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Recap: Bayesian Linear Regression
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Recap: Bayesian Linear Regression
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Simpler prior: assume zero mean,
Just need to define precision

General prior



Problem:
Hyperparameter Selection
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How do we pick the prior hyperparameters?

alpha

How do we pick the likelihood hyperparameters?

beta



Hyperparameter Selection
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Fixed valid. set
(fraction f)

K-fold
cross-validation

Bayesian 
evidence

Fraction 
data used 

for training 
run

(1.0 – f) (K-1) / K 1.0

Total runs/ 
examples 
seen for 
training

1 run
(1 – f) N

K runs
(K-1) * N

1 run
N

Total runs/ 
examples 
seen for 

evaluation 
of fitness

1 run
fN

K runs
N

1 run
N

Fitness 
function Heldout likelihood Heldout likelihood Evidence

Higher is better
Better use
of training data

Lower is better
Faster training

Lower is better
Faster evaluation



Why use Model Evidence?
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Related Problem:
Model Selection

7Mike Hughes - Tufts COMP 136 - Spring 2020

How do we pick the feature transform?

What size M?
Which functions to include?

Challenge: Could have unbounded number of choices!

Need to enumerate small set of possible models (size L) if want to 
average over them properly

�(xn) = [�1(xn) �2(xn) . . . �M (xN )]
<latexit sha1_base64="CxQr/GUsCoVzg/46vJ75x7m2L4Y=">AAACLHicbVDLSgMxFM34rPVVdekmWIR2U2aqoBuh2I0bpYJ9QDsMmUymDc1khiQjlqH9Hzf+iiAuLOLW7zBtBx+tFwLncS8397gRo1KZ5thYWl5ZXVvPbGQ3t7Z3dnN7+w0ZxgKTOg5ZKFoukoRRTuqKKkZakSAocBlpuv3qxG/eEyFpyO/UICJ2gLqc+hQjpSUnV+1EPVp4cHgRXsA2nDDHmvHRaEbLP5R5oZLfxrU2borQdnJ5s2ROCy4CKwV5kFbNyb10vBDHAeEKMyRl2zIjZSdIKIoZGWY7sSQRwn3UJW0NOQqItJPpsUN4rBUP+qHQjys4VX9PJCiQchC4ujNAqifnvYn4n9eOlX9uJ5RHsSIczxb5MYMqhJPkoEcFwYoNNEBYUP1XiHtIIKx0vlkdgjV/8iJolEvWSal8e5qvXKZxZMAhOAIFYIEzUAFXoAbqAINH8AzewNh4Ml6Nd+Nj1rpkpDMH4E8Zn1+qJqVx</latexit>



Model Selection for Regression
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Model family (size M, feature functions, hyperparameters)

Specific parameters for chosen model

tn|xn ⇠ N (wT�(xn),�
�1)

<latexit sha1_base64="XH8vxbgSvhWTzAp77uC6ve7XfK4="></latexit>

tn|xn ⇠ N (wT�(xn),�
�1)

<latexit sha1_base64="XH8vxbgSvhWTzAp77uC6ve7XfK4="></latexit>

Observed outputs (and corresponding inputs)



Model Selection via Evidence
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Key idea: “Goldilocks” principle
If model too simple, it puts high mass only few datasets
If model too complex, it puts mass on too many datasets

possible datasets



Predictive distribution
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Average over predictive distribution for each of 
L possible models, weighted by posterior probability 

Posterior of model iPredictive distrib.
for t given model i

Key idea: We can use all L models, don’t need to pick one



Ideal predictive posterior
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If we want to predict new data given old data, ideally we would
average over all parameters w, alpha, beta, weighted by posterior prob.

But, this integral is hard!



Tractable predictive posterior
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Assume:
• We have enough data that the posterior p(alpha, beta | data) is 

peaked at MAP point estimate

• Prior on alpha, beta is relatively uniform (“flat”), so these 
estimates might as well be ML estimates

Then the tractable estimate of predictive posterior becomes:

↵̂, �̂ = argmax
↵,�

p(↵,�|t)
<latexit sha1_base64="rBewqcKq+wXvwUyaSC3tXy+lff0="></latexit>

↵̂, �̂ = argmax
↵,�

p(t|↵,�)flat(↵,�)
<latexit sha1_base64="+shWmtblyc3Gx6FsFpcVjPIbb2A="></latexit>

constant



Now, we wish to solve this 
hyperparameter estimation
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↵̂, �̂ = argmax
↵,�

p(t|↵,�)flat(↵,�)
<latexit sha1_base64="+shWmtblyc3Gx6FsFpcVjPIbb2A="></latexit>

“Evidence”

But first, what is this 
“evidence” anyway?



Evidence for Linear Regression

• Probability of training data t given alpha, beta
• Marginalizes over the weights w
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Simplifying the Evidence
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Key ideas:
• Bring constants outside integral
• Recognize inside integral as Gaussian, “complete the square”



Closed-form Log Evidence
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Precision matrix for posterior p(w | data)

Mean vector for posterior p(w | data)



How to estimate?

• Can do gradient descent
• Can do coordinate descent (EM, later in course)
• Can get estimates analytically
• See textbook!
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↵̂, �̂ = argmax
↵,�

p(t|↵,�)flat(↵,�)
<latexit sha1_base64="+shWmtblyc3Gx6FsFpcVjPIbb2A="></latexit>

Cycle these until 
convergence!

Eigendecomposition!



Example: 1D sinusoid data
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Model Selection for Linear Regr.
(using polynomial features of order M)
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Why does M=2 have low evidence?
Can set quadratic term to 0, but then we have a model that is “too complex”
Can set quadratic term non zero, but sinusoid (odd function) not a good fit by quadratic


