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Observation - metabolic networks
} There are a few metabolites, referred to as hubs, that participate in many 

reactions, and interact with many substrates
} e.g. Pyruvate has lots of connections

} Treat a metabolic network as a graph
} For each node i, count the number of neighboring nodes that are connected to i

via an edge.

} Draw the corresponding histogram

} Observation:  some metabolites have lots of neighbors, while others have few
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https://en.wikipedia.org/wiki/Power_law

Pyruvate 
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Let’s examine metabolic networks for a few 
organisms
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Connectivity distribution P(k) for the 
substrates in 
(a) A. fulgidus (Archae)
(b) E. coli (Bacterium) 
(c) C. elegans (Eukaryote), 

shown on a log-log plot, counting separately 
the incoming (IN) and outgoing links
(OUT) for each substrate, kin
(kout). 

(d) The connectivity distribution averaged
over 43 organisms.
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Observation for metabolic networks
} Assume P(k) is the probability that a substrate can react 

with k other substrates 
} The degree distribution P(k) of a metabolic network 

decays as a power law P(k) ~ k–g with g~= 2.2 in all 
organisms 

è Network topology is “scale-free”

} Many other networks are scale-free
} Web links
} Social networks
} Paper citations

5



Contrast scale-free networks with random 
networks
} Contrast with classical random network 

theory introduced by Erdös and Rényi
(ER):
} assumes that each pair of nodes in the network 

is connected randomly with probability p
} despite the fundamental randomness of the 

model, most nodes have the same number of 
links, 〈k〉

} Connectivity follows a Poisson distribution 
strongly peaked at 〈k〉 implying that the 
probability to find a highly connected node 
decays exponentially (i.e. P(k) ~ e -k for k »〈k〉
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Features of networks represented using the 
power law – small world characteristic
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} Definition:
} network diameter: shortest path (biochemical pathway) averaged 

over all pairs of nodes

} What happens to network diameter when removing nodes 
from the network:
} Randomly – a random node is removed; recalculate diameter
} Hub – remove most connected nodes first; recalculate diameter

} Show for E. coli
} successively remove top 60 

nodes, one at a time
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Features of networks represented using the 
power law – small world characteristic
} Implications of prior experiment:

} Removing hubs increases network diameter

} Small-world characteristics
} any two nodes in the system can be connected by relatively 

short paths along existing links
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Features of networks represented using the 
power law – small world characteristic
} Finding:  diameter of the metabolic network is the same for 43 

organisms, irrespective of the number of substrates found in 
the given species
} N in the graph is the number of nodes
} Error bars show standard deviation
} Counter intuitive: expect diameter to

increase with increasing network size
} Archaea (magenta), bacteria (green), and eukaryotes (blue)

} Explained by: 
} The average number of reactions in which a certain substrate participates increases 

with the number of substrates found within the given organism
} Shown:  the average number of incoming

links (c) or outgoing links (d) per node
for each organism.
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Which metabolites are hubs?
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Jeong, H., Tombor, B., Albert, R., Oltvai, Z. N., & 
Barabási, A. L. (2000). The large-scale 
organization of metabolic networks. Nature, 
407(6804), 651.
Supplementary material.

~4% of all substrates that 
are found in all 43 
organisms are present in all 
species. These substrates 
represent the most highly 
connected substrates found 
in any individual organism, 
indicating the generic 
utilization of the same 
substrates by each species.



What about modularity in metabolic networks?
} We already saw that there are distinct functional and 

chemical units within networks
} Provides specialized function
} Sometimes repeated motifs. Examples:

} Reaction modules from KEGG
} Substrate cycles:  a set of reactions that forms a loop and does not 

lead to a net production or consumption of the participating 
metabolites

} How to reconcile the facts that metabolic networks are 
modular AND scale-free?
} Let’s examine how they are BOTH!
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Scale-free vs Modular
A – scale-free with hubs
The addition of a new node requires that existing nodes 
with higher degrees of connectivity have a higher chance of 
being linked to new nodes

B – modular distinct groupings
No hubs. A clustering algorithm groups nodes into different 
modules

C – Both modular AND scale 
free, forming hierarchical 
modules
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Evidence of Modularity
} Clustering coefficient offers a measure of the degree of 

interconnectivity in the neighborhood of a node
} a node whose neighbors are all connected to each other has C 

=1 (left), whereas a node with no links between its neighbors 
has C = 0 (right). 

} Ci = 2n/ki(ki – 1)
} n denotes the number of direct links connecting the

ki nearest neighbors of node 
} Left example: C_rednode = 2 * 6 / (4 * 3) = 1
} Middle example: C_rednode = 2 * 3/ (4 *3) = ½
} Right example: C_rednode = 2* 0/ (4 * 3) = 0 13

Ravasz, E., Somera, A. L., Mongru, D. A., Oltvai, Z. N., & Barabási, A. L. 
(2002). Hierarchical organization of modularity in metabolic 

networks. science, 297(5586), 1551-1555.
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Clustering Coefficients
} Clustering coefficient averaged for all nodes of the network is a 

measure of the network’s potential modularity
} Examine 43 organisms

} Compare against “expected” for a scale-free network of similar size
} N = number of nodes in the graph
} Colors:  archaea ( purple),

bacteria (green), and eukaryotes (blue) 
} diamonds denote C for a scale-free 

network with the same parameters 
(N and number of edges)

} Line indicates indicates 
dependence of clustering coefficient 
on the network size for a 
module-free scale-free network

} The average clustering coefficient is about an order of magnitude larger than 
that expected for a scale-free network of similar size 
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Clustering coefficient vs number of links
in scale-free networks
} The nodes at the center of the:

} numerous 4-node modules have a clustering coefficient C=3/4, 

} those at the center of a 16-node module have k = 13 and C = 2/13, 
} and those at the center of the 64-node modules have k = 40 and C = 2/40

The higher the node’s connectivity, the smaller its clustering 
coefficient
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Clustering coefficient vs number of links
in modular scale-free networks
} Indeed, there is dependence of the clustering coefficient 

on the node’s degree for 43 organisms
} The line correspond to C(k) ~ k-1

} Inset shows individual organisms, while red dots shows 
average across all species
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Metabolic networks are BOTH modular and 
Scale-Free
} Evidence for both being modular and for being scale-free

Modular: High and similar 
clustering coefficient for all N

} Networks are organized into many small, highly connected 
topologic modules that combine in a hierarchical manner 
into larger, less cohesive units

Scale-free: Clustering coefficient of a node 
with k links follows the scaling law C(k) = k-1
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A biological question:  are identified 
hierarchical modules biologically meaningful? 
} Examine E. coli

} uncover that hierarchical modularity 
closely overlaps with known 
metabolic functions

} using hierarchical clustering (grouping 
of similar elements)

} carbohydrate metabolism (blue); 
nucleotide and nucleic acid 
metabolism (red); protein, peptide, 
and amino acid metabolism (green); 
lipid metabolism (cyan); aromatic 
compound metabolism (dark pink); 
monocarbon compound metabolism 
(yellow); and coenzyme metabolism 
(light orange) 
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