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Review: The Risk of Overfitting
} A high-order polynomial 

regression can be made to 
hit all data points exactly, but 
is very “wild” at points that 
are not given in the data, 
with high variance

} This is a general problem for 
learning:  if we over-train, we 
can end up with a function 
that is very precise on the 
data we already have, but will 
not predict accurately when 
used on new examples
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Review: Defining Overfitting
} To precisely understand overfitting, we distinguish between two 

types of error:
1. True error:  the actual error between the hypothesis and the true 

function that we want to learn
2. Training error:  the error observed on our training set of 

examples, during the learning process

} Overfitting is when:
1. We have a choice between hypotheses, h1 & h2
2. We choose h1 because it has lowest training error
3. Choosing h2 would actually be better, since it will have lowest 

true error, even if training error is worse

} In general we do not know true error (would essentially need to 
already know function we are trying to learn)
} How then can we estimate the true error?
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Model Complexity and Error
} Overfitting often occurs as our models get more complex

} Higher- and higher-order polynomials for regression
} Tweaking of parameters to finer and finer degrees of precision
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Cross-Validation
} We can estimate our true error by checking how well 

our function does (on average) when we leave out some 
training data, and use it only to test instead

} Leave-one-out cross-validation:  
1. For each degree d and k items, we train our classifier k

different times (a total of k * d tests).
2. For each of the k tests, we take out one example from 

the input set, and train on all the rest.
3. For each trained classifier, we test on the one example 

we left out, and measure the error.
4. We choose the degree d that gives us the lowest mean 

error on the k tests.
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An Example of Error Estimation
} For data-set of 10 (input, output) pairs, we estimate error using 10 tests:
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Data = {(x1, y1), (x2, y2), . . . , (x10, y10)}.

Iter Train-set Test-set Train-error Test-error
1 Data� {(x1, y1)} {(x1, y1)} 0.4928 0.0044
2 Data� {(x2, y2)} {(x2, y2)} 0.1995 0.1869
3 Data� {(x3, y3)} {(x3, y3)} 0.3461 0.0053
4 Data� {(x4, y4)} {(x4, y4)} 0.3887 0.8681
5 Data� {(x5, y5)} {(x5, y5)} 0.2128 0.3439
6 Data� {(x6, y6)} {(x6, y6)} 0.1996 0.1567
7 Data� {(x7, y7)} {(x7, y7)} 0.5707 0.7205
8 Data� {(x8, y8)} {(x8, y8)} 0.2661 0.0203
9 Data� {(x9, y9)} {(x9, y9)} 0.3604 0.2033
10 Data� {(x10, y10)} {(x10, y10)} 0.2138 1.0490

mean: 0.2188 0.3558
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An Example of Error Estimation
} By comparing all possible degrees of our function (1–8), we can see that 

we get the optimal estimated function at degree 2, with overfitting seen at 
all degrees higher than that:

Wednesday, 29 Jan. 2020 Machine Learning (COMP 135) 7

Degree Mean Train-error Mean Test-error
1 0.2188 0.3558
2 0.1504 0.3095
3 0.1384 0.4764
4 0.1259 1.1770
5 0.0742 1.2828
6 0.0598 1.3896
7 0.0458 38.819
8 0.0000 6097.5

Optimal degree: 
minimizes the 

estimated error 
over new 
examples

Over-fitting: we have minimized the error over training 
data, but have larger estimated error over new examples
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More General Cross-Validation
} Leave-one-out validation can be quite costly with large 

input sets, and so we often test machine learning 
algorithms in more approximate ways

} k-fold cross-validation is a more granular approach:
1. Divide the input into k different test sets.
2. On each run, remove one of the test sets.

3. Train on the remainder and test on the test set.
4. Average the k results to estimate true error.
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Review: Least Squared Error
} For a chosen set of weights, w, we define error as the 

(squared) difference between what the hypothesis function 
predicts and the correct output, summed over all test-cases:

} Learning is then the process of finding a weight-sequence that 
minimizes this loss:
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NX

j=1

(yj � hw(xj))
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w

Loss(w)
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Gradient Descent

} The loss function forms a contour (here shown for one-dimensional data)
} For any initial set of weights (w0) we are at some point on this contour

Wednesday, 29 Jan. 2020 Machine Learning (COMP 135) 10

Loss(w) =
NX

j=1

(yj � hw(xj))
2

L
os
s(
w
)

<latexit sha1_base64="d8+Pnc8Qjlxr0SuB84Vd//nnZyA=">AAAB9XicZVDLTgIxFO3gC/E16tJNAzHBaMgMLnRJdOPCBSYiJAwhnU4HGjrtpO1AyIS/cKk7ZeufuOdvLAObkZs0OTk9995zjx8zqrTjLKzC1vbO7l5xv3RweHR8Yp+evSmRSExaWDAhOz5ShFFOWppqRjqxJCjyGWn7o8flf3tMpKKCv+ppTHoRGnAaUoy0ofq2/SyUqnoR0kM/TCezq75dcWpOVnATuGtQaZS96/dFY9rs279eIHASEa4xQ0p1XSfWvRRJTTEjs5KXKBIjPEIDkmZ+Z/DSUAEMhTSPa5ixOR0XOvOX6+4mOrzvpZTHiSYcr8aECYNawOVpMKCSYM2mBiAsqdkP8RBJhLUJIDdJJowEN3C8TC0wXtlAGP0wqhu/JgD3/7mb4K1ec29r9ReTxANYVRFcgDKoAhfcgQZ4Ak3QAhiMwQf4BnNrYn1aX9Z8JS1Y655zkCvr5w+zAJUZ</latexit>

Loss(w0)
<latexit sha1_base64="Kjkdk6NCa4osqlOYPWUwVMo7txw=">AAAB93icZVC7TsMwFHXKq5RXKCOL1QqpCFQlZYCxgoWBoUj0ITVV5DhOa9WJI9spRFX/ghk26MqPsPdvcNMuoVeydHR87r3nHi9mVCrLWhiFre2d3b3ifung8Oj4xDwtdyRPBCZtzBkXPQ9JwmhE2ooqRnqxICj0GOl644flf3dChKQ8elFpTAYhGkY0oBgpTblm+YlLWXNCpEZeMH2dudala1atupUV3AT2GlSbFefqfdFMW6756/gcJyGJFGZIyr5txWowRUJRzMis5CSSxAiP0ZBMM8czeKEpHwZc6BcpmLE5XcRV5jDX3U9UcDeY0ihOFInwakyQMKg4XB4HfSoIVizVAGFB9X6IR0ggrHQEuUkiYcS/hpNlbr72yoZc60dhQ/vVAdj/z90EnUbdvqk3nnUS92BVRXAOKqAGbHALmuARtEAbYPAGPsA3mBup8Wl8GfOVtGCse85AroyfP+DFlbw=</latexit>

w
<latexit sha1_base64="e3bc6JZUm5z3Ueby/VUHFkSDzKs=">AAAB7XicZVC7TsMwFHV4lvAqMLJYVEgMqErKAAuigoWxSPQh2qpyHKe16tiRc1NURf0L2KALA5/Cxor4G9y0S+iRLB0dn3vvudeLBI/BcX6tldW19Y3Nwpa9vbO7t188OGzEKtGU1akSSrc8EjPBJasDB8FakWYk9ARresO72X9zxHTMlXyEccS6IelLHnBKwEhPnZDAwAvS50mvWHLKTga8TNwFKd182dfRx49d6xW/O76iScgkUEHiuO06EXRTooFTwSZ2J4lZROiQ9Fma5ZzgUyP5OFDaPAk4U3M+qSDLlatuJxBcdVMuowSYpPM2QSIwKDxbCftcMwpibAihmpv5mA6IJhTM4rlOOhHMP8ej2bV8k1X0lfEPworJaw7g/l93mTQqZfeiXHlwStVbNEcBHaMTdIZcdImq6B7VUB1RJNELekdTS1mv1ps1nVtXrEXNEcrB+vwDmwKS7A==</latexit>

10

Gradient Descent

} At this point, the derivate of the loss function points “uphill”

} The gradient descent update moves along the function in the 
opposite direction, to decrease loss most significantly
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Gradient Descent

} At other points, the derivate points “downhill” already 

} Gradient descent thus moves along the function in the same 
direction to decrease loss
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CHAPTER 4. NUMERICAL COMPUTATION
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 Figure 4.3: Approximate minimization. Optimization algorithms may fail to find a global

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 minimum when there are multiple local minima or plateaus present. In the context of

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 deep learning, we generally accept such solutions even though they are not truly minimal,

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 so long as they correspond to significantly low values of the cost function.

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 critical points are points where every element of the gradient is equal to zero.

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 The directional derivative in direction (a unit vector) is the slope of theu
function f  
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 . In other words, the directional derivative is the derivative
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 To minimize f  
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 fastest. We can do this using the directional derivative:
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 cos θ (4.4)

where θ  
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 This is known as the method of steepest descent gradient descent, or .

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 Steepest descent proposes a new point
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Potential Issues in Gradient Descent

} When loss functions are complex, descending the gradient does not guarantee optimality

} Local minima in the loss function are possible

} Can be dealt with by a variety of techniques, e.g.  randomly repeating initial conditions

} Can often be tolerated, so long as a reasonable minimum is found
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Minima in the loss function. From: Goodfellow, Bengio & Courville., Deep Learning (MIT, 2016)

13

The Loss Gradient

} For this loss function, the gradient with respect to any single 
weight is its first derivative:

} We can then modify that weight by subtracting the gradient:
1. If the gradient is positive along the weight-axis, we are 

decreasing the weight to move in the opposite direction
2. If the gradient is negative, we are increasing the weight to 

move in the same direction
Wednesday, 29 Jan. 2020 Machine Learning (COMP 135) 14
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Modifying the Weight Updates
} In theory, we could modify a weight by applying the 

gradient directly:

} In practice, however, this does not work well
} Changing weights too much can “over-shoot” minimal points in

the loss gradient

} Instead, we apply a step-size parameter to the weights
} A multiplier (𝛼 < 1) to decrease the magnitude of any update
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Convergence of Gradient Descent

} In the presence of large changes to the weights, the result can “ping pong” around the loss 
space in a way that never settles near a minimum

} Also known as the learning rate, 𝛼 provides a control parameter for this process

1. This can be fixed to some small constant:  

2. Or, we may decay the parameter, making it smaller over time, decreasing it as a function of t, 
the number of iterations of the process:
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<latexit sha1_base64="d8+Pnc8Qjlxr0SuB84Vd//nnZyA=">AAAB9XicZVDLTgIxFO3gC/E16tJNAzHBaMgMLnRJdOPCBSYiJAwhnU4HGjrtpO1AyIS/cKk7ZeufuOdvLAObkZs0OTk9995zjx8zqrTjLKzC1vbO7l5xv3RweHR8Yp+evSmRSExaWDAhOz5ShFFOWppqRjqxJCjyGWn7o8flf3tMpKKCv+ppTHoRGnAaUoy0ofq2/SyUqnoR0kM/TCezq75dcWpOVnATuGtQaZS96/dFY9rs279eIHASEa4xQ0p1XSfWvRRJTTEjs5KXKBIjPEIDkmZ+Z/DSUAEMhTSPa5ixOR0XOvOX6+4mOrzvpZTHiSYcr8aECYNawOVpMKCSYM2mBiAsqdkP8RBJhLUJIDdJJowEN3C8TC0wXtlAGP0wqhu/JgD3/7mb4K1ec29r9ReTxANYVRFcgDKoAhfcgQZ4Ak3QAhiMwQf4BnNrYn1aX9Z8JS1Y655zkCvr5w+zAJUZ</latexit>
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)
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C
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(t � 1)
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5

A Mathematical Convenience
} We can use a trick to make gradient computation more 

efficient, multiplying our loss function by a constant:

} For a positive constant, this does not affect the target, 
minimizing weights:

} Furthermore, the gradient of such a function is equally simple:
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L0 = cL = c
nX

j=1

(yj �w · xi)
2
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w
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w

cL = argmin
w

L
<latexit sha1_base64="tP+WRi6Wx5yoojw6Bj0ha35yHrc="></latexit>

rL0 =
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= c 2

nX

i=1

(wx2
i � yixi)
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A Mathematical Convenience

} Given this form of the gradient, we can simplify things by 
setting our multiplier c = 1/2 , which means that the 
derivative calculation reduces somewhat:
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L0 =
1

2

nX

i=1

(yi �w · xi)
2

rL0 =
@L0

@w
=

nX

i=1

(wx2
i � yixi)
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= c 2

nX

i=1

(wx2
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Next Week
} Perceptron learning for linear classification
} Evaluating ML algorithms

} Readings: 
} Book excerpts on linear methods and algorithms 
} Posted to Piazza and/or linked from class schedule

} Assignments:
} Homework 01 due at 9:00 AM today

} Late policy in effect for next 72 hours
} Homework 02 will be out by end of day tomorrow

} Due Wednesday, 12 February, 9:00 AM

} Office Hours:  237 Halligan
} Monday, Noon – 1:30 PM
} Tuesday, 9:00 – 10:30 AM
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