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Task: Embedding
Supervised
Learning

Unsupervised 
Learning

embedding

x2

x1



Dim. Reduction/Embedding
Unit Objectives

• Goals of dimensionality reduction
• Reduce feature vector size (keep signal, discard noise)
• “Interpret” features: visualize/explore/understand

• Common approaches
• Principal Component Analysis (PCA)

• Evaluation Metrics
• Storage size   - Reconstruction error
• “Interpretability”  
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Example: 
2D viz. of 
movies 
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Example: Genes vs. geography
Nature, 2008



Centering the Data
Goal: each feature’s mean = 0.0
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Constant Reconstruction model

Parameters: m, an F-dim vector

Training problem: Minimize reconstruction error
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min
m2RF

NX

n=1

(xn �m)T (xn �m)

x̂i = m
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m

squared error between two vectors



Constant Reconstruction model

Parameters: m, an F-dim vector

Training problem: Minimize reconstruction error
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min
m2RF

NX

n=1

(xn �m)T (xn �m)

m⇤ = mean(x1, . . . xN )
Optimal parameters:

Think of mean vector as optimal “reconstruction” of a dataset if you must use a single vector

x̂i = m
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Mean reconstruction
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original reconstructed



Linear Reconstruction and 
Principal Component Analysis
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Linear Projection to 1D
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Reconstruction from 1D to 2D
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2D Orthogonal Basis
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If we could project into 2 dims (same as F), we can perfectly reconstruct



Which 1D projection is best?
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Idea: Minimize reconstruction error



Linear Reconstruction Model
with 1 components
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Fx1

High-dim.
data

1 x 1

Low-dim
embedding
or “score”

F x 1

Weights

F x 1

“mean” 
vector

x̂i = wzi +m
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Linear Reconstruction Model
with 1 components

17Tufts CS 135 - Fall 2023 - Prof. Mike Hughes

Problem: “Over-parameterized”. Too many possible solutions!

Suppose we have an alternate model with weights w’ and embedding z’
We would get equivalent reconstructions if we set:
• w’ = w * 2
• z’ = z / 2

Solution: Constrain magnitude of w.
w is a unit vector. We care about direction, not scale.

x̂i = wzi +m
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W is a vector on 
unit circle.
Magnitude is 
always 1.



Linear Reconstruction Model
with 1 components
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x̂i = wzi +m
<latexit sha1_base64="zytQD0ua0ZeTvtQCu7rVyhs+2Jg=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQhJJUQTdC0Y3LCvYBTQmT6aQdOpmEmYlaQ37Djb/ixoUiLnXl3zhpo2jrgYEz59zLvfd4EaNSWdanUZibX1hcKi6XVlbX1jfMza2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzheea3romQNORXahSRboD6nPoUI6Ul17ScAVKJEyA18PzkNk1dCk/h9/8mhXdaOPgRgtQ1y1bFGgPOEjsnZZCj7prvTi/EcUC4wgxJ2bGtSHUTJBTFjKQlJ5YkQniI+qSjKUcBkd1kfFkK97TSg34o9OMKjtXfHQkKpBwFnq7MNpTTXib+53Vi5Z90E8qjWBGOJ4P8mEEVwiwm2KOCYMVGmiAsqN4V4gESCCsdZkmHYE+fPEua1Yp9WKleHpVrZ3kcRbADdsE+sMExqIELUAcNgME9eATP4MV4MJ6MV+NtUlow8p5t8AfGxxf1vKDg</latexit>

W is a vector on 
unit circle.
Magnitude is 
always 1.

Given fixed weights w and a specific x, what is the optimal scalar z value?

Minimize reconstruction error!

Exact analytical solution (take gradient, set to zero, solve for z) gives:

z = wT (x�m)
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Projection of feature vector x onto vector w
after “centering” (removing the mean)

min
z2R

(x� (wz +m))2
<latexit sha1_base64="KK0louETznvNXoYYDCXF7hv1DtY="></latexit>

Fx1 1 x 1F x 1 F x 1



Linear Reconstruction Model
with K components
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F x 1

High-dim.
data

K x 1

Low-dim
vector

F x K

Weights

F x 1

Mean of 
data vector

x̂i = Wzi +m
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2

4
| | |

w1 w2 . . . wK

| | |

3

5
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Each of the K weight vectors wk is one “component”.

Our goal is to find the K weight vectors that best 
reconstruct our training dataset

min
W2RF⇥K

NX

n=1

FX

f=1

(xnf � x̂nf (W ))2

<latexit sha1_base64="NdPAnfuhhiieiVL0AYaUg60rf8g="></latexit>

Solving this squared error reconstruction objective is 
known as principal components analysis (PCA)



Linear Reconstruction Model
with K components
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We will require that: 
• (1) All weight vectors are unit vectors

• This fixes scale and avoid several W with same error

• (2) Component directions are orthogonal (perpendicular)
• Avoids information redundancy in W’s components

Weights that satisfy (1) and (2) form an “orthonormal basis”

W =

2

4
| | |

w1 w2 . . . wK

| | |

3

5
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F x 1

High-dim.
data

K x 1

Low-dim
vector

F x K

Weights

F x 1

Mean of 
data vector

x̂i = Wzi +m
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wT
k wk = 1 !

PF
f=1 W

2
fk = 1
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wT
j wk = 0 !

PF
f=1 WfjWfk = 0
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8j 6= k
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View: PCA as Matrix Factorization
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View: Encoding and Decoding

x̂i = Wzi +m
<latexit sha1_base64="46QcHBJKKEcuj9/eJEC2G4ul9bs=">AAACInicbVDLSsNAFJ34rPUVdelmsAiCUJIqqAuh6MZlBfuANoTJdNIOnUnCzESsId/ixl9x40JRV4If46SNRVsPDJx7zr3MvceLGJXKsj6NufmFxaXlwkpxdW19Y9Pc2m7IMBaY1HHIQtHykCSMBqSuqGKkFQmCuMdI0xtcZn7zlghJw+BGDSPicNQLqE8xUlpyzbNOH6mkw5Hqe35yl6Yuhefwp26mE3qfOYeTkqeuWbLK1ghwltg5KYEcNdd873RDHHMSKMyQlG3bipSTIKEoZiQtdmJJIoQHqEfamgaIE+kkoxNTuK+VLvRDoV+g4Ej9PZEgLuWQe7oz21BOe5n4n9eOlX/qJDSIYkUCPP7IjxlUIczygl0qCFZsqAnCgupdIe4jgbDSqRZ1CPb0ybOkUSnbR+XK9XGpepHHUQC7YA8cABucgCq4AjVQBxg8gCfwAl6NR+PZeDM+xq1zRj6zA/7A+PoGheWk4A==</latexit>

zn = WT (xn �m)
<latexit sha1_base64="AnK3oLSf5ZYtTUl9JcKuHYRENy0=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJliEurDMVEE3QtGNywq9QTsOmTTThiaZIcmIY6mv4saFIm59EHe+jWk7C239IfDxn3M4J38QM6q043xbS8srq2vruY385tb2zq69t99UUSIxaeCIRbIdIEUYFaShqWakHUuCeMBIKxheT+qteyIVjURdpzHxOOoLGlKMtLF8u/DoC3gJW3d1WHoweAL5sW8XnbIzFVwEN4MiyFTz7a9uL8IJJ0JjhpTquE6svRGSmmJGxvluokiM8BD1ScegQJwobzQ9fgyPjNODYSTNExpO3d8TI8SVSnlgOjnSAzVfm5j/1TqJDi+8ERVxoonAs0Vhwq CO4CQJ2KOSYM1SAwhLam6FeIAkwtrklTchuPNfXoRmpeyeliu3Z8XqVRZHDhyAQ1ACLjgHVXADaqABMEjBM3gFb9aT9WK9Wx+z1iUrmymAP7I+fwCYZpLK</latexit>

⇡
encode
“transform”

decode
“reconstruct”

xn
<latexit sha1_base64="2OdGja3qMfiDRv55VfkfpL6vXD8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBpco3h</latexit>

x̂n
<latexit sha1_base64="zNc7bDHzOV8PLkB763pxPeDztAU=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120y7dbMLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFrpoTukmD1NeqpXKrsVdwayTLyclCFHvVf66vZjlkZcIZPUmI7nJuhnVKNgkk+K3dTwhLIRHfCOpYpG3PjZ7OAJObVKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEy/J32hOUM5toQyLeythA2ppgxtRkUbgrf48jJpViveeaV6d1GuXedxFOAYTuAMPLiEGtxCHRrAIIJneIU3RzsvzrvzMW9dcfKZI/gD5/MHOK+Qrg==</latexit>

zn = WT (xn �m)
<latexit sha1_base64="AnK3oLSf5ZYtTUl9JcKuHYRENy0=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJliEurDMVEE3QtGNywq9QTsOmTTThiaZIcmIY6mv4saFIm59EHe+jWk7C239IfDxn3M4J38QM6q043xbS8srq2vruY385tb2zq69t99UUSIxaeCIRbIdIEUYFaShqWakHUuCeMBIKxheT+qteyIVjURdpzHxOOoLGlKMtLF8u/DoC3gJW3d1WHoweAL5sW8XnbIzFVwEN4MiyFTz7a9uL8IJJ0JjhpTquE6svRGSmmJGxvluokiM8BD1ScegQJwobzQ9fgyPjNODYSTNExpO3d8TI8SVSnlgOjnSAzVfm5j/1TqJDi+8ERVxoonAs0VhwqCO4CQJ2KOSYM1SAwhLam6FeIAkwtrklTchuPNfXoRmpeyeliu3Z8XqVRZHDhyAQ1ACLjgHVXADaqABMEjBM3gFb9aT9WK9Wx+z1iUrmymAP7I+fwCYZpLK</latexit>

NxF NxK

KxF

FxK

KxF Fx1 Fx1Kx1

xn
<latexit sha1_base64="2OdGja3qMfiDRv55VfkfpL6vXD8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBpco3h</latexit>



Principal Component Analysis

Input: 
• X : query data, Q x F

• Q examples of high-dim. feature vectors 
• Trained PCA parameters (contained inside pca)

• m : mean vector, size F
• W : learned basis of weight vectors, F x K

Output:
• Z : projections, N x K

• Each row Z[n] is a low-dim. “embedding” (size K) of X[n]
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Transformation step
What happens when you call pca.transform(x_QF)

zn = WT (xn �m)
<latexit sha1_base64="AnK3oLSf5ZYtTUl9JcKuHYRENy0=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJliEurDMVEE3QtGNywq9QTsOmTTThiaZIcmIY6mv4saFIm59EHe+jWk7C239IfDxn3M4J38QM6q043xbS8srq2vruY385tb2zq69t99UUSIxaeCIRbIdIEUYFaShqWakHUuCeMBIKxheT+qteyIVjURdpzHxOOoLGlKMtLF8u/DoC3gJW3d1WHoweAL5sW8XnbIzFVwEN4MiyFTz7a9uL8IJJ0JjhpTquE6svRGSmmJGxvluokiM8BD1ScegQJwobzQ9fgyPjNODYSTNExpO3d8TI8SVSnlgOjnSAzVfm5j/1TqJDi+8ERVxoonAs0VhwqCO4CQJ2KOSYM1SAwhLam6FeIAkwtrklTchuPNfXoRmpeyeliu3Z8XqVRZHDhyAQ1ACLjgHVXADaqABMEjBM3gFb9aT9WK9Wx+z1iUrmymAP7I+fwCYZpLK</latexit>



Example: PCA on Faces
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original k=F 

If we use all possible components, we 
perfectly reconstruct original data

zn = WT (xn �m)
<latexit sha1_base64="AnK3oLSf5ZYtTUl9JcKuHYRENy0=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJliEurDMVEE3QtGNywq9QTsOmTTThiaZIcmIY6mv4saFIm59EHe+jWk7C239IfDxn3M4J38QM6q043xbS8srq2vruY385tb2zq69t99UUSIxaeCIRbIdIEUYFaShqWakHUuCeMBIKxheT+qteyIVjURdpzHxOOoLGlKMtLF8u/DoC3gJW3d1WHoweAL5sW8XnbIzFVwEN4MiyFTz7a9uL8IJJ0JjhpTquE6svRGSmmJGxvluokiM8BD1ScegQJwobzQ9fgyPjNODYSTNExpO3d8TI8SVSnlgOjnSAzVfm5j/1TqJDi+8ERVxoonAs0VhwqCO4CQJ2KOSYM1SAwhLam6FeIAkwtrklTchuPNfXoRmpeyeliu3Z8XqVRZHDhyAQ1ACLjgHVXADaqABMEjBM3gFb9aT9WK9Wx+z1iUrmymAP7I+fwCYZpLK</latexit>

⇡

encode
“transform”

decode
“reconstruct”

xn
<latexit sha1_base64="2OdGja3qMfiDRv55VfkfpL6vXD8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBpco3h</latexit>

x̂n
<latexit sha1_base64="zNc7bDHzOV8PLkB763pxPeDztAU=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120y7dbMLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFrpoTukmD1NeqpXKrsVdwayTLyclCFHvVf66vZjlkZcIZPUmI7nJuhnVKNgkk+K3dTwhLIRHfCOpYpG3PjZ7OAJObVKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEy/J32hOUM5toQyLeythA2ppgxtRkUbgrf48jJpViveeaV6d1GuXedxFOAYTuAMPLiEGtxCHRrAIIJneIU3RzsvzrvzMW9dcfKZI/gD5/MHOK+Qrg==</latexit>

zn = WT (xn �m)
<latexit sha1_base64="AnK3oLSf5ZYtTUl9JcKuHYRENy0=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJliEurDMVEE3QtGNywq9QTsOmTTThiaZIcmIY6mv4saFIm59EHe+jWk7C239IfDxn3M4J38QM6q043xbS8srq2vruY385tb2zq69t99UUSIxaeCIRbIdIEUYFaShqWakHUuCeMBIKxheT+qteyIVjURdpzHxOOoLGlKMtLF8u/DoC3gJW3d1WHoweAL5sW8XnbIzFVwEN4MiyFTz7a9uL8IJJ0JjhpTquE6svRGSmmJGxvluokiM8BD1ScegQJwobzQ9fgyPjNODYSTNExpO3d8TI8SVSnlgOjnSAzVfm5j/1TqJDi+8ERVxoonAs0VhwqCO4CQJ2KOSYM1SAwhLam6FeIAkwtrklTchuPNfXoRmpeyeliu3Z8XqVRZHDhyAQ1ACLjgHVXADaqABMEjBM3gFb9aT9WK9Wx+z1iUrmymAP7I+fwCYZpLK</latexit>

KxF Fx1 Fx1Kx1



Principal Component Analysis

Input: 
• X : training data, N x F

• N examples of high-dim. feature vectors 
• K : int, number of components

• Satisfies 1 <= K <= F

Output: Trained parameters for PCA
• m : mean vector, size F
• W : learned basis of weight vectors, F x K

• One F-dim. unit vector (magnitude 1) for each component
• Each of the K vectors is orthogonal to every other

24Tufts CS 135 - Fall 2023 - Prof. Mike Hughes

Training step : What happens when we call pca.fit(x_NF)

min
m2RF ,W2RF⇥K

NX

n=1

FX

f=1

(xnf � x̂nf (m,W ))2

subject to: WTW = IK
<latexit sha1_base64="SWfPRaHQK+lvYdbMp1HWzMHnjvk="></latexit>

Orthonormal
Constraint
- Each vec has 
magnitude 1
- Vectors are 
orthogonal
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Source: https://textbooks.math.gatech.edu/ila/eigenvectors.html

Recall from Linear Algebra

https://textbooks.math.gatech.edu/ila/eigenvectors.html


The weight component vectors are 
the eigenvectors of the covariance 
matrix of the centered dataset
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S =
1

N

NX

n=1

(xn �m)(xn �m)T

<latexit sha1_base64="Foln99UdFfDqmIDtWTnqYKLQiD4=">AAACG3icbZDLSgMxFIYzXmu9jbp0EyxCXVhmqqCbQtGNq1KxF6GXIZNmamiSGZKMWIZ5Dze+ihsXirgSXPg2phfwUn8IfPznHE7O70eMKu04n9bc/MLi0nJmJbu6tr6xaW9tN1QYS0zqOGShvPaRIowKUtdUM3IdSYK4z0jTH5yP6s1bIhUNRU0PI9LhqC9oQDHSxvLs4hUswXYgEU7cNKmksK1i7iWi5KbdCszfeQIeQn7wTd2aZ+ecgjMWnAV3CjkwVdWz39u9EMecCI0ZUqrlOpHuJEhqihlJs+1YkQjhAeqTlkGBOFGdZHxbCveN04NBKM0TGo7dnxMJ4koNuW86OdI36m9tZP5Xa8U6OO0kVESxJgJPFgUxgzqEo6Bgj0qCNRsaQFhS81eIb5AJSps4syYE9+/Js9AoFtyjQvHyOFc+m8aRAbtgD+SBC05AGVyAKqgDDO7BI3gGL9aD9WS9Wm+T1jlrOrMDfsn6+AIyFZ5c</latexit>

Swk = �kwk
<latexit sha1_base64="HG9spXgkz3vaivsg/1sMcGDo8g8=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJWZKuhGKLpxWdE+oB2GTCZtQzOZIckoZSj4K25cKOLW73Dn35i2s9DWA4GTc+4hNydIOFPacb6twtLyyupacb20sbm1vWPv7jVVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyvJ37rgUrFYnGvRwn1ItwXrMcI1kby7YM79OgP0SXqchMKseHm7ttlp+JMgRaJm5My5Kj79lc3jEkaUaEJx0p1XCfRXoalZoTTcambKppgMsR92jFU4IgqL5uuP0bHRglRL5bmCI2m6u9EhiOlRlFgJiOsB2rem4j/eZ1U9y68jIkk1VSQ2UO9lCMdo0kXKGSSEs1HhmAimdkVkQGWmGjTWMmU4M5/eZE0qxX3tFK9PSvXrvI6inAIR3ACLpxDDW6gDg0gkMEzvMKb9WS9WO/Wx2y0YOWZffgD6/MHkwCUmg==</latexit>

Every principal component vector wk satisfies this equation:

When we fit K principal components to a dataset, the optimal ones (that minimize 
reconstruction error) are those with the K largest eigenvalues.

Can use standard linalg libraries to compute the eigenvalues/vectors!

W =

2

4
| | |

w1 w2 . . . wK

| | |

3

5

<latexit sha1_base64="tPE1Wzn+xEBbswS0K+Urtg2bJmU="></latexit>



PCA Principles

• Minimize reconstruction error
• Should be able to recreate x from z

• Equivalent to maximizing variance
• Want reconstructions to retain maximum information
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min
m2RF ,W2RF⇥K

NX

n=1

FX

f=1

(xnf � x̂nf (m,W ))2

subject to: WTW = IK
<latexit sha1_base64="SWfPRaHQK+lvYdbMp1HWzMHnjvk="></latexit>



PCA: How to Select K?

• 1) Use downstream supervised task metric
• e.g. regression error, classifier AUROC

• 2) Use memory constraints of task
• Can’t store more than 50 dims for 1M examples? 

Take K=50
• 3) Plot cumulative “variance explained”
• Take K that seems to capture most or all variance
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Empirical Variance of Data X
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Var[X] =
1

N

NX

n=1

FX

f=1

(xnf �mf )
2

=
1

N

NX

n=1

(xn �m)T (xn �m)
<latexit sha1_base64="GKRC83sxB0J/BEVDnTwZFFSYHPc="></latexit>

m , 1

N

NX

n=1

xn

<latexit sha1_base64="vWTdbPPPF+VhlhDHozPaTzD0QqM=">AAACEnicbVDLSgMxFM3UV62vqks3wSLopsxUQTdC0Y2rUsE+oDMOmTTThiaZMcmIZZhvcOOvuHGhiFtX7vwb08dCWw8EDuecy809Qcyo0rb9beUWFpeWV/KrhbX1jc2t4vZOU0WJxKSBIxbJdoAUYVSQhqaakXYsCeIBI61gcDnyW/dEKhqJGz2MicdRT9CQYqSN5BePOHS1pEj0GLmDbigRTp0srWXQVQn3U3HuZLc1+OCbbMku22PAeeJMSQlMUfeLX243wgknQmOGlOo4dqy9FElNMSNZwU0UiREeoB7pGCoQJ8pLxydl8MAoXRhG0jyh4Vj9PZEirtSQBybJke6rWW8k/ud1Eh2eeSkVcaKJwJNFYcKgjuCoH9ilkmDNhoYgLKn5K8R9ZGrRpsWCKcGZPXmeNCtl57hcuT4pVS+mdeTBHtgHh8ABp6AKrkAdNAAGj+AZvII368l6sd6tj0k0Z01ndsEfWJ8/2+SdlQ==</latexit>

Assume we’ve computed the 
empirical mean vector:

Empirical variance is defined as averaged squared error from the empirical mean:



Empirical Variance of reconstructions
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=
1

N

NX

n=1

xT
nxn

=
1

N

NX

n=1

(zn1w1 + . . .+ znKwK)T (zn1w1 + . . .+ znKwK)

=
1

N

NX

n=1

KX

k=1

z2nk

=
KX

k=1

�k

Just sum up the top K eigenvalues!

Assume we have already zero-centered the features

Simplify with lots of linear algebra



Proportion of Variance Explained 
by first K components
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PVE(K) =

PK
k=1 �kPF
f=1 �f

Goal: Want K value where proportion of variance explained is large.
Indicates good reconstruction ability on our training set.



Variance explained curve
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PVE(K) =

PK
k=1 �kPF
f=1 �f



PCA Summary
PRO
• Usually, fast to train, fast to test

• Slowest step: finding K eigenvectors of an F x F matrix
• Nested model

• PCA with K=5 overlaps with PCA with K=4

CON
• Sensitive to rescaling of input data features
• Learned basis known only up to +/- scaling
• Not often best for supervised tasks
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PCA: Best Practices

• If features all have different units
• Try rescaling to all be within (-1, +1) or have 

variance 1

• If features have same units, may not need to do 
this
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Dim. Reduction/Embedding
Unit Objectives

• Goals of dimensionality reduction
• Reduce feature vector size (keep signal, discard noise)
• “Interpret” features: visualize/explore/understand

• Common approaches
• Principal Component Analysis (PCA)
• word2vec and other non-linear embeddings

• Evaluation Metrics
• Storage size   - Reconstruction error
• “Interpretability”  
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Lab

• Part 1:

• Part 2
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