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Abstract Coevolutionary algorithms explore domains in which no single evaluation function is present or known. Instead, algorithms rely on the aggregation of
outcomes from interactions among coevolving entities to make selection decisions.
Given the lack of an explicit yardstick, understanding the dynamics of coevolutionary algorithms, judging whether a given algorithm is progressing, and designing effective new algorithms present unique challenges unlike those faced by optimization
or evolutionary algorithms. The purpose of this chapter is to provide a foundational
understanding of coevolutionary algorithms and to highlight critical theoretical and
empirical work done over the last two decades. The chapter outlines the ends and
means of coevolutionary algorithms: what they are meant to find, and how they
should find it.
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1 Introduction
The inspiration for coevolutionary algorithms (CoEAs) is the same as for traditional
evolutionary algorithms (EAs): attempt to harness the Darwinian notions of heredity and survival of the fittest for simulation or problem-solving purposes. To put it
simply, a representation is chosen to encode some aspects of potential solutions to a
problem into individuals, those individuals are altered during search using geneticlike, variation operators such as mutation and crossover, and search is directed by
selecting better individuals as determined by a fitness evaluation. With any luck the
iteration of these steps will eventually lead to high-quality solutions to a problem, if
problem-solving is the aim; or to interesting or realistic system behavior.
Usually, EAs begin with a fitness function: a function of the form f : G → R that
assigns a real value to each possible genotype in G. Given such a function, the fitness relationship between any two genotypes g1 , g2 ∈ G is clear: we compare f (g1 )
with f (g2 ) to see which is more fit. By contrast, CoEAs do not use such a direct
metric of the fitness of individuals. Instead, two individuals are compared on the basis of their outcomes from interactions with other individuals.1 As should become
apparent as the chapter unfolds, this seemingly small change to how evaluation is
done creates a variety of fundamental differences from traditional evolutionary computation. Most importantly, the fitness ranking of two individuals can change over
time, a phenomenon that cannot happen in an ordinary EA. Indeed, virtually all of
the techniques and ideas presented in this chapter are affected one way or another
by this fundamental question: how could we possibly build an effective algorithm
when any time we believe A is better than B it is possible that later we will believe
B is better than A?
This chapter is constructed to provide a foundational understanding of coevolutionary algorithms from a problem-solving point of view. Along the way we will
survey some of the many CoEAs that have been developed and the wide variety of
domains to which they have been applied. Before going into detail, however, we
present two coevolutionary algorithm schemes and problem classes to give context
for what follows.

1.1 Two Simple Coevolutionary Algorithms
In a single population CoEA (Algorithm 1), individuals are evaluated by interacting
with other individuals from that population. In a multi-population CoEA (Algorithm 2), individuals in one population interact with individuals in one or several
other populations.

1 For this reason the fitness in a CoEA has been called subjective fitness, subject as it is to the
changing population(s). The objectively-given and unchanging fitness function used in typical EA
applications is objective.
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Algorithm 1 S INGLE P OPULATION C O EA
Initialize population
Select evaluators from population
Evaluate individuals from population by interacting with evaluators
while not done do
Select parents from population
Produce children from parents
via variation

Select evaluators from children +, parents
Evaluate individuals from children by interacting with evaluators
Select survivors for next generation
end while
return solution

Algorithm 2 M ULTI P OPULATION C O EA
for each pop ∈ populations do
Initialize pop
Select evaluators from (populations − pop)
Evaluate individuals from pop by interacting with evaluators
end for
while not done do
for each pop ∈ populations do
Select parents from pop
Produce children from parents via variation
Select evaluators from (populations − pop)
Evaluate individuals from children by interacting with evaluators
Select survivors for next generation
end for
end while
return solution

While many CoEAs are variations of these two main frameworks, we have omitted several details, some of which will be discussed later in the chapter. For example, a common mechanism not addressed by those frameworks is for a CoEA
(either single or multi-population) to have an archive that serves to evaluate individuals or to store potential solutions and is updated from the main population(s).
Also, multi-population CoEAs can perform simultaneous or concurrent evolutionary
steps, while our example algorithm is sequential. Finally, we have not yet discussed
which interactions occur or how the results of interaction outcomes are aggregated
into an evaluation that can be used by a selection method. These points will be
addressed in Sect. 2.

1.2 Problem Classes
As a consequence of subjective evaluation, the dynamics of coevolutionary algorithms can be frustratingly complex. One can view the interactions themselves as
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the basic unit of evaluation; in that view, the fitness landscape for an individual
changes as a function of the content of the population(s). Intuitions about fitness
landscapes from evolutionary computation do not easily map to this populationdependent, dynamic landscape situation. Nevertheless, coevolutionary algorithms
ideally will leverage this mutability of the fitness landscape, adaptively focusing
on relevant areas of a search space. This can be particularly helpful when problem
spaces are very large or infinite. Additionally, some coevolutionary algorithms appear natural for domains that contain certain, known structure [85, 99] since search
on smaller components in the larger structure can be emphasized. Most usefully,
though, coevolution is appropriate when domains have no intrinsic objective measure, what we will call interactive domains.
Historically, the terms cooperative and competitive have been used to classify
the domains to which coevolution is often applied. Indeed, game theory provides
some guidance for making such distinctions. We argue that while such distinctions
are relevant and at times useful for classifying the interactive domain over which
an algorithm operates, they have not been appropriate for classifying problems or
algorithms. The interactive domain, like the fitness function, simply gives values to
interactions. The problem specifies what to find and the algorithm finds it. Chess
is an interactive domain, finding a chess playing strategy capable of Grand Master
rating is a problem. Experience shows that details of the problem definition and
algorithm design have much more impact on the overall behavior of a CoEA than
details of the interactive domain.
Thus, we primarily divide problems into classes based on what constitutes a solution: test-based problems and compositional problems. In a test-based problem, we
view the interactions as challenges: when A and B interact, we think of B as providing a challenge, or test, of A’s capabilities. By contrast, in compositional problems
we think of interactions as assemblies: when A and B interact, we think of them as
forming a team, and the question is whether they perform well together.

1.3 Successful Applications of Coevolutionary Algorithms
To ground these ideas, let us consider three historically-important applications of
coevolutionary algorithms.

1.3.1 Single Population CoEA Applied to a Test-Based Problem
In single population applications to test-based problems, individuals serve two roles:
at times they are used as (components of) potential solutions, while at other times
they are used as tests to provide evaluation information about other individuals. The
problem of finding good game-playing strategies can be viewed as a test-based problem since strategies are tested by playing against other strategies. Chellapilla and
Fogel’s Blondie24 is a successful application of a CoEA to such a problem [23]. A
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strategy in Blondie24 employs a traditional mimimax algorithm but uses a neural
network for board evaluation. Individuals in the CoEA are vectors of weights for a
fixed-structure neural network, and are evaluated by playing against other individuals. Points are awarded based on the win / loss / draw record, and fairly standard
evolutionary programming methods are used to select players, hence weight vectors, with better records. The CoEA employed for this problem was able to produce
a checkers player that is competitive with the best existing human and AI players.
Interactive Domain: Game of checkers; Test: Set of playing strategies; Potential Solution:
Playing strategy; Problem: Find a strategy that beats the most opponents.

1.3.2 Two-Population CoEA Applied to a Test-Based Problem
Hillis’ coevolution of sorting networks and challenging data sets uses two populations [44]. One population represents sorting networks,2 while another represents
unsorted data sets to test a network’s sorting capability. The goal of the algorithm
is to produce the smallest network possible that correctly sorts any given data sets,
but it does this while simultaneously honing ever more challenging and representative data sets. The technique produces a 61-comparator network, which is just one
comparison larger than the at the time smallest-known network for a 16-input problem. A similar, non-coevolutionary technique described in that work was unable to
produce networks smaller than 63 comparators.
Interactive Domain: Apply data set to sorting network; Test: Collection of data sets; Potential Solution: Sorting network; Problem: Find smallest, correct network.

1.3.3 Multi-Population CoEA Applied to a Compositional Problem
There are a number of successful applications of CoEAs to compositional problems
wherein problems are decomposed in some way and separate EAs are applied in
parallel to the components, even though evaluation must involve some kind of aggregation or composition of components from the whole system. Perhaps the oldest,
and still among the most successful, of these is Husbands and Mills’ work on jobshop scheduling [47]. In this work, individuals encode potential floor plans for managing jobs involving the processing of a particular widget constructed by the shop,
and separate populations are used to optimize these process plans for each widget.
Fitness, however, includes accounting for shared resources in the shop (time, space,
etc.). There is also a population of Arbitrators, agents that resolve conflicts between
process plans for different widgets. Resulting schedulers can deal with a great deal
of uncertainty on the job shop floor.
While perhaps not as well known as the Blondie24 or sorting network examples,
this work provides a simple example of the difference between a cooperative domain
and compositional problem. In this case, the solution to the problem is a collection of
2

That is, arrangements of compare-and-swap circuits.
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floor plans (one for each component) and an Arbitrator, which means the problem is
compositional. However, the floor plans compete with one another in the evaluation
function because they compete for shared resources, so it is not strictly cooperative.
Interactive Domain: Determination of complete job-shop schedule; Components: floor
plans for widgets, arbitrators for conflict resolution; Potential Solution: set of floor plans
for each widget & arbitrators; Problem: Find an efficient & robust job-shop schedule.

1.4 Chapter Organization
History has shown that the naı̈ve application of CoEAs to ill-understood domains is
as likely to produce confusing and unsatisfactory results as to succeed. Therefore,
at least from the perspective of problem-solving, a careful algorithm design process
is critical. This chapter is organized to emphasize this process: define the problem,
define the relationship between the algorithm and the problem, implement the algorithm in a principled way, and analyze its behavior based on these principles.
The next section establishes clear definitions of domains, problems, and the types
of solutions one expects to find. Section 3 describes how problems relate to evaluation and representation choices within a coevolutionary algorithm. We follow by
presenting analytical approaches currently available for understanding coevolutionary algorithm design, performance, and behavior. The concluding section provides
some broader views of coevolutionary systems and outlines possible future directions of research and application.

2 Problems and Solutions
Coevolutionary algorithms are typically applied to interactive domains. Such domains generally lack an objective function giving a value to each entity. Rather, interactive domains encode the outcomes of interactions between two or more entities;
depending on the domain, individual entities or the interaction itself may receive
value as a result of an interaction. An algorithm must then decide how to use these
outcomes to make decisions about which entities to promote in the next generation
and which entities to demote or discard.
In a problem-solving context, an algorithm will need more than just an interactive
domain. It will also require some way of deciding which entities in the domain
are better than others. Coupled with information like that, an interactive domain
becomes a co-search or co-optimization problem.
This section is concerned with detailing interactive domains, co-search, and cooptimization problems in the abstract, surveying some examples from both testbased and compositional problems, and beginning the discussion of what it means
to extract a solution from such problems. Here we leave aside all dynamic or algorithmic considerations and focus instead on formalizing static definitions of problem
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classes to which CoEAs have been applied. Coevolutionary algorithms and their behavior on these problem classes are discussed in subsequent sections.

2.1 Interactive Domains
The formal notion of interactive domain can be defined as follows:
Definition 1 (Interactive Domain). An interactive domain consists of one or more
functions, called metrics, of the form p : X1 × X2 × · · · × Xn → R, where
–
–
–
–
–
–

each i with 1 ≤ i ≤ n is a domain role;
an element x ∈ Xi is an entity (playing the domain role i);
each Xi is an entity set (for the domain role i);
a tuple (x1 , x2 , . . . , xn ) ∈ X1 × · · · × Xn is an interaction;
the value p(x1 , x2 , . . . , xn ) ∈ R is an outcome (of the interaction);
the ordered set R is the outcome set. t
u

Some remarks about this definition are in order.
The discussion of problem classes in Sect. 1.2 touched on the distinction between
cooperative and competitive domains. Here we would like to relate those terms directly to the interactive domain. Cooperative domains have n metrics pi , one for
each domain role. The metric pi is interpreted as giving an outcome to the entities
playing role i. In many examples, pi = p j for all roles i and j, so that the metrics only
differ by which entity receives the outcome (but see [79] for a more nuanced discussion of cooperative domains). Competitive domains, by contrast, typically have only
two roles. The two corresponding metrics often obey p2 = −p1 , making the domain
equivalent to a zero-sum game. Naturally there is an enormous space of interactive
domains that do not fall into either the cooperative or competitive categories. Note
also that the terms “cooperative coevolution” and “competitive coevolution” refer to
coevolutionary algorithms operating on such domains.
While an interactive domain has n entity sets, two or more of these sets may be
the same. We will use the word type to refer to the sets from which entities are drawn,
independently of what domain roles the entities are playing. There are special cases
in which all domain roles are played by entities of the same set and, furthermore,
the outcomes a particular entity receives do not depend on which role it plays. We
will refer to these as role-symmetric domains.
Example 1 (Rock-paper-scissors). The game rock-paper-scissors furnishes a particularly simple example of an interactive domain. This game is generally expressed
with a payoff matrix:
rock paper scissors
rock
0
−1
0
paper
1
0
−1
scissors −1
1
0
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To view rock-paper-scissors as an interactive domain, observe
– there are two roles;
– X1 = X2 = {rock, paper, scissors} are the entity sets, so there is one type;
– the matrix encodes a single metric p, whose value is given to the entity on the
line. This domain is role-symmetric; for instance, rock receives the same payoff
versus paper regardless of whether it is playing the first role or the second. t
u
Example 2. Here is another example coming from an abstract game:
t1 t2 t3
s1 1 1 0
s2 0 1 2
s3 2 1 1
As an interactive domain, note
– there are two roles;
– X1 = {s1 , s2 , s3 }; X2 = {t1 ,t2 ,t3 } are the entity sets (there are two types);
– the matrix encodes a single metric p. This domain is not role-symmetric. t
u
For a large majority of interactive domains that have been studied in practice, the
outcome set R is a subset of R; however, that requirement is not strictly necessary
(see [9] for a discussion of ordered outcome sets that are not subsets of the reals).
Finally, note that this definition of interactive domain closely resembles the notion of game defined in [34]. What we are calling an entity is there called a behavior,
reflecting that work’s closer focus on agents selecting behaviors. What we are here
calling an interaction is called an event, and our notion of outcome corresponds to
what Ficici calls a measurement. That work should be consulted for a more detailed
treatment of interactive domains.

2.2 Co-Search and Co-Optimization Problems
A function f : X → R gives values to elements of X. However, more information is
needed to define a problem that can be solved. For instance, we may wish to find
all the elements of X that maximize the value of f . Or, we may wish to find only
one such element. Or, we may wish to find the elements that minimize f . Notice
that for a fixed function f , there are many, distinct ways to decide what makes a
“good” element of X. To give a well-defined search or optimization problem, one
must specify not just the function f but also one way for deciding which elements
of X are to be found.
By analogy, once we have an interactive domain we have a way of giving one or
more values to interactions of entities, but do not yet have a well-defined problem
to solve. The purpose of this section is to detail the kinds of problem we can define
over interactive domains. We will call these co-search problems and co-optimization
problems. First,
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Definition 2 (Co-Search Problem). Given an interactive domain, a co-search
problem over it consists of:
– a non-empty subset I ⊂ (1, . . . , n) of the n domain roles;
– a set C of potential solutions aggregated from entities of the domain roles in I;
– a solution concept that specifies a partitioning of the potential solutions into (actual) solutions and non-solutions. We represent this as a subset S ⊂ C of the
potential solutions. t
u
Let us examine the last two components of the definition in more detail.
Potential Solutions: There are two critical points to emphasize:
• In many problems of practical interest, no single entity makes for a sufficient
solution. Rock-paper-scissors stands as an intuitive example: none of the entities
rock, paper, or scissors is, by itself, a reasonable strategy to play in this game. In
such cases, potential solutions are aggregated from, meaning built or constructed
out of, multiple entities.
• In some problems we would like potential solutions to either lie in or be aggregated from entities in a single domain role, while in other problems, potential
solutions should be aggregates of entities from several domain roles. The subset
I is used to distinguish cases like these. If I = (1), solutions are aggregated only
from entities playing domain role 1, while if I = (1, 2, . . . , n), solutions are aggregated from entities playing all n roles. We could, of course, have an I that is
not all of (1, . . . , n) but contains more than one domain role.
Section 2.3 will give examples of what we mean by saying potential solutions
are “aggregated from” entities. While a fully general formalization of this notion is
beyond the scope of the present chapter, in typical examples potential solutions are
sets of entities, mixtures of (distributions over) entities, tuples of entities, or perhaps
combinations of these.3 The notion of potential solution here is closely related to
the idea of a configuration in [34], which should be consulted for more detail; [79]
discusses the idea of aggregating solutions in more detail as well.
Solution Concepts: While we presented the idea of a solution concept in the abstract, as a subset of C , in reality solutions are identified using the metrics of the
interactive domain.4 That is, it is typical to seek entities or combinations of entities
that in some sense maximize the metrics of the interactive domain. Section 2.4 illustrates the point by describing several examples of solution concepts that have arisen
in practice.
A co-optimization problem is closely related to a co-search problem. However,
instead of a solution concept, a co-optimization problem specifies an order on the
potential solutions and implicitly requires that solutions be maximal elements of the
order. Specifically,
3
4

For instance, Nash equilibria are usually pairs of mixtures.
What Ficici calls an intensional solution concept [34].
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Definition 3 (Co-Optimization Problem). Given an interactive domain, a cooptimization problem over it consists of
– a non-empty subset I ⊂ (1, . . . , n) of the n domain roles;
– a set C of potential solutions built from entities of the domain roles in I;
– an ordering5 ≤ of C such that if c1 , c2 ∈ C and c1 ≤ c2 , c2 is interpreted as being
no worse a solution than c1 . t
u
A co-optimization problem can be converted into a co-search problem by defining the solution concept S ⊂ C to be the set of maximal elements of ≤. In that
sense, co-optimization is a more refined notion than co-search.
As a final bit of terminology, recall that both co-search and co-optimization problems have a subset I of the domain roles that specifies which entities are aggregated
into potential solutions. Let us write Ib for the complement of I in (1, . . . , n), so, for
instance, if n = 3 and I = (1, 2) then Ib = (3). Then we can distinguish two problem
roles:
– If i ∈ I, Xi is a component role and x ∈ Xi are component entities or components;
b Xi is a test role and x ∈ Xi are test entities or tests.
– if i ∈ I,
Note that Ib may be empty, meaning there is no test role explicitly defined by the
problem. However, I cannot be empty by definition, meaning there is always at least
one set of entities playing the role of component.
To summarize some of the key concepts relating to entities that have been introduced in this section:
• An interactive domain defines two or more domain roles and entities that play
each role.
• The notion of type is coarser than domain role: several domain roles might correspond to the same type of entity, but each type corresponds to at least one domain
role.
• A co-search or co-optimization problem lies at a conceptually higher level, defined over an interactive domain.
• Co-search and co-optimization problems define two problem roles, components
and tests.
• At the problem level, the component role corresponds to one or more lower-level
domain roles. The test role may correspond to zero or more domain roles.
• Since types sit at the domain role level, the relationship between types and problem roles can be complicated. There may be components of different types, tests
of different types, components and tests that both have the same type, etc.
Section 1.2, besides distinguishing cooperative and competitive domains, also
mentioned the distinction between compositional and test-based problems. Before
elaborating on potential solutions in Sect. 2.3 and solution concepts in Sect. 2.4, let
us define and illustrate these two important classes of co-search and co-optimization

5
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problems. Briefly, compositional and test-based problems correspond to the extremes where |I| = n and |I| = 1, respectively. The middle ground between these
extremes is virtually unexplored.

2.2.1 Compositional Problems
A compositional problem is a co-search or co-optimization problem in which all
domain roles are used as components to build solutions. That is, |I| = n and, conb = 0. The idea is that each entity in each domain role is a component. To
versely, |I|
build potential solutions one must use entities from each of the domain roles; one
does not have a complete potential solution until one has used at least one component from each domain role. An intuitive example is a baseball team: one does not
have a baseball team until one has a pitcher, a catcher, outfielders, etc.
Compositional problems have largely been explored under the rubric of cooperative coevolutionary algorithms (CCEAs). Besides theoretical works that study
features of algorithm behavior on arbitrary or abstract test problems [50, 49, 51], or
empirical work of algorithm dynamics on simple test problems [83, 81], work applying CCEAs to multi-variate function optimization or multi-agent learning have
also appeared. In multi-variate function optimization, one treats each input variable
as a distinct domain role, so that each entity in a particular domain role is a potential
setting for one of the input variables [86, 87, 76]. Multi-agent learning applications
have treated each domain role as the space of possible behaviors or actions for agents
that form a team performing a task together [78, 74].

2.2.2 Test-Based Problems
A test-based problem is a co-search or co-optimization problem in which |I| = 1;
that is, in which a single domain role contains components, and all other domain
roles are tests. Intuitively speaking, the test entities are used to probe or give information about the potential solutions that can be aggregated from the components.
Test-based problems are discussed as such in [32] and analyzed in connection
with multi-objective optimization in [31]; however, the idea is implicit in early work
on Pareto coevolution [61, 38] and is more explicit in later works such as [27], [25],
and [60]. [9] and [11] formally analyze test-based problems from the perspective of
order-theory, while [12] and [71] treat compositional problems using ideas developed to study test-based problems. [28] and [52, 7, 4, 103] approach two types of
test-based problems not based on Pareto dominance.
In many of these works, the terms candidate, candidate solution, or learner are
used to describe what we would describe as a component Likewise, the term test is
used in those works to denote what we might call entities playing the test role.

12

Elena Popovici, Anthony Bucci, R. Paul Wiegand and Edwin D. de Jong

2.3 Potential Solutions in Co-Search and Co-Optimization
Problems
Section 2.2 defined a co-search problem as one that, given an interactive domain,
specifies a solution concept as a subset of a set of potential solutions that are built
from the interactive domain. This section is intended to detail, by example, several
common extant ways of creating potential solutions from entities.

2.3.1 Single Entity
The simplest and most obvious set of potential solutions is a set of entities. Imagine
we have an interactive domain with n roles and a co-search problem with I = (1), so
that the component role is being played by the entities in domain role 1. Then one
set of potential solutions for this problem is the set X1 of components itself. In this
case, the set C is X1 , so that a solution concept S gives a subset of X1 .
Seminal work by Hillis [44] and Sims [97] both use the single entities as potential
solutions. Hillis’ algorithm sought a single sorting network; there was no sense in
which two or more sorting networks could be combined. Likewise, Sims’ algorithm
sought a morphology and behavior for a simulated creature; again, there was no
mechanism for combining several creatures into a composite.
Stipulating that single entities serve as solutions is appropriate in certain domains, particularly those involving the design of a complex object, i.e. when no
clear way of combining entities together is present; or those in which we expect that
a single entity that solves the problem may exist. However, as noted above about
rock-paper-scissors, many domains have no single entity that is adequate to solve
the problem.

2.3.2 Sets
Consider, for concreteness, that we have an interactive domain with two roles and
our co-search problem specifies that I = (1). The entities in X1 are components,
while those in X2 are tests. In this example, the set C is the powerset of X1 , P(X1 ).
A solution concept gives a subset of P(X1 ), equivalently one or more subsets of X1 ,
where each subset is a solution.
Set-based notions of potential solution have been studied under the umbrella
of Pareto coevolution [38, 61]. Treating each test as an objective to be optimized,
the problem-solving goal is to find (an approximation of) the non-dominated front
among the components. Therefore a potential solution is a subset of X1 , in other
words an element of C = P(X1 ). The non-dominated front itself is the solution.
When we elaborate more on solution concepts in Sect. 2.4, we will see the situation is more subtle; in fact, a set related to, but not quite, the non-dominated front is
desirable. However, we will defer that discussion until then.
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2.3.3 Mixtures
Let’s maintain the co-search problem of the previous example. However, let’s say
that a solution is not a subset of X1 , but a probability distribution over X1 . Following Vose [105], denote the set of these by Λ X1 . Then another choice for the set of
potential solutions C is Λ X1 .
Mixture-based solutions are most often discussed in the context of Nash equilibria; the Nash Memory [39] and Parallel Nash Memory [62] are examples of algorithms that treat mixtures as potential solutions.

2.3.4 Compositions in General
Sets and mixtures are both examples of aggregates; that is, potential solutions created by putting together components drawn from one or more of the component
roles defined in the problem. Sets and mixtures are particularly simple kinds of aggregates. More complicated compositions are conceivable.
Compositional coevolution in general aims to discover good assemblies. The
originally-stated aim of Cooperative Coevolutionary Algorithms, from which the
more general notion of compositional coevolution sprang, was to attack the problem of evolving complicated objects by explicitly breaking them into parts, evolving
the parts separately, and then assembling the parts into a working whole [87]. The
nature of the “coadapted subcomponents” discussed in that work was not strictly
defined; hence, the idea is that any subcomponent of any assembly (aggregate) was
fair game for the method. Since then, compositional coevolution has been applied to
coevolving teams of agents performing a task, for instance, where the composition
here is of several different agents collaborating as a team.
In the language developed in this section, agents or coadapted subcomponents are
domain entities playing the component role of a compositional problem. A collaboration among entities is an interaction, and the means for evaluating a team or assembly would constitute the metric of the problem. The potential solutions in these
cases, then, are the possible tuples over the domain roles; that is, C = X1 × . . . × Xn .
Though the translation into the notion of a co-search problem is less obvious,
another important, non-trivial example of composition found in coevolutionary algorithms are in applications of neuro-evolutionary algorithms. The Neuro-Evolution
through Augmenting Topologies (NEAT) algorithm [100] has been applied to coevolve robot controllers in a simulated robot duel [101, 100, 102] as well as players
of a variant of the video game Pong [60]. A hallmark of the NEAT algorithm is the
separation between components of neural networks, which consist of small assemblies of neurons and associated weighted synapses, and the topology of a complete
network, which functions as a blueprint for how assemblies are put together. A second, important feature of NEAT emphasized in these works is the possibility for
complexification or elaboration: since neural network topologies are not limited by
NEAT, they can grow to arbitrary complexity, elaborating on previously-evolved
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behaviors. In contradistinction to typical CCEAs, which pre-specify the size and
complexity of compositions, NEAT permits open-ended complexity increase.6
Finally, it is worth pointing out that in general game-theoretic analysis, Nash
equilibria are pairs of mixtures of pure strategies. In many cases only the first mixture in the pair is used to solve a problem; the other is there for testing purposes.
However, should we actually need both mixtures in the pair, the set of potential solutions would be Λ X1 × Λ X2 which involves two levels of aggregating: first mixing
(over X1 and X2 ), then pairing.

2.4 Solution Concepts
In this section we will detail several solution concepts for both compositional and
test-based problems that have been used in coevolutionary algorithms. Recall that
a solution concept specifies a subset of the potential solutions, S ⊂ C . For each
example we will detail the interactive domain, the co-search problem including the
space of potential solutions, and how solutions are determined from the metric(s) of
the domain. We begin with solution concepts for compositional problems.

2.4.1 Compositional Solution Concepts
Ideal Team
Say we have an interactive domain with n domain roles, entity sets X1 , X2 , . . . , Xn
and one metric p : X1 ×. . .×Xn → R. Say also that we have a co-search problem over
this domain with potential solutions drawn from the set of tuples C = X1 × . . . × Xn ,
so in fact this is a compositional problem. Observe there is a one-to-one correspondence between a potential solution and an interaction. The ideal team solution concept defines as solutions those potential solutions that maximize the value received
from the metric:
n
o
S = x̄ ∈ C ∀x̄0 ∈ C .p(x̄) ≤ p(x̄0 ) ⇒ p(x̄) = p(x̄0 )
(1)
where we have used the shorthand x̄ for an arbitrary tuple in C . In multi-agent
parlance, the teams for which no other teams perform better are ideal teams.
The ideal team is not the only relevant compositional solution concept, and the
question has been posed to what extent cooperative coevolution algorithms converge
to it [108]. Another solution concept of interest arising from that investigation is
maximizing robustness. The idea here is that rather than maximizing the outcome
of a single potential solution, a solution should be robust in the sense that a “small”
change in one of the components results in “small” changes in the composite’s value.

6

And, one would hope, an increase in capability as well.
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2.4.2 Test-Based Solution Concepts
Unless otherwise specified, the following examples of solution concepts for testbased problems are appropriate for problems of the following form:
• the interactive domain has two roles with entity sets X1 and X2 ;
• there is a single metric p : X1 × X2 → R;
• the co-search problem specifies X1 as the only component role and X2 as the only
test role.
What varies in these examples is the set of potential solutions and how the subset
of solutions is defined. We will detail these now.
Best Worst Case
Best Worst Case operates over single-entity potential solutions, meaning C = X1 .
This solution concept specifies as solutions those components that maximize the
minimum possible outcome over interactions with all tests.7 That is,
n
o
S = x ∈ C ∀x0 ∈ C . min p(x,t) ≤ min p(x0 ,t) ⇒ min p(x,t) = min p(x0 ,t) (2)
t∈X2

t∈X2

t∈X2

t∈X2

This criterion is appropriate in real world domains where one needs to protect
against the worst scenario possible.
Simultaneous Maximization of All Outcomes
Simultaneous Maximization of All Outcomes requires a solution to be a component that maximizes its outcome over all possible tests simultaneously. That is,
C = X1 is a single entity set of potential solutions, and the solution concept is:
n
S = x∈C

o
∀x0 ∈ C ∀t ∈ X2 .[p(x,t) ≤ p(x0 ,t) ⇒ p(x,t) = p(x0 ,t)]

(3)

This solution concept has a limited application scope, as for many problems there
does not exist a single potential solution that simultaneously maximizes the outcome
against all possible tests.
Maximization of Expected Utility
Maximization of Expected Utility (MEU) is also relevant when C = X1 . It specifies as solutions those components that maximize the expected score against a randomly selected opponent:
n
S = x∈C

7

o
∀x0 ∈ C .E(p(x, X2 )) ≤ E(p(x0 , X2 )) ⇒ E(p(x, X2 )) = E(p(x0 , X2 ))
(4)

This version has also been called maximin. The corresponding minimax can similarly be defined.
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where we are abusing notation and treating X2 as a uniformly-distributed random
variable ranging over the set of tests, so that E(p(x, X2 )) is the expected value of
p(x,t) when t is selected uniformly randomly from X2 .
Equation (4) is equivalent to:
n
S = x ∈ C ∀x0 ∈ C .

o

∑ p(x,t) ≤ ∑ p(x0 ,t) ⇒ ∑ p(x,t) = ∑ p(x0 ,t)

t∈X2

t∈X2

t∈X2

(5)

t∈X2

when all the sums are defined. That is, maximizing expected utility is equivalent
to maximizing the sum of outcome values over all tests when that sum is defined
for all the components. Thus, MEU essentially assumes that all tests are of equal
importance, which limits its generality.
Nash Equilibrium
The Nash Equilibrium solution concept is inspired by game theory [65] and operates over mixtures of components. When the problem is as before, C1 = Λ X1 .
However, we will deviate slightly from our previous examples and also consider
problems with I = (1, 2), so that C2 = Λ X1 × Λ X2 . That is, there are no tests, so
in fact C2 defines a compositional problem. Furthermore, in both cases we will assume there are two metrics, p1 : X1 × X2 → R and p2 : X1 × X2 → R interpreted as
giving outcomes to entities in X1 and X2 , respectively. In many domains such as
those arising from zero sum games, p1 (x, y) = −p2 (x, y) for all x ∈ X1 and y ∈ X2 .
Let us first treat the case C2 . Let α ∈ Λ X1 and β ∈ Λ X2 be two mixtures over X1
and X2 , respectively. We can write these as formal sums:
α=

∑ αx · x

(6)

∑ βy · y

(7)

x∈X1

and
β=

y∈X2

where αx is the probability assigned to the component x ∈ X1 by the mixture α,
and βy is the probability assigned to the test y ∈ X2 by β and, since α and β are both
distributions, ∑x∈X1 αx = 1 and ∑y∈X2 βy = 1. Using this notation, define a function
E p1 : Λ X1 × Λ X2 → R such that for all (α, β ) ∈ Λ X1 × Λ X2 ,
E p1 (α, β ) =

∑ αx · βy · p1 (x, y)

(8)

x∈X1
y∈X2

E p1 (α, β ) is interpreted as giving the expected outcome that the mixture α receives when interacting with β . E p2 (α, β ) is defined similarly and gives the expected outcome to β .
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A Nash equilibrium is a pair (α, β ) ∈ Λ X1 × Λ X2 such that neither α nor β
can unilaterally change to some other mixture and receive a higher payoff. That
is, (α, β ) is a Nash equilibrium if the following two conditions hold:
– for all α 0 ∈ Λ X1 , E p1 (α, β ) ≤ E p1 (α 0 , β ) ⇒ E p1 (α, β ) = E p1 (α 0 , β ); and
– for all β 0 ∈ Λ X2 , E p2 (α, β ) ≤ E p2 (α, β 0 ) ⇒ E p2 (α, β ) = E p2 (α, β 0 )
The Nash Equilibrium solution concept for problems with C2 = Λ X1 × Λ X2 is
then
o
n
(9)
S2 = (α, β ) ∈ C2 (α, β ) is a Nash equilibrium
For C1 = Λ X1 , in other words problems in which we only care about the mixture
over components in X1 , the Nash Equilibrium solution concept is
S1 = π1 (S2 )

(10)

where π1 projects a pair (α, β ) onto the first coordinate, α.
An attractive feature of the Nash equilibrium as a solution concept is that Nash
equilibria have certain “security” guarantees: the expected payoff to α in a Nash
equilibrium (α, β ) can be no lower than E p1 (α, β ), regardless of the strategy with
which it interacts. In a game like {rock, paper, scissors}, for example, any individual strategy like rock will receive a -1 payoff against some opponent (if paper
plays against rock, for example). The mixture 13 · rock + 31 · paper + 31 · scissors, by
contrast, will never receive an expected payoff lower than 0 against any opponent
because ( 13 · rock + 31 · paper + 13 · scissors, 13 · rock + 13 · paper + 13 · scissors) is a
Nash equilibrium for that game and E p1 ( 13 · rock + 13 · paper + 13 · scissors, 13 · rock +
1
1
3 · paper + 3 · scissors) = 0. Note that this is a kind of worst-case guarantee for the
mixture α that is similar in spirit to that sought in the Best Worst Case solution concept; the primary difference is that Best Worst Case seeks single components with
such a guarantee, while Nash Equilibrium seeks a mixture of many components.
Pareto Optimal Set
Multi-Objective Optimization extends traditional optimization through the introduction of multiple objectives. This may be viewed as the use of a function that is
vector-valued rather than scalar. In Pareto-based solution concepts, every possible
test is viewed as an objective to be optimized.
Potential solutions for the Pareto Optimal Set solution concept are subsets of X1 ;
that is, C = P(X1 ). Here the set of solutions will consist of a single member, the
non-dominated front, which is defined
n
F = x∈C


o
∀x0 ∈ C . ∀t ∈ X2 .[p(x,t) ≤ p(x0 ,t)] ⇒ ∀t ∈ X2 .[p(x,t) = p(x0 ,t)]
(11)
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We can define an order on X1 , the Pareto covering order, as follows:
x  x0

if ∀t ∈ X2 .p(x,t) ≤ p(x0 ,t)

(12)

for all x and x0 in X1 . This definition essentially says that the outcome of x0 against
any test is at least as high as that of x. However,  is not a total order on X1 , because
it is possible that p(x,t) < p(x0 ,t) while p(x,t 0 ) > p(x0 ,t 0 ) for two tests t, t 0 ∈ X2 .
Furthermore, while  is reflexive and transitive, it need not be a partial order: two
distinct components x and x0 might receive precisely the same outcomes on all tests,
so x  x0 and x0  x both hold and anti-symmetry fails to hold.
We can simplify the definition of F using :
n
o
F = x ∈ C ∀x0 ∈ C .x ≺ x0 ⇒ x0  x
(13)
The Pareto Optimal Set solution concept is defined as:
S = {F }

(14)

Some remarks:
• There is a formal similarity between (3), the Simultaneous Maximization of All
Objectives, and the non-dominated front F defined in (11). They differ only
in the placement of the quantifier ∀t ∈ X2 . However, while formally similar
these two solution concepts have significantly different interpretations: while
(13) shows that F is the set of maximal elements of the order , in fact (3)
is the set of maxima of that order, the difference being that maxima must be
larger than all other components across all tests simultaneously. Thus, the nondominated front puts weaker constraints on its members than the Simultaneous
Maximization of All Objectives, and we would expect the former to be a larger
set of components.
• The Pareto Optimal Set solution concept has only one member, F , which is
itself a set of components. This definition is chosen for consistency with the other
solution concepts; each solution concept is a set whose members are solutions.
The non-dominated front forms a single, unique solution to a multi-objective
problem. A limitation of the Pareto Optimal Set solution concept is that this set
may be very large; while not being covered is a sensible minimum requirement
for solutions, for certain problems it may be insufficiently weak, in that it can
insufficiently narrow down the set of possible solutions.
• As noted, two components may receive precisely the same outcomes against all
possible tests. Thus, while they may be distinct components in the set X1 , as far
as performance against the tests in X2 goes, they are indistinguishable.
Pareto Optimal [Minimal] Equivalence Set
The indistinguishability of some elements of the non-dominated front entails this
set may be too large. We can partition this set in equivalence classes by this property,
like so. Say that x ∼ x0 if x  x0 ∧ x0  x; that is, x and x0 are equivalent if they receive
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the same outcomes against all tests in X2 . ∼ is an equivalence relation on X1 .8 It is
reasonable to suppose that we only need one representative of each equivalence class
under ∼, and this intuition leads to two more solution concepts.
A Pareto Optimal Equivalence Set is a set containing at least one element from
each equivalence class of the full Pareto Optimal Set. Note that while there is a
single Pareto Optimal Set, there may be a combinatorial number of Pareto Optimal
Equivalence sets. A Pareto Optimal Minimal Equivalence Set contains exactly one
component from each equivalence class of the full Pareto Optimal Set. There may
be a combinatorial number of Pareto Optimal Minimal Equivalence sets as well.
These two solution concepts typically define a smaller set of potential solutions
than the Pareto Optimal Set. Yet, depending on the characteristics of the problem,
such a set can still be very large.

3 Design of Coevolutionary Algorithms
As we have seen, there is a wide spectrum of problems in interactive domains. While
throughout the chapter we discuss generic issues that any algorithm targeted at such
co-search problems will have to address, in this section we concern ourselves with
issues specific to approaching these problems via coevolutionary algorithms. Like
with any method, application of coevolutionary algorithms to a problem tends to go
more smoothly and have more opportunity for success when algorithm engineers
first go through the process of formalizing the domain and the problem, and then
design the algorithm.
For domains that are inherently interactive, the formalizing process involves
more rationalization than choosing. However, sometimes we may want to reformulate a non-interactive domain into an interactive one. The domains of problems
featuring the ideal team solution concept are often the result of such a reformulation.
In such cases, many different choices may exist as to how to decompose elements
in the original domain, and they may have different effects on problem-difficulty.
The design process entails finding useful and productive ways of mapping problem particulars into the algorithmic framework, and heuristic search tends to require
some means of making qualitative comparisons and decisions in order to guide the
path of algorithm. There are principles behind, and effects from these decisions.
In this section we discuss the choices available to the algorithm designer, and the
biases introduced by these mapping choices are discussed throughout Sect. 4.
Once the engineer identifies the types, domain roles, problem roles and potential solution set, they must determine how a CoEA can be structured to represent
them, and encode data structures within the algorithm to instantiate them in a way
that is consistent with the problem’s solution concept. We consider such decisions
to relate to representation. Additionally, one must decide how to explore the set of
interactions, how outcomes from multiple interaction will be aggregated for selec8

This is a simple, well-known consequence of  being a preorder.
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tion purposes, and how interaction information is communicated throughout various
parts of the algorithm. We consider such decisions to relate to evaluation.

3.1 Representation
Successful design and application of any heuristic depends on a number of key
representation decisions for how search knowledge is encoded and manipulated.
In any evolutionary system, these choices involve questions about how aspects of
potential solutions are represented genotypically, modified by genetic operators and
expressed phenotypically.
Coevolution brings additional subtleties to representation issues that are worth
special consideration. For one, the relationship between basic terms such as individuals, populations and solutions can be quite complicated in coevolution. Related to
these terms are the foundational, domain-centric terms discussed above such as test
and component, and a well-designed CoEA should consider how these problembased concepts map to representations used by the search system. Additionally,
many modern CoEAs make use of archival and memory mechanisms for a variety
of purposes, and it is important to understand how they relate to the above notions.
We will discuss these notions in turn and provide examples of common/possible
mappings from problem to algorithm.

3.1.1 Individuals
In most traditional evolutionary systems, individuals represent potential solutions
to some search problem, and the EA manipulates encoded potential solutions by
modifying them using variational operators (mutation, crossover) and choosing the
better from among them using selection operators (proportionate selection, rank
selection, etc.). When optimizing some real-valued function, an individual might be
encoded as a vector of real values to be used as arguments for the function, mutations
could be accomplished by applying vectors of Gaussian noise, and selection might
involve simply choosing those with the highest objective function value. Since the
goal of the search is to find an optimal argument vector, one can typically equate
potential solution and individual. Even when the EA is searching program spaces,
such as in genetic programming, traditional algorithms still make use of individuals
who are essentially procedural solutions to the problem.
In coevolution, individuals serve the same mechanistic purpose as in any evolutionary algorithm: they are the fundamental units being manipulated by the search
operators themselves. That is, mutation and crossover modify individuals, and selection chooses among them.
Definition 4 (Individual). An individual is a representational unit that is subject to
selection and variational operators. t
u
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But individuals in a CoEA will not always represent potential solutions to the
problem being solved. In coevolution, one must think of individuals in terms of how
they relate to types, domain roles and problem roles, in addition to traditional issues of how to encode problem aspects. For example, suppose we are developing an
AI for controlling an airplane that generalizes over different flight conditions and
we have formalized this as an interactive domain as follows: airplane controllers
interact with different flight conditions / scenarios, while the problem is test-based
where the potential solutions are controllers and the flight scenarios are tests, and
the solution concept is maximum expected utility. We might design a CoEA that
maintains two kinds of individuals, corresponding to the two types of the domain,
namely individuals representing controllers and individuals representing flight scenarios. But we still have to decide how controllers and scenarios will actually be
encoded, which will involve additional choices. The consideration of how types,
domain-roles and problem-roles map to individuals is subtly different from traditional genotype / phenotype decisions.
Most often individuals represent entities from the domain’s types. Thus, for a
domain with two symmetric roles we may have a single kind of individual, and such
individuals might participate in interactions in either of the domain’s roles. In general, we will have at least as many kinds of individuals as types in the domain. From
a problem-role perspective, individuals might represent components of a potential
solution or tests helping judge the quality of potential solutions. [44] provides a less
common example, where some of the individuals do not correspond to entities, but
to sets of entities, namely those playing the test role. We will revisit the relationship
between individual and solution in the subsection dedicated to solutions.

3.1.2 Populations
Just as with traditional EAs, it is useful to think of populations as simply collections
of individuals. Most traditional EAs (excepting island models) have only a single,
explicit population, while many CoEAs have multiple populations.
But even in traditional methods the notion of a population can be a bit murky
when dealing with mechanisms like spatial models, niching, or restrictive mating
[46, 98] since stable subsets of individuals in the overall population can arise between which very little genetic material is exchanged. These subsets are sometimes
referred to as “populations”, and it is interesting to note that many of these are essentially coevolutionary in nature since fitness can be quite subjective (e.g., niching
methods using fitness sharing).
Definition 5 (Population). A population is:
1. a set (or multiset) of individuals;
2. a subset of individuals isolated from other individuals by some kind of barrier
(e.g., inability to interbreed successfully, geographic, etc.). t
u
Designing effective CoEAs involves decisions about how aspects of a problem
map to populations. The main purpose of the populations is to provide an explo-
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ration mechanism for the entity sets of the different types in the domain. Thus a
CoEA will generally maintain at least one population per type and most often a
single population per type.
For example, for an ideal team problem in a domain with a fixed number of
asymmetric roles (and therefore types), the typical CoEA will maintain one population for each. For a test-based problem in a domain with two asymmetric roles (and
therefore types), the typical CoEA will also maintain one population for each type.
For domains with two symmetric roles (thus a single type), the problem definition itself may not distinguish between the component role and the test role and
the algorithm designer can choose to do the same, by maintaining a single population, or to make the distinction explicit by maintaining two populations. A unique
case found in [85] features an ideal team problem in a domain with a variable (unbounded) number of symmetric roles (neural networks with variable number of neurons), approached via a CoEA with a dynamic number of populations, all containing
individuals of the same type.
Populations may also be used to represent potential solutions, for example when
these are aggregates of entities (and therefore individuals) from one type, as is the
case with Pareto Optimal solution concepts.9
Last but not least, individuals in a population, by taking part in interactions, serve
the purpose of evaluating individuals in the same or other populations. This is because while a problem definition may specify only some of the domain roles as
contributing to the potential solution set, an algorithm needs some criteria based on
which to select and promote individuals for the test roles as well.

3.1.3 Archives
Coevolutionary methods often employ another kind of collection, typically referred
to as an archive. Archives span generations, and thus can be considered a kind of
search memory. The purpose of the archives is to help the populations with, or release them from, some of their multiple duties. Archives can allow algorithm designers to separate exploration from evaluation and/or solution representation.
Definition 6 (Archive). An archive is a collection of individuals that spans multiple
generations of a coevolutionary algorithm. t
u
Thus, archives often contain the end solution [90] or actually are the solution,
mainly when potential solutions are aggregations of entities [25, 27, 62, 28, 39, 34].
So an analogy in traditional EC for this purpose of an archive is the best-so-far
individual. But they need not only represent solutions, they can and typically do
influence the search — a bit like elitism would in a traditional generational EA.
Archives can also serve for evaluation purposes. A simple example of this are
hall-of-fame methods [90] where successful individuals discovered during search
9

This is analogous to traditional multi-objective optimization, where the population can be used
as an approximation of the Pareto-front.
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are added to a hall-of-fame and part of the fitness of new individuals comes from
the outcome of interactions with some subset of individuals from that archive.
In domains with multiple types there might be an archive for each type (in addition to a population for each type). Most archive-based CoEAs involve an U PDATE
step where individuals in a current population are considered for inclusion in the
corresponding archive, and individuals in that archive may be re-organized or removed. There is a certain appeal to this approach because there are often straightforward ways to explicitly implement a particular solution concept by crafting the
correct update procedure for an archive.

3.1.4 Solutions
A potential solution can be many different things even as part of the problem specification, the latter being a higher-level notion defined over the low-level elements of
an interactive domain. It should therefore not be surprising that, as we have already
seen, a potential solution can map to different things in the algorithm. A potential
solution may be a single individual, in which case it may be extracted out of:
• Any population (e.g., if approaching a maximum expected utility problem in a
domain with two symmetric roles via two populations);
• A specific population (e.g., if approaching a maximum expected utility problem
in a domain with two asymmetric roles via two populations);
• An archive (e.g., if using a hall-of-fame approach).
A potential solution may also be a set of individuals, in which case it may be:
• The entire contents or a subset of an archive or population (e.g., for CoEAs approaching Pareto Optimal solution concepts);
• A collection of individuals, one from each archive/population (e.g., for CoEAs
approaching the ideal team solution concept for asymmetric domains).
Further, there may be populations / archives in a CoEA that never contribute any
individuals to a potential solution (e.g., populations / archives corresponding to test
roles in a test-based problem that are nevertheless used during evaluation).

3.2 Evaluation
Some issues concerning evaluation are pertinent to both single- and multi-population
CoEAs. Regardless of whether interactions occur between individuals in the same
population or in different populations, decisions need to be made as to what interactions should be assessed and how the outcomes of those interactions should be
aggregated to give individuals fitness. When using multiple populations, the additional issue of communication between these populations arises. Each of these three
matters will be discussed in turn.
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3.2.1 Interactions
The definition of interactions was discussed in the previous section. Here we concentrate on the selection of interactions (also referred to as the interaction method
or, in cooperative domains, collaboration method). The simplest choice is to assess
all interactions possible given the individuals present in the system at evaluation
time. This has been referred to as full mixing or complete mixing. While no additional decisions would have to be made, this choice has the disadvantage of being
very expensive, as the time cost of the algorithm is counted in interactions assessed.
To reduce cost, one must assess only some of all possible interactions. This immediately raises the question “which ones?”
There are two main approaches to choosing a subset of interactions: individualcentric and population-centric. With the individual-centric approach, one individual
at a time is considered, a set of interactions is chosen for that individual to take part
in, and after the interactions are assessed, the individual’s fitness is computed. These
interactions may be reused (but generally are not) for computing the fitness of the
other individuals that took part in them. These other individuals have historically
been called collaborators in cooperative domains and opponents in competitive domains. In this context, the phrase sample size denotes the number of interactions
used per fitness evaluation. Note that if there is no reuse, the number of interactions
an individual takes part in may be greater than the number of interactions used for
its evaluation. Thus, while the sample size may be (and usually is) the same for all
individuals, the number of interactions that individuals are involved in may vary.
A simple and quite common approach is to use a single interaction per fitness
evaluation and have the other individuals in this interaction be the best from their
respective populations. When solving ideal team problems this has been termed
single-best collaboration method by [108], while for domains considered competitive it is referred to as last elite opponent (LEO) evaluation [97]. More generally it
is called the best-of-generation interaction scheme.
With the population-centric approach, a topology of interactions is picked such
that any individual in the population(s) is used at least once, these interactions
are assessed and then fitness is computed for all individuals. Tournaments, such
as single-elimination or round-robin, are the most common examples for singlepopulation algorithms. Both for single- and for multi-population models, shuffleand-pair (also called bipartite pairing) is a population-centric method that simplifies
the reuse of assessed interactions (meant to reduce computational time). With the
single-elimination tournament, different individuals will participate in a different
number of interactions.
Information available from previous evaluation rounds may be used to influence how interactions are chosen for the current evaluation round. We call this fitness bias. Usually, individual-centric approaches use such biases, while populationcentric ones do not. Clearly, to be able to perform such biasing, the algorithm must
store some information about previous evaluations. This information usually consists of individuals and their fitness, but can also be more complex in nature (e.g.,
include other properties of individuals or relationships between individuals). The
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amount of information can range from remembering the last best individual to remembering all interaction assessments ever performed. With generational CoEAs,
intermediary approaches include saving one or a few (usually the best) individuals
from each previous generation, saving all individuals in the previous generation, or
other memory or archive method [72, 25, 27, 39, 62].
Additional reviews and comparisons of various methods for selecting interactions
can be found in [1, 69, 97].
With individual-centric methods, some of the additional choices (in particular
the sample size) may be dynamic (i.e., they vary at run-time as a function of time)
[70, 74] or adaptive (i.e., they vary at run-time as a function of the internal state of
the algorithm, e.g. population diversity, operator success, etc.) [71, 72, 68].
Additional choices must be made when using spatially-embedded CoEAs. These
tend to use individual-centric approaches and interactions are localized in space,
namely neighborhood-based. The size of the neighborhood corresponds to the sample size, but the shape is an additional decision to be made. Fitness-biased selection
of interactions can still be used (generally within the neighborhood).

3.2.2 Aggregation
If an individual participates in a single interaction, then it must obtain a value from
it, and that value becomes the individual’s fitness. But when an individual participates in multiple interactions and thus obtains multiple values, then a choice must
be made about how to aggregate these values.
One approach is to input values from multiple interactions into some computations and output a single value per individual (to be used as fitness). The computations can simply use all values obtained by the individual and determine the best,
the worst or the average of those values. A comparison of these three methods can
be found in [109]. Other, more complex computations can take into account values
from other individuals as well, as is the case for competitive fitness sharing [89, 90]
or the biasing technique introduced by [75, 76]. The advantage of the single-value
approach is that traditional parent-selection methods can then be used by the algorithm based on single-valued fitness. Unfortunately, different ways of computing a
single value have different (and strong) biases, and it is not always straightforward
to tell which bias is more or less helpful for the solution concept at hand. In particular, when dealing with the ideal team solution concept, the biases of the averaging
method proved harmful [108] while choosing the best is helpful [68]. Even so, there
has been some amount of controversy over the utility of biases [12, 71]; [8] goes so
far as to argue that single-valued fitness assessments are to blame for a number of
pathological algorithm dynamics.
The alternative is to have fitness be a tuple of values, usually the values obtained
by the individual from multiple interactions. Selecting parents based on such fitnesses requires more specialized methods, in particular ones akin to multi-objective
EAs. The tuples of different individuals of the same role must be somehow comparable, which imposes constraints on the interactions that generated the values in
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the tuples. The advantage of this approach is that its bias may be more appropriate
for solution concepts such as the Pareto Optimal Set or Simultaneous Maximization of All Outcomes, and it is mostly algorithms targeted at these solution concepts
that use tuple fitness [25, 27, 38]. An example using tuple fitness for the ideal team
solution concept can be found in [12].

3.2.3 Communication
When using a CoEA with multiple populations, in order for individuals in one population to interact with individuals from other populations, the populations must have
access to one another’s contents. This is an issue of communication, and thus entails
choices typical of any distributed system, such as coordination, flow and frequency.
In terms of coordination, communication can be synchronous or asynchronous.
In the asynchronous case, the populations evolve at their own pace and communicate
with one another through shared memory. They decide independently when to write
new information about their state to the shared memory and when to check the
memory for new information about the other populations (which may or may not be
available). Asynchronous CoEAs are uncommon. In the synchronous case, there is
a centralized clock that dictates when the populations exchange information.
In terms of flow,10 the asynchronous model is always parallel, in the sense that
at any point in time there may be more than one population running11 . The synchronous model can be either parallel or sequential (also called serial). In the parallel case, all populations run simultaneously for a certain period of time (dictated
by the central clock), after which they all pause and exchange (communicate) information and then they all continue. In the sequential case, at any point in time there
is a single population running and populations take turns in a round-robin fashion.
Frequency refers to the number of evaluation-selection-breeding cycles that a
population goes through between two communication events. The frequency may
be uniform across all populations or it may differ from one population to another.

4 Analysis of Coevolution
Particularly in the last decade, there has been a great deal of activity in analyzing coevolutionary algorithms and their use as co-optimizers. There are two major drivers
of this field. One is the fact that most co-optimization problems pose difficulties
not encountered in traditional optimization, namely measuring (and achieving) algorithmic progress and performance. The other is that coevolutionary algorithms as
dynamical systems exhibit behaviors not akin to traditional evolutionary algorithms.
10

In [108]’s hierarchy of CoEA properties, flow is called update timing.
When a parallel CoEA is run on a single processor, this translates into the fact that there is no
guarantee about the order in which the populations run.
11
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The first half of this section clarifies the complex issues pertaining to interactive
domains and co-optimization problems and places much extant research in the context of addressing such issues. The second half surveys the wide variety of analytical
methods applied to understanding the search and optimization biases of coevolutionary algorithms, as well as the insights that were gained.

4.1 Challenges of Co-Optimization: Progress & Performance
For traditional optimization, judging the success of any algorithm attempting to
solve a given problem instance is a fairly straightforward matter. There may be
different criteria of success, such as the highest quality potential solution(s) found
with a given budget of function evaluations or, conversely, what evaluation budget is
needed to find potential solutions whose quality is above a certain threshold. Such
success metrics also allow for easy comparisons of algorithm performance, even
when aggregated over classes of problems.
Additionally, even when concerned with the behavior of a single algorithm on a
single problem instance, we have a straightforward notion of progress through time.
With each new function evaluation, we can easily keep track of the best quality
potential solution found so far. Even if we do not know the quality of the overall
best, we can know when we got closer to it. Moreover, should an algorithm actually
discover a global optimum, whether or not it is recognized, there is no danger of
“losing” it. The best-so-far quality metric is a monotonic function of time.12
All of this is largely possible because the quality of a potential solution can be
obtained with a single function evaluation and thus immediately perceived by the
algorithm, which in turn allows reliable comparison of any two potential solutions.
As trivial as the above statements may appear, they are no longer a given in many
co-optimization problems.
We shall start, however, with the one area that is most similar to traditional optimization: compositional problems using the ideal team solution concept. The unique
feature of these problems is that the interaction set is actually the same as the potential solution set and the interaction function serves as the potential-solution quality
function. Thus, the quality of a potential solution can be obtained with a single function evaluation and any two potential solutions can reliably be compared. This, of
course, is not very surprising since many of these problems are actually obtained
via decomposition from traditional optimization problems. Therefore, measuring
performance and progress is not an issue.
Nevertheless, approaching these problems via coevolution raises new issues. For
example, how do we assign credit to the components of potential solutions that
are evolving in different populations? More generally, how do different algorithm
design choices affect algorithm performance? Much research around the topic has
shown that, even for these most traditional-optimization-similar problems, design
12

The potential solution with the optimal quality may change, should the algorithm be deliberately
implemented to replace the current best-so-far potential solution with a new one of equal quality.
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heuristics for traditional evolutionary algorithms do not transfer as-is to coevolution
[80]. Still, the ability to easily measure performance and progress greatly facilitates
the study of coevolutionary algorithms for ideal team compositional problems.
Note that the equality of the potential solution set and the interaction set is not
enough to guarantee ease of performance/progress assessment. Let us consider compositional problems using the pure Nash equilibria solution concept. This problem
is not expressed as a co-optimization problem, but as a generic co-search problem. It
is fairly obvious that the single evaluation of the interaction function for this potential solution is not enough to determine whether it constitutes a Nash-equilibrium.
To determine that, we would need to, in turn, fix all but one component of the potential solution and evaluate interactions corresponding to, in the worst case, the entire
set of entities for that component. While this does not mean exploring the entire
interaction set, it does mean fully exploring all the component sets, which is to be
assumed intractable. We might reach a negative decision sooner than that, but to
reach a positive decision we must perform such exhaustive search.
For test-based problems, the potential solution set is always different from the
interaction set and determining the quality of a potential solution requires evaluating interactions corresponding to entire entity sets (the test sets). Should this be
tractable, the problem may be expressed as a traditional optimization problem. We
assume that is not the case.
Consider a generic search algorithm that at every step evaluates a new interaction and outputs a potential solution.13 How are we to judge whether the algorithm
makes progress towards the solution to the entire problem? How are we to compare its output with the output of a different algorithm that has evaluated the same
number of interactions? Since determining the true quality of a potential solution is
generally computationally intractable for real problems, we are left with attempting
to compare different potential solutions based on incomplete information.
The above observations paint a rather bleak view with respect to determining
whether an algorithm could tackle one of these problems. However, the matter is
not hopeless, though more can be said and done for some problems than for others.
For example, for Pareto-dominance solution concepts it has been shown that for
any given set of n component entities (components), an Ideal Evaluation Set of at
most n2 − n test entities (tests) exists that results in exactly the same dominance
relations among the components as would result from using the set of all possible
tests [32]. Of course, the guaranteed existence of this limited set of tests leaves
open the question of how to identify them. However, an operational criterion is
available to determine whether any given test should be included in such a limited
test set. Specifically, the criterion of whether a test induces a distinction between
two components, introduced in [38], can be used for this purpose; see [32].
The vast majority of research on these issues has concentrated on progress of
(co-optimization) algorithms in individual runs and assessing performance on test
problems. Only recently have aggregate performance comparisons between algorithms started receiving attention.
13

Algorithms that may not be ready to output a potential solution after every evaluation can be
interpreted as outputting their latest output again until ready.
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With respect to progress in individual runs, one fact facilitates the analysis: the
incomplete information that an algorithm sees, and based on which we should compare different potential solutions outputted by the algorithm, is increasing over time.
The remarkable discovery of [34] is that some problems (solution concepts) permit
the construction of algorithms that can properly leverage this incomplete but increasing information to guarantee that outputted potential solutions have monotonically increasing global/true quality over time. We say of any such algorithm that
it guarantees global monotonicity and also call the said solution concepts globally
monotonic.
Some problems of practical interest have solution concepts that are not globally monotonic. This makes it difficult or even impossible to devise algorithms that
guarantee global monotonic progress as described above. Still, for some of these
problems, algorithms can be built that guarantee a different form of monotonicity
called local monotonicity, which entails that the quality of outputted potential solutions with respect to all information seen so far will increase with time.
Both globally and locally monotonic algorithms guarantee convergence to a globally optimal solution, if the interaction space is finite and any point in this space can
be generated with non-zero probability at any time.
When neither global nor local monotonicity guarantees can be achieved, some
surrogate techniques can be used to instrument what the algorithm is doing, though
they do not inform about progress towards the problem solving goal. Finally, while
all of the above assume the intractability of computing global quality, one research
approach is to study various co-optimization algorithms on test problems, for which
global quality can actually be computed. This metric is not made available to the
algorithm, but used externally for instrumentation, and the hope is that the observed
results will transfer to real problems.
In the remainder of this section we review, in turn, global and local monotonicity,
surrogate measures of progress, test-bed analytical techniques and aggregate performance comparisons.

4.1.1 Monotonicity
Central to the work on monotonicity is the idea that the solution concept can be interpreted as more general than just a means of partitioning the entire set of potential
solutions based on the entire set of interactions. Namely, it can be extended to apply
to any context consisting of a subset of interactions and a corresponding subset of
potential solutions (i.e., potential solutions that can be built with entities that participated in the given interactions). Thus, it can be viewed as a means for an algorithm
to output a potential solution when queried, based on all or some of the entities it
has generated and interactions it has assessed.14
In general, it may be difficult for an algorithm to determine the output of the
solution concept when applied to the entire history of entities discovered and inter14

Conversely, any mechanism for selecting a potential solution to be outputted from the algorithm
can be viewed as a solution concept.
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actions assessed if it has discarded some of the entities or some of the interaction
outcomes. However, for some solution concepts this is possible. For example, for
the best worst case solution concept, an algorithm needs to remember only the worst
value seen for any potential solution and not all the interactions it took part in, the
other entities involved in those interactions or their outcomes.
One question that arises is whether an algorithm able to report the application of
the solution concept to its entire history (whether by means of never discarding any
information or by cleverly storing parts or aggregates of this information) can guarantee that the global quality of the potential solutions it outputs will never decrease
over time, regardless of the means of generating new interactions to be assessed.
Ficici showed in [34] that this is possible for some solution concepts, which we
call globally monotonic, but not for others. Out of the solution concepts presented
in Sect. 2.4, the ones proven to be globally monotonic are: the Nash equilibrium,
the Pareto-Optimal minimal equivalence set [34], maximization of all outcomes and
ideal team [94]. Solution concepts proven not to be globally monotonic are: maximization of expected utility [34], best worst case [94, 84] and all Pareto-dominance
ones beside the minimal equivalence set [34].
For the globally monotonic solution concepts, the challenge from an algorithmic
perspective is being able to report the application of the solution concept to the entire
history while limiting the amount of history that must be stored. The algorithms
mentioned below are in many cases able to discard information without jeopardizing
the guarantee of global monotonicity. Yet, all of the globally monotonic algorithms
discussed below require unlimited memory.
For the Pareto-Optimal minimal equivalence set solution concept, [25] introduced an algorithm called IPCA (Incremental Pareto-Coevolution Archive) that
guarantees global monotonicity [84] while discarding information along the way.
The key to achieving that lies in a carefully designed archiving mechanism. A variant named the LAyered Pareto Coevolution Archive (LAPCA) [27] addresses the
unbounded memory issue by maintaining a limited number of non-dominated layers. While it no longer provides the monotonicity guarantee, this algorithm achieves
good progress on test problems. Similarly, the Nash Memory algorithm [39, 34],
guarantees global monotonic progress for the solution concept of the Nash equilibrium in symmetric zero-sum domains while discarding information. As before,
bounding the memory loses the theoretical monotonicity guarantee but still achieves
good progress on test problems. Based on the Nash Memory, the Parallel Nash
Memory algorithm [62] guarantees global monotonic progress for the solution concept of the Nash equilibrium in asymmetric games. For the maximization of all
outcomes solution concept, the Covering Competitive Algorithm of [88] guarantees
global monotonic progress while discarding information.
While the guarantee of increasing global quality may not be possible for solution
concepts that are not globally monotonic, this does not mean that all hope is lost for
problems with such solution concepts. For such problems it may still be possible to
devise algorithms that guarantee that the quality of outputted potential solutions with
respect to the interactions seen so far increases monotonically over time. Solution
concepts with this property are called locally monotonic.
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For example, while the Maximization of Expected Utility (MEU) solution concept introduced in Sect. 2.4.2 is not globally monotonic, a variant of it, namely
maximum utility sum applied to domains with a positive-valued metric, allows algorithms guaranteeing locally monotonic progress [84]. As the name suggests, the
MEU solution concept is an optimization criterion, where the function to be optimized is utility sum. When extended to any context consisting of a subset of interactions and a corresponding subset of potential solutions, the special property this
function has (if the metric values are positive) is that the “local” value for a potential
solution in some context can only increase when the context is expanded.
Based on this property, for maximum utility sum applied to domains with a
binary-valued metric, [28] introduced an algorithm called MaxSolve that is guaranteed to output the application of the solution concept to the entire history (and
therefore an increasing value with respect to an increasing context), while discarding information along the way. This property, coupled with unbounded memory,
allows MaxSolve to achieve local monotonicity.
As [84] showed, for the best worst case solution concept even the local monotonicity guarantee cannot be fully achieved via algorithms that use the solution concept as an output mechanism (and probably not in general).
While monotonicity is an interesting property that has served in clarifying the
behavior and goals of coevolutionary solution concepts and algorithms, it should
be made clear that guarantees of monotonicity can have limited value for a practitioner. Three important things to keep in mind are that (a) the solution concept
is most often a given, not a choice, and for some solution concepts there are no
known algorithms with monotonicity guarantees; (b) all algorithms known to have
monotonicity guarantees require unbounded memory; and (c) even if the quality of
potential solutions can only improve over time, this provides no information about
the rate at which progress will be achieved. For these reasons, an approach that
may turn out to have more practical relevance is to consider the performance of
coevolutionary algorithms. This topic is treated in the Sect. 4.1.4.

4.1.2 Surrogate Progress Metrics
For problems where the above monotonicity guarantees are unobtainable, we are
left with two questions. One is how to design algorithms for tackling these problems. Another is how to instrument any such algorithm. The former is still an open
research question. Here we address the latter and do so from the perspective of coevolutionary algorithms. However, while these techniques have been introduced in
the context of coevolution, some of them may be adapted to be applicable to generic
co-optimization algorithms.
Many techniques have been introduced over the years, and while they cannot tell
how the algorithm is doing with respect to the goal, they may still provide useful
information about algorithm behavior. The techniques involve computing metrics
that are external to the algorithm (i.e. they do not influence its behavior) but rely on
its history. They may measure all potential solutions considered by the algorithm or
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only select ones (e.g. ones the algorithm outputs). Measuring all can provide more
information, but it may make it difficult to extract the important patterns within
and may also pose a challenge for visualization. One must beware that compressing
information (e.g. by means of averaging) may actually eliminate important trends
in the data. The trends to look for usually include: increase, decrease, stagnation,
noise, repeated values.
The first such technique was introduced by [24] in the form of CIAO plots. The
acronym stands for “current individual ancestral opponent”. For a two-population
CoEA, a CIAO plot is a matrix in which rows represent generations of one population and columns represent generations of the other population. Every cell represents
an interaction between the best individual in each population (as reported by the algorithm) at the corresponding generations. Thus, individuals from later generations
of one population interact with individuals from early generations of the other population (ancestors). The cells are color-coded on a gray scale, and can be constructed
to reflect success from the perspective of either population.
The “master tournament” metric of [40] is basically a compression of the information in CIAO plots. Averages are taken along lines for one population and across
columns for the other population.
Both these methods are computationally expensive, as they require the evaluation
of n2 interactions, where n is the number of generations. The master tournament
metric makes it easier to identify “broadly-successful” individuals, but the averaging
it performs may obscure some circularities that can be observed using the CIAO
plots. An in-depth critique of CIAO plots is provided in [22].
While these metrics were introduced in the context of domains with two asymmetric roles, they are easily applicable to domains with two symmetric roles,
whether approached by single-population or two-population CoEAs.
In the context of a domain with two symmetric roles and a two-population CoEA,
[101] introduced a less costly technique called “dominance tournament”. At each
generation, the best individual in each population is determined and the two of them
are paired; out of their interaction, the more successful one is designated the generation champion. The dominance property is then defined as follows. The champion
from the first generation is automatically considered dominant. In every subsequent
generation, the champion is paired only with previous dominant champions and it
is itself labeled dominant only if it is more successful than all of them. The method
is easily applicable to domains with two symmetric roles and a single-population
CoEA. The paper also suggests a (less straightforward) extension to some domains
with two asymmetric roles.
CIAO, master and dominance tournament are all techniques that track only
the best of generation individual. This was contrasted by [3] that introduced a
“population-differential” technique monitoring all individuals in each generation.
Plots similar to the CIAO plots are produced, but now each cell is an aggregation
over the results of all pair-wise interactions between individuals in the two populations at the generations corresponding to that cell. This is clearly more expensive,
and a number of memory policies are introduced for reducing time complexity.
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The unifying idea of these techniques is to determine whether an algorithm is
making at least some sort of “local” progress away from the starting point.
All the metrics described so far require performing additional evaluations, rather
than using the ones already performed by the algorithm. [42] introduced a technique
that took the latter approach. Their metric, called “relative strength” is still subjective, as the value it returns for a particular individual depends on the current history
of all interactions, and this history grows with time. The metric is based on paired
comparison statistics and is applicable to domains with two symmetric roles.

4.1.3 Test-Bed Analysis
A means of judging both an algorithm’s ability to make progress as well as its expected performance on some problem(s) is to test the algorithm on artificial domains
for which true quality can be computed. The domains are constructed such that they
exhibit properties thought to be present in real domains or such that they expose a
range of different behaviors of the algorithm. The hope is that the results observed
on the artificial domains will transfer to real domains.
A class of domains introduced to this effect are number games [106]. These are
domains with two roles, a common entity set consisting of real-valued vectors and
a binary-valued interaction function (based on comparisons between vector values).
The roles can be interpreted as symmetric or asymmetric. The solution concept is
Pareto-dominance. What makes these problems analysis-friendly is the fact that the
interaction function is designed such that a genotype can be used as-is to represent
its own true quality. There are a handful of such interaction functions in the literature
and many progress-focused algorithm comparisons have been performed using them
as a testbed [25, 27, 28, 29, 10, 43].
[82] introduced a set of four domains with two asymmetric roles, a common entity set consisting of single real values and a real-valued interaction function given
in closed form. These domains were used to showcase the biases of symmetric lastelite-opponent evaluation, and how this technique generally does not optimize expected utility. The closed form of the interaction function allowed for easy computation of true quality.
A number of domains of the same kind (two asymmetric roles, real-valued entities, closed-form real-valued interaction function) have been introduced specifically
for studying algorithms targeted at the best-worse-case solution concept [52], which
has been shown to be non-monotonic and difficult in terms of achieving even very
weak forms of progress [84].
Test-bed analysis has also been performed for algorithms targeted at the ideal
team solution concept, yet with a different motivation (e.g. studying problem properties and algorithm design choices) since in this case assessing global quality is not
an issue. Examples are given in section 4.2.4.
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4.1.4 Comparing Performance
As emphasized throughout the previous section, instrumenting an algorithm from a
progress-making perspective or, indeed, designing an algorithm such that it guarantees progress relies rather heavily on the fact that the amount of information seen by
the algorithm increases over time. How an algorithm uses this information can be
key to instrumenting/achieving progress. Therefore, the theoretical work on monotonicity has so far had nothing to say about how to compare algorithms since there
is no connection between the information that different algorithms see. This line of
research provided no generic advice on how to design efficient algorithms.
While test-bed analysis is useful for determining whether an algorithm makes
progress or not, when global quality can be computed, one can also use test-beds
to compare algorithms based on the expected rate of progress or expected level of
solution quality over multiple runs. This kind of performance analysis, especially
when backed by dynamics analysis of the kind reviewed in section 4.2.5, has provided insight into the biases of design choices by providing a means of comparison;
however, it is unclear how well the results transfer to real-world problems, so the
generality of such results is unclear.
From traditional optimization research, the famous no free lunch (NFL) theorem
has approached the issue of performance generality [114, 93]. This result has led to
a welcome shift in EC research towards identifying classes of problems where NFL
does not hold and designing algorithms targeted at a specific class [48]. This is of
particular current interest in co-optimization/co-evolution [115] since recent work
states the opposite, namely that free lunches do exist for certain solution concepts.
Wolpert and Macready extended their formalism of traditional optimization algorithms to co-optimization algorithms (albeit without using this terminology) as
having two components: a search heuristic and an output selection function. The
search heuristic takes as input the sequence of interactions assessed so far and returns a new interaction to be assessed. The output selection function takes the same
input and returns a potential solution. The need to explicitly model the output selection function comes from the algorithms’ lack of access to a global quality function:
in traditional optimization output selection is based on the quality values seen so
far (usually picking the best of them); in co-optimization what an algorithm sees
are values of the interaction function, which provide incomplete information about
global quality. The use of archives in CoEAs is often targeted at implementing the
output selection function, thus relieving the populations of this duty so they can
focus on the search component.
Wolpert and Macready showed that aggregate performance advantages (free
lunches) can be obtained both via the output selection function and via the search
heuristic. The former means that if we fix the search heuristic, some output functions
perform better than others. The optimal output function is the so-called Bayes output function, which outputs the potential solution with the highest estimated global
quality, estimated over all possible problems consistent with the measurements of
the interactions seen so far. The latter was showcased in the context of the best worst
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case solution concept: fixing the output selection function to Bayes, two specific
search heuristics were shown to have different average performance.
This line of work was extended by [96], which showed that the same two algorithms from [115] exhibit different aggregate performance for the maximization of
all outcomes solution concept.
Generally, such free lunches are believed to exist in co-optimization whenever the
performance of an algorithm depends on information not available in the algorithm’s
trace of interactions, in other words it explicitly depends on the interaction function
(as opposed to implicitly, via the values in the trace). Therefore, the ideal team
solution concept does not exhibit free lunches since the interaction set is actually the
same as the potential solution set and the interaction function serves as the potential
solution quality function.
The existence or lack of free lunches can be seen as a property of solution concepts, which has been named “bias” [94]. Since monotonicity is also a solution
concept property, the natural question that arises is how these two properties relate
to one another. [94] showed they are orthogonal to one another: solution concepts
exist in all four classes combining monotonic/non-monotonic with biased/unbiased.
Especially for monotonic and biased solution concepts, the next natural question
is whether the algorithms that can achieve monotonicity (known to exist) are also
the best-performing. This question was investigated in [84], which showed that the
output selection function used by monotonic algorithms is not equivalent to the bestperforming Bayes, thus exposing a potential trade-off in algorithm design between
monotonicity and performance.

4.2 Analysis of CoEA Biases: A Survey
The previous half of this section discussed the difficulties of measuring and achieving algorithmic progress for co-optimization problems, and reviewed the state of
the art in understanding and dealing with these issues. However, when applying coevolutionary algorithms to such problems, an additional concern is understanding
and harnessing the biases these algorithms have as dynamical systems. This section
surveys the analytical research that contributed such understanding.

4.2.1 Model Analysis
A common algorithm analysis method is to model an algorithm mathematically,
then to study the properties of that model. The advantage is that certain mathematical facts can sometimes be precisely learned from these models, facts that help us
understand system behavior in ways that are simply not possible via traditional approaches. The disadvantage is that the model is not a real algorithm, and it is not
always clear what can be transferred from model to algorithm. This step is typically
bridged by empirical study of some kind.
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The simplest way to approach modeling evolutionary computation as a dynamical system is the so-called “infinite population model” [105]. Here we assume that a
population is infinitely large and focus on how the distribution of genotypes within
the population changes over time. Questions about the existence (and sometimes the
location) of stable, attracting fixed points, or their nature and quality, can sometimes
be answered by applying traditional dynamical systems methods to such a model.
Evolutionary Game Theory (EGT) [45, 107, 58] is an appealing dynamical systems model of biological systems that is well-suited for studying coevolution. In
EGT, interactions between genotypes are treated as a stage game, and the payoff
from that game informs how the distribution is altered for the next play of the game
(replicator dynamics). Because of its incorporation of game theory, a number of
game-theoretic properties of such systems become useful points of consideration
(e.g., Nash equilibria). Additionally, EGT has received a great deal of attention by
the economics community [41]. Consequently, quite a bit is already known about
the dynamical properties of these mathematical models under different conditions.
For the most part, EGT analysis has focused on the dynamics of CoEAs under selection only; however, variational operators in CoEAs can be (and have been) modeled as is typically done in dynamical systems models of traditional EAs, by constructing a matrix that transforms the probability distribution resulting from the selection operator into one that reflects the properties of the population after crossover
and mutation are applied, the so-called mixing matrix [105]. To specify this, one
must be explicit about representation. Despite these simplifications some interesting things are known about the system that inform our understanding of CoEAs.
In single population EGT models of CoEAs, for example, stable attracting polymorphic equilibria can exist when the underlying stage game is not a constant sum
game. That is, aside from the stochastic effects of genetic drift, selection alone can
drive the systems to states where the population is a mixture of different kinds of
genotypes, and these stable, mixed strategies correspond with a Nash equilibrium
of the stage game. Moreover, examining this system using other selection methods has uncovered some fascinating results. Common EC selection methods (e.g.,
truncation, (µ, λ ), linear rank, Boltzman) can sometimes lead to systems in which
there are stable cycles and even chaotic orbits [37]. Indeed, the dynamics of CoEAs
can be much more complex than traditional EAs in that stable attractors of infinite
population models can be quite unrelated to the specific values in the game payoff
matrix itself. Empirical experiments on real algorithms verify that these fundamental dynamical pressures of the selection operator do, in fact, affect how real CoEAs
perform on real problems.
Additionally, by considering certain game-theoretic properties of the stage game
(a particular variation of the notion of constant-sum), one can show that the behavior
of certain single population CoEAs using non-parametric selection operators will,
in principle, behave dynamically like a comparable EA on some unknown fitness
function [57], while this cannot be said for other systems even when the payoff is
fully transitive. This reinforces the idea that certain co-optimization problems are
fundamentally different from traditional optimization problems.
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EGT-based models have also been used to study two-population compositional
CoEAs. From these we learn that any pure Nash equilibrium of the underlying payoff game is a stable, attracting fixed point. This suggests selection alone can drive
compositional CoEAs toward points that are globally very suboptimal in terms of
their actual payoff value. Experimentation confirms this is so in real, analogous
compositional CoEAs even to the extent that highly inferior local optima draw significantly more populations than do the true global optima. Indeed, complete mixing
implies a solution concept wherein “optimality” is defined solely based on how individual strategies do on average over all possible partners. If one is using such
methods to try to find a globally maximal payoff value, this can be seen as a kind
of pathology (relative generalization). This dynamic may well be consistent with
obtaining solutions that meet certain specific definitions of robustness [111].
But most compositional CoEAs use best-of-generation interaction methods, not
complete mixing, and [73] noted that these more common methods bias compositional coevolutionary search of projections of the payoff space to favor aggregate projections that suit identifying the global optimum. Further, by incorporating
archival notions that help retain informative partners in terms of these projection
estimates, we can further improve the compositional CoEAs optimization potential.
These analytical lessons have been applied to both real compositional CoEAs, as
well as other RL-based co-optimization processes [68].
From these studies, we see that interaction and aggregation have profound impacts on the dynamical influences of selection in compositional coevolution. More
specifically, the complete mixing interaction pattern may be ill-suited for problems
with an ideal team solution concept. Another, altogether different dynamical systems approach by Subbu and Sanderson [104] provides convergence results for a
particular class of distributed compositional CoEAs to ideal team style solutions
under conditions where complete mixing is not even possible.
In addition to the infinite population models described above, several works have
focused on finite populations. EGT itself has been applied to finite population situations [58, 36], but typically under very constrained circumstances (two-strategy
games). Outside of using EGT-based methods, there have been attempts to model
the dynamics of finite, two-population CoEAs using Markov models [56]. While
these methods also restrict the size of the problem spaces for obvious reasons, they
have important implications for infinite population models in the sense that they
clearly demonstrate that the long-term behavior of these systems can differ quite
significantly from infinite population models.

4.2.2 Runtime Analysis
EC has made good use of classical algorithm analysis methods to find bounds on
the expected number of evaluations necessary before a global optimum has been
obtained as a function of the size of the (typically, but not always, combinatorial)
genotype space [63]. These methods have the advantage of providing precise and
correct performance bounds on real algorithms for real problems, but their chief
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disadvantage is that it is often difficult to gain crucial insight into the behavior of
an algorithm. This concern is typically addressed by selecting problem classes that
help identify important properties in the problem and falsify hypotheses regarding
how EAs address them.
Indeed, runtime analysis has been quite useful in understanding how simple compositional coevolutionary algorithms approach problems with ideal team solution
concepts. A common hypothesis about such algorithms is that they tend to perform
better when the representation choices result in a linear separation of problem components with respect to the objective function. Runtime analysis of simple (1 + 1)
[49, 50] and steady-state-like [51] variants of compositional CoEAs revealed this
hypothesis to be conclusively false: though non-linear relationships between components can have profound effects on the relative performance differences between a
coevolutionary algorithm and a similarly structured EA, separability itself is neither
a sufficient nor necessary property with which to predict problem difficulty [51].
Additionally, there exist certain problem classes that essentially cannot be solved
by a large class of compositional coevolutionary algorithms. Finally, this work suggests that compositional CoEAs solve such optimization problems by leveraging the
decomposition to partition the problem while increasing the focus of the explorative
effects of the variational operators (so-called partitioning and focusing effect).
Runtime analysis of other CoEAs is more challenging and has not yet been
done. Fortunately, recent research provides several needed pieces to overcome these
challenges. First, there’s been a great deal of recent progress in analyzing increasingly more complex multi-objective methods [55], and much of this may help study
CoEAs that employ multi-objective mechanisms (e.g., archives). Second, the formalisms for explicit definition of solution concepts and the guarantee of monotonicity in certain concepts provide clear global goals needed for runtime analysis.

4.2.3 Probabilistic / Convergence Analysis
Another way to investigate algorithms theoretically, is to consider the dynamical
behaviors of the real algorithms (as opposed to abstractly modeling them). Typically
such analyses are focused on providing convergence guarantees, but often careful
consideration of problem and algorithm properties can provide greater insight.
[91, 92] provide a strong type of convergence analysis. For the maximization of
all outcomes solution concept, the proposed algorithm is guaranteed not only to find
a solution, but to have its populations converge to containing only genotypes corresponding to the solution(s). Markov-chain analysis is used for the proofs. Bounds on
convergence speed are not given; however, the work provides some useful general
advice for how to apply rates of genetic operators to ensure such convergence.
Additionally, [43] conducts a probability theory based investigation into the relationships between problem properties, algorithm properties, and system dynamics.
This work focuses on test-based CoEAs, and demonstrates that the interplay of the
considered properties cause trajectories through the domain-role sets to either make
progress or resemble random-walk behaviors.
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4.2.4 Empirical Black-Box Analysis
Analysis of coevolution can be approached empirically by viewing the system as
a black box whose inputs are the algorithm and the problem, and the output is
observed performance (e.g. quality of potential solution outputted given a certain
amount of time). The algorithm and / or the problem are then varied and the output of the system re-observed, with the goal of determining the rules governing the
dependency between inputs and outputs. Such studies are performed for problems
with computable global quality, such as ideal team problems or test-beds of the kind
reviewed in Sect. 4.1.3.
Two different approaches can be distinguished within the black-box analysis category. One approach focuses on properties of the algorithms, of the problems or
of both. When algorithm properties are involved, this approach has been referred
to as component analysis [108]. The other approach varies the algorithm and / or
the problem and compares the resulting performance without a clear isolation of the
properties responsible for the differences in performance.
We review this latter approach first. Most works introducing new algorithms
are of this kind. This includes some of the early research comparing CoEAs with
traditional EAs, such as [44, 1] for test-based problems and [86] for compositional problems. Later on, the approach was used to compare CoEAs amongst
themselves, usually “enhanced” algorithms with basic ones. Examples include
[38, 39, 34, 32, 25, 27, 28] for test-based problems and [12, 72, 71, 68] for compositional problems. Some of the algorithms introduced by these works [25, 28, 32]
are backed-up by theoretical results.
Property-focused approaches address problem properties, algorithm properties,
or the interactions between them. We discuss these cases in order.
Some of the CoEA-versus-EA comparisons were extended to determine the
classes of problems for which one type of algorithm would provide performance
advantages over the other. Such work was performed for compositional problems by
[85] and [111]. The scrutinized problem properties were separability [108], interagent epistasis [15], dimensionality15 , noise and relative sizes of basins of attraction
of local optima.
For test-based problems, empirical black-box analysis was used to investigate
problem properties such as role asymmetry [64], intransitivity [26] and dimensionality16 [30]. These works introduced specialized algorithms intended to target the
respective problem property.
Studies focusing only on algorithm properties investigated either the mechanism
for selecting interactions [74, 70, 78, 6] or the mechanism for aggregating the result
of those interactions [75, 109, 19]. All but the last cited work were concerned with
compositional problems.
Finally and perhaps most importantly, some black-box empirical studies analyzed the effects on performance of the interdependency between algorithm prop15

Here dimensionality refers to the number of roles.
Here dimensionality refers to the number of underlying objectives implicitly defined by the test
role(s).
16
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erties and problem properties. Most studied has been the mechanism for selecting
interactions, and most of those targeted compositional problems [85, 109, 110, 108,
14, 16]. The launched hypothesis was that the performance effects of the interaction
method are tightly related to the (previously mentioned) problem property separability and the kind of cross-population epistasis created when representation choices
split up inseparable pieces of the problem. This dependency however proved not to
be as straightforward as thought, as it was later shown in [81] via empirical dynamics analysis. For test-based problems, two different methods for selecting interactions were analyzed by [69], suggesting that the amount of noise in the problem
affects their influence on performance.
For compositional problems, [76] extended their previous work on the mechanism for aggregating results from multiple interactions by studying how its performance effects are affected by the problem’s local optima and their basins of
attraction. [112] studied the potential benefits of spatially-distributed schemes for
selecting interactions and / or selecting parents on domains with role asymmetry.
[15] studied the effects of mutation and crossover in the context of “mixedpayoff” domains ([54]’s NKC landscapes) and found them to be sensitive to interagent epistasis.

4.2.5 Empirical Dynamics Analysis
While black-box analysis can provide some heuristics for improving performance,
it cannot explain the causes for the observed dependencies between the inputs and
the outputs of a CoEC setup. To understand these causes, one needs to observe
the system while running and track some of its time-varying properties. Instead,
dynamics analysis is used to explain the connection between algorithm and problem
properties on one side and performance on the other side. Individual studies connect
different subsets of the pieces, analyzing:
•
•
•
•
•
•
•

dynamics in isolation [24, 101, 3, 40, 2, 22];
problem properties and dynamics [17];
problem properties, algorithm properties and dynamics [18, 54];
dynamics and performance [67, 53, 35, 59, 42, 77];
problem properties, dynamics and performance [106];
algorithm properties, dynamics and performance [113, 66, 89, 90, 20, 21, 10];
how the combination of algorithm properties and problem properties influences
dynamics and how dynamics influence performance [79].

These analyses used some of the progress metrics described in Sect. 4.1.2, and/or
various techniques for tracking genotypic/phenotypic changes. Studies involving the
latter were performed for domains and representations that are easily amenable to
visualization.
[24] were also the first to use techniques for tracking genotypic changes in order to analyze the run-time behavior (dynamics) of CoEAs. They introduce “elite
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bitmaps”, “ancestral Hamming plots” and “consensus distance plots” as tools complementary to CIAO plots. They all work on binary representations. Elite bitmaps
simply display the genotype of best-of-generation individuals next to each other
in temporal sequence. Some additional processing can reveal interesting patterns.
Ancestral Hamming plots display the Hamming distance between elite individuals
from different generations. Consensus distance plots monitor the genotypic makeup of the whole population through the distribution of Hamming distances from
the genotype of each individual to the population’s “consensus sequence”. All three
techniques are applicable to EAs in general, not just CoEAs.
[79] extensively used best-of-generation trajectory plots for understanding the
effects of various CoEA design choices and exposed best-response curves as a problem property that is a strong driver of coevolutionary algorithm behavior.
It is via the empirical dynamics analysis approach that most knowledge about
the pros and cons of using CoEAs for co-optimization was generated. And just as
traditional canonical evolutionary algorithms can be used for optimization, yet they
are not intrinsically optimizers [33], canonical coevolutionary algorithms may be
useful in co-optimization, yet they are not intrinsically co-optimizers.

5 The Future of Coevolution
The bulk of this chapter has focused on how coevolutionary algorithms, co-search
problems, and interactive domains have been studied. This section is dedicated to
the future of coevolution, including current lines of work, research questions, and
results with intriguing but so-far-untapped potential.

5.1 Open Issues
Recent research has helped establish a firm, formal foundation for coevolutionary
problem solvers, and it has provided some principled ways to think about, design,
and apply such systems. Nevertheless, many issues remain quite unresolved. We
group these into two categories: those relating disparate theoretical analyses and
those relating our analytical understanding of CoEAs to their practical application.

Relating Theories:
Dynamical systems analysis of compositional coevolution has demonstrated that
certain robustness properties in the problem can attract populations [111]. But there
has yet to be any attempt to formalize this idea as a solution concept, and it remains
to be seen whether such a concept is monotonic. Similarly, Lothar Schmidtt’s convergence analysis [92] provides useful feedback about how to manage the param-
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eters of operators; however, it makes very specific assumptions about the solution
concept, and no work has yet approached the task of generalizing his ideas to include
CoEAs as applied to problems with different concepts of solution. Runtime analysis
for compositional approaches has yielded precise bounds for those algorithms on
certain optimization problems [51], and there has been a lot of success using similar
methods to analyze performance of EAs on multi-objective optimization problems.
This suggests it should be possible to apply such analyses to CoEAs for test-based
problems, due to their underlying multi-objective nature.
Though in a handbook of natural computing, this chapter has tried to present coevolutionary algorithms in the broader context of co-optimization. As pointed out
in Sect. 4.1, some of the difficulties CoEAs face, such as the difficulty to monitor
and achieve progress, are specific to the nature of certain co-optimization problems
and not the evolutionary aspect of these algorithms. Any other algorithms attempting to solve such problems will have to deal with these issues. Formalizing cooptimization algorithms as having two components, a search heuristic and an output
selection function, allows for easy transfer of results pertaining to monotonicity
and performance to algorithms using non-evolutionary search heuristics, such as the
ones introduced in [95].
Last but not least, many research questions on how algorithms should be designed
have been opened by the recent confluence of the two generic co-optimization theories concerning monotonicity and performance [94, 84]. We expound below.

Relating Theory to Practice:
As discussed earlier in the chapter, the notion of monotonic solution concept not
only provides a way to characterize problems but also allows engineers to construct
principled algorithms for which consistent progress toward a solution can be expected [34]. Still, on a practical level, several questions remain. Many algorithms
that implement monotonic solution concepts have unrealistic memory requirements.
Researchers are only beginning to try to understand what the impact of practical
limits on mechanisms such as archive size have on performance and theoretical
guarantees about progress. Similarly, hidden in the free lunch proofs of [115] was
advice on how to obtain some performance advantage, such as avoiding unnecessary
evaluations, exploiting biases introduced by the solution concept and using a Bayes
output selection function. Still, determining how to use this advice in real algorithms
for real problems is very much an open research issue. Further, the design choices
required by monotonicity can conflict with those required for performance [84] and
additional research is needed to determine when/if this tradeoff can be avoided or at
least how to minimize it. Indeed, recent work relating monotonicity, solution concepts, and the NFL suggest this relationship could be quite complex [94, 84].
The same types of questions can be raised with respect to methods used for the
discovery of informative dimensions of co-optimization problems: Can heuristic
methods be developed that can approximate this search process in the general case,
and what are the precise tradeoffs of such an approximation? Finally, under certain
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conditions, it is theoretically possible for some CoEAs to prefer components considered later in the run, which in turn will tend to require larger supporting test sets
[8]. This implies the possibility of a kind of bloating that practitioners may need to
address in practical application.

5.2 Discovery of Search Space Structure
[32] presents empirical results suggesting that a Pareto coevolutionary algorithm
could find what were dubbed the underlying objectives of a problem. These are
hypothetical objectives that determine the performance of components without the
need to interact them with all possible tests. [32] applies a two-population Pareto
coevolutionary algorithm, DELPHI, to instances of a class of abstract interactive
domains. Figs 13 and 15 of that work suggest that evaluator individuals17 evolve in
a way that tracks the underlying objectives of the domain. The results suggest that
the algorithm is sensitive to the presence of underlying objectives even though it
is not given explicit information about those objectives, exhibiting what has been
called an “emergent geometric organization” of test individuals [8]. [10] makes a
similar observation, also empirical though using a different algorithm; Fig. 5 of that
work suggests a similar sensitivity to underlying objectives. In both cases, clusters of individuals, rather than single individuals, move along or collect around the
known objectives of the domain. The problems considered, namely numbers games
[106], were designed to have a known and controllable number of objectives, but
the algorithms used in these two studies did not rely on that fact. The work therefore raises the question of whether underlying objectives exist in all domains, and
whether algorithms can discover them.
A partial answer to this question is found in the notion of coordinate system
defined in [13]. Coordinate systems, which were defined for a class of test-based
problems,18 can be viewed as a formalization of the empirically-observed underlying objectives of [32]. To elaborate, a coordinate system consists of several axes.
Each axis is a list of tests ordered in such a way that any component can be placed
somewhere in the list. A component’s placement is such that it does well against all
tests before that spot and does poorly against all tests after it. For this reason, an axis
can be viewed as measuring some aspect of a component’s performance: a component that places high on an axis is “better than” one that sits lower in the sense that
it does well against more tests (more of the tests present in the axis, not more tests
of the domain as a whole). Formally, an axis corresponds to a numerical function
over the components, in other words to an objective function. It can be proven [13]
that every domain of the considered class possesses at least one coordinate system,
meaning it has a decomposition into a set of axes. In short, every such domain has
17

What we have called tests.
Specifically, problems with a finite number of components and a finite number of binaryoutcome tests.
18
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some set of objective functions associated with it, one for each axis in a coordinate
system for the problem.
Besides defining coordinate systems formally, [13] gives an algorithm that finds
a coordinate system for an interactive domain in polynomial time. The algorithm,
though fast, is not guaranteed to produce the smallest-possible coordinate system for
the domain, however. Finite domains must have a minimal coordinate system, but in
general even finite domains can have distinct coordinate systems of different sizes.
The algorithm is not coevolutionary per se, as it examines the outcomes of tests on
components. It is therefore applicable to the entire class of test-based problems and
agnostic about the specific algorithm used to solve the problem.
The above work leaves open the question of whether underlying objectives or coordinate systems are simply mathematical curiosities with no practical or theoretical
utility. [31] addresses that question in two ways. First, it provides an exact coordinate system extraction algorithm that, unlike the approximate algorithm of [13], is
slow but is guaranteed to return a minimal-sized coordinate system for a finite interactive domain.19 Second, it applies the exact extraction algorithm to several small
instances of the game of Nim, and observes that for all instances tested, the axes of
extracted coordinate systems contain significant information about how a strategy
performs at the game. Thus, far from being theoretical peculiarities, at least in this
case (minimal) coordinate systems intuitively relate to real structure in the domain.
Given this last fact and that certain coevolutionary algorithms seem to be sensitive to the underlying dimensions of a domain, we are led to an intriguing possibility:
that appropriately-designed coevolutionary algorithms could discover and extract
meaningful structure from interactive domains in the process of solving problems
over them. Besides solving problems, algorithms might be able to simultaneously
output useful knowledge about domains. For complex, ill-understood domains, the
knowledge output might be at least as useful as a solution.

5.3 Open-Ended Evolution and Novelty
An important possibility that should not be lost to our solution-based, problemoriented view is the idea that the goal of evolutionary systems needn’t necessarily
be to find a particular solution (be it a set of points or otherwise) at all. In particular, in cases where a representation space is not explicitly limited, evolutionary
systems can be seen as dynamical methods to explore “interesting” spaces. Here
“interesting” might correspond with some problem-oriented view or relate to aspects of some simulation that involves the evolutionary process itself, but it may
also simply correspond with notions of novelty.
In traditional, non-coevolutionary systems, an objective fitness measure in conjunction with selection methods will tend to drive the systems in particular directions. Explicit construction of fitness functions that encourage some direct notion
19

It is unclear whether interactive domains can have more than one minimal-sized coordinate
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of novelty can certainly be developed; however, coevolution offers some very natural and interesting possibilities here. Indeed, some of the earliest forms of artificial
evolution involved game-playing as means of exploring some of basic mechanisms
of evolution and self-maintenance themselves [5].
Many of the concepts discussed above (e.g., informativeness, distinctions, etc.)
are very natural measures of novelty, and algorithms that literally function by moving in directions that work to maintain these are compelling for this purpose. Even
more compelling is the idea just discussed above: Since CoEAs can be used to
discover geometries of comparisons, to construct and report dimensions of informativeness in a space, they are very appealing mechanisms for novelty search in
open-ended evolution because they may be capable of providing much more than
new, unusual individuals — they may well be able to place such individuals in relationship with things already seen.
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