m+ 1
positive assignmets in P and the rest are assignmets in N. If Q missesany
assignmen in N then we build a consisten function by using the minterm
correspnding to the missing intersection to \cover" two of the positive as-
signmerts with just oneterm. The remaining m j 1 positive assignmets in
P are covered by one minterm ead. Hence,any certi cate Q must cortain
P [ N andthusis of size-( nm). 2

Finally, we obsene that all the lower boundsabove apply to unate and Horn
CNF expressionsaswell. This follows from the fact that the function f used
in the construction is outside the class (has size more than m in all cases)
and that the function g constructedis in the class(since monotoneDNF is a
special caseof unate DNF and Horn DNF). We therefore have:

Corollary 22 Any certi c ate construction for unate CNF (DNF) and for
Horn CNF (DNF) must satisfy the boundsgivenin Theorems18, 19 and 21.

7 An exponential lower bound for renamable Horn

In this sectionwe shav that renamableHorn CNF expressionsdo not have
polynomial certi cates. This answersan open questionof [22]and implies that
the classof renamableHorn CNF is not exactly learnableusing a polynomial
number of membership and equivalencequeries.In the following let B be the
classof renamableHorn expressions.

To shawv non-existenceof polynomial certi cates, we needto prove the fol-
lowing: for all two-variable polynomials p(¢ ¢ and g(¢ ¢ there existn;m > 0
and a boolean function f* p f0;1g” with jfjs > p(m;n) such that for every
Qu f0; 19", either (1) jQj > g(m; n) or (2) someg 2 B, is consisten with f
over Q.

In order to shaw this, we de ne a function f* that is not renamableHorn, so
that jf']B = 1 > p(m;n) holds for any function p(m;n) and the requiremernt
can be simpli ed. Utilizing this simpli cation, what we shaw is: for eat n
which is a multiple of 3, there exists a non-renamableHorn f* n f0; 19" s.t.
if no g 2 By is consistett with f* over someset of assignmers Q (i.e. we
are taking m = n®), then jQj , 122"=3: Equivalertly, for every such n every
certicate Q that f" is not a renamableHorn CNF function of sizen® hasto
be of exponertial size.This is clearly suxcient to prove the non-existenceof
polynomial certi cates for renamableHorn booleanfunctions.
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We say that a set Q sud that no g 2 B,s is consisteh with f* over Q is a
certi ¢ ate that f* is not smal renamableHorn. The following lemmais useful:

Lemma 23 Letf be a satis able renamableHorn function. Then there is an
orientation c for f suchthat cj f.

Pro of: Let c® be an orientation of f sud that c°8j f . Let ¢ be the positive
assignmen of f which is minimal with respect to the partial order imposed
by - «. There exists a single suc assignmet This can be seenvia Eq. (5)
sinceif a and b are both positive assignmets unrelated in the partial order
imposedby - «, then c®= a\ wbis positive.

We claim that c is an orientation for f . It sutcesto shav a\ ob= a\ . bfor
all positive assignmets a and b. We shaw that (a\ « b)[i] = (a\ ¢ b[i] for all
1- i- n.Ifiissud that ci] = cJi] then clearly (a\ ©b)[i] = (a\ cb)[i]. Let i
besud that c[i] 6 cJi]. Then ewery positive assignmeh setsthe bit i liked]i]: if
afi] 6 cfi] then (a\ «o)[i] = cJi] andthus(a\ «C) < c(strictly), cortradicting
the minimality of c. Thus afi] = Hi] = ci] and (a”™ b)[i] = (a_ b[i], and
therefore(a\ . b)[i] = (a\ o b)[i]. 2

We next de ne the function f. As the next lemmashaws f" is not renamable
Horn. The function has two useful properties: it has a very small number
of satisfying assignmets, and the hamming distance betweentheseis large.
The secondproperty helps guarartee that the certi cate is large. The rst

property is usedto bound the size of the hypothesisexpansion.This is the
main di®erencefrom an earlier result of [22] where a weaker type of lower
bound was proved. In that result Feigelson[22] gave a classof functions and
showved that a superpolynomial size set of assignmeis is neededto certify
that they are not renamableHorn. Howeer, a certi cate only needsto certify

that the function is not smal renamableHorn sothe result did not have direct
implications for certi cate size.This is addressedy the current construction.

Denition 24 Letn = 3k for somek , 1. Wedenef :f0;1g" ! f0;1g
to be the function whoseonly satisfying assignmentsare 0€1<1%; 1<0¢1%; and
1} 1K 0K,

Lemma 25 The function f* de ned atoveis not renamableHorn.

Pro of: To seethat a function f is not renamableHorn with orientation c it
sutcesto nd atriple (p1;p2; Q) sud that pp F f, p. = f but q6& f where
g= p1\cp2- By Lemma23it is suzxcient to ched that the three positive
assignmets are not valid orientations for f :

The triple (1K1K0K; 1€01%; 1}1¢1%) rejectsc = Ok1k 1k,

The triple (0k1K1K; 1%1k0K; 1%1%1X) rejectsc = 1kK0K1X.

The triple (0K1K1K; 10K 1k; 1%1% 1) rejectsc = 1kK1k0k. 2
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Considernext how certi cates for renamableHorn may be structured. If an
orientation ¢ doesnot witnessthat f is renamableHorn then there is a triple
of assignmets (py;p2;Q) suhthat pr E f,poF f,g=p\cp2 but q6 f.
Howe\er, a certi cate doesnot necessarilyneedto have suc atriple explicitly.
To illustrate this considerthree positive assignmets X;y;z and a negative
assignmeh w sud that w = (x *.y) * z. Clearly fx; y;z;wg show that cis
not an orientation for f but the assignmeh (x” .y) is not in the setand there
is no explicit triple of this form. As the next lemmashows a weaker notion of
triple must appearin any certi cate.

We say that atriple (pi;p2; Q) sudhthat pp =, poF f but g6 f is suitable
forcif g- ¢ p1\ ¢ p2.

Lemma 26 If Q is a certi c ate that f* is not smal renamableHorn with
orientation ¢, then Q includesa suitabletriple (p;;p2;q) for c.

Pro of: Supposethat acerti cate Q that f*is not small renamableHorn with
orientation ¢ doesnot include any suitable triple (p1;p2; Q) for c. We de ne a
function g that is consisten with f" on Q as follows:

1ifx2 Qandx f f°

gx) = _ 1if x- c(s1\¢Sp) forany s;;s, 2 Qs.t.s; F f'\andszj: f*

VW AW OO

~ 0 otherwise.

The function g is consisten with Q sinceby assumptionno negative example
is covered by the secondcondition.

First we shaw that the function g is renamableHorn with orientation c. Con-
sider any assignmets p;; p, that are positive for g, i.e., p; F gand p, F g,
and lett = p;\ ¢ p. If py;p2 areincluded in Q, then clearly t F g by the
de nition of g. If p; 62Q then p; - ¢ (s1\ ¢ Sp) for somepositive s;;s, 2 Q
(secondcondition in the de nition of g). Sincet - ¢ p; - ¢ (S1\ ¢ S2), then by
the de nition of g, t F g aswell. The samereasoningappliesfor the remaining
casep, 62Q. Hence,g is renamableHorn with orientation c. Note that this
part of the proof doesnot rely on specic properties of f* and thus holds for
any f which is not renamableHorn.

Now, we show that g is alsosmal. We usethe fact that our particular f" is de-
signedto have very few positive assignmets. First notice that g only depends
on the positive assignmets in Q. Moreover, these must be positive assign-
merts for f". Supposethat Q contains any | - 3 of thesepositive assignmets.
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Let thesebe x4;::;X,. A DNF represetation for g is:

g=  ti_ =t
10 1isj -

wheret; is the term that is true for the assignmeh x; only and t;; is the term

that is true for the assignmen x; \ . X; and all assignmets below it (w.r.t. c).

Notice that we canrepresen this with just oneterm by removing literals that

correspnd to maximal values(w.r.t. ¢). For example,if | = 2andx; = 001111,
X> = 110011and c = 101001then t; = Vi V2V3V4VsVe, X1\ ¢ X2 = 101011,and
the only variable at its maximal value is vs soty.o = V1VoV3VaVs.

s -
3 _

Sincel - 3, g hasat most3+ ; = 6 terms. Hence,g has CNF size at

most n® (multiply out all terms to get the clauses).Note that sofar we have
shawn that jgjc e - Nn® but we must alsoshaw that jgige,. 1o i Small. This
follows from the well known fact that if a function h is Horn and g is a non-
Horn CNF represemation for h, then ewvery clausein g can be replacedwith
a Horn clausewhich usesa subsetof its literals; seee.g.[24] or Claim 6.3 of
[26]. Sothe arbitrary CNF for g canbe replacedwith a renamableHorn CNF
of the samesize.We arrive at a cortradiction: Q is not a certi cate that f" is
not small renamableHorn with oriertation c sinceg is not rejected. 2

Theorem 27 For all n = 3k, there is a function f" : fO; 1g" ! f0;1g which
is not renamableHorn suchthat any certi ¢ ate Q showingthat the renamable
Horn sizeof f* is more than n® must havejQj | $220=3;

Pro of: Recallthat a triple (p:;p2;0) is suitable for cif py F f, p. g f but
g6 f whereq- . p1\ ¢ p2. Considerany bit wherep, and p, di®er, that is
p:fi] & po[i]. In this casethe intersection always obtains the minimal value
pufi]\ ¢ p2[i] = d]i]. This alsoimplies that q[i] - ¢ pafi]\ ¢ p2[i] = C]i] satis es
gli] = di]. Now if py;p have k bits with di®eren values,any xed q forcesk
bit valuesin ¢ and therefore (p; p2; 0) is suitable for 2"i X valuesof c.

Now we usethe fact that the Hamming distance between any two positive
assignmeis of f*is 2n=3. A negative examplein Q can appear in at most
3 triples (only 3 choicesfor p;;p,), and henceany negative examplein Q
cortributes to at most 3¢2"=3 orientations. The theoremfollows sincewe need
to reject all orientations. 2

Corollary 28 RenamableHorn CNFs do not have polynomial sized certi -
cates.
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8 Conclusion

This paper providesa study of the certi cate complexity of seweral well known

represemation classegor propositional expressionsSincecerti cates areknown
to characterizethe query complexity of exactlearning with queriesour results
have direct implications for learnability. In particular the paper provides cer-
ti cate constructions and hence upper bounds on their size for monotone,
unate and Horn expressionsLower boundsfor these classesare also derived
and theseare tight in somecases.An exponertial lower bound for the class
of renamableHorn expressiongestablisheshat the classis not learnablewith

a polynomial number of queries.The following table summarizesthe bounds
obtained in this paper:

Class LowerBound UpperBound
ime1® o Tme1®
unate DNF/ICNF m < n - tm+ 1% (Th. 19) oo tm+1 (Th. 8)
unate DNF/ICNF m, n -( mn)™® (Th. 21) O(mn) (Th. 8)
im+1¢ o im+1¢
Horn CNF m < n - tm+ 1% (Th. 19) 5o +m+1 (Th. 12)
ole} I ¢
Horn CNF m, n -( mn) (Th. 21) "™ +m+1 (Th. 12)
renamable Horn CNF 102n=3 (Th. 27)

® For p(m; n) < n.

"% Strong certi cate sizeonly, i.e. p(m;n) = m.

Se\eral interesting questionsremain unsolved. For Horn expressionsvith m >
n clauseghere is a gap betweenthe lower bound -( mn) and the upper bound
O(m?). Also except for renamable Horn the lower bounds are for strongly
proper learnability or a small expansionin hypothesissizep(m;n) < n. lden-
tifying the certi cate complexity and equivalertly the query complexity of
general DNF is an important open question. Finally, as mertioned in the
introduction, there is an exponertial gap betweenknown lower bounds and
upper bounds on learning complexity for rst order Horn expressionsCer-
ti cates may provide a tool to resole this gap and the constructionsfor the
propositional special casesdeweloped in this paper are natural starting points
in sud an endeaor.
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