ABSTRACT

languages 3

4

e^x =_{n =0}Σ^∞ x^n ! = 1 + x + 2 1 x_2 + 6 1 x_3 + 24 1 x_4 +

2 1 , 6 1 , 24 1 ,

F F(x

F(x) =_{i =0}Σ^∞ F_i x^i .

F

called F and G.

Σ_i^{xi = 1/ − x}

Addition. S = F + G S_i = F_i + G_i

output S

x P =

Multiplication. P =

n =0Σ ∞ P_n x^n = i^{=0}Σ ∞ F_i x^i j^{=0}Σ ∞ G_j x^j ,

P_n =_{i =0}Σ^n F_i G_{n − i}

n n

x times

F = F_0 + . F P = P_0 + = F_0 G_0 + x (F_0 G + G_0 F) + x^2 F G.

P_0 = F_0 G_0 ,

P = F_0 G + G_0 F + G

F_0 G_0 x F G x

f*G ,

Fbar and G F_0 G_0

                                         G f*G and
F*G

Substitution. S = F(G

S_0 + _ = F_0 + (G_0 + ) F(G_0 + ).

S_0 = F_0 + G_0 . F(G S_0

S_0 =_{i =0}Σ^∞ F_i G_0^i .

G_0 =

F×G × x

+

F×G

×G_0 ×F_0

F G

F or G

F and G

S = S_0 + _ = F_0 + F(G

F_0 F(G)

G F(G)

G in G in

G F

get(F) and .

Exponentiation. X = e^F

X = e^{F 0} e

X = e^{F 0} . + x).

X F_0 = X_0 = 1.

X(x) = 1 . X(

X(x X( F

X′ = dx d e^F = e^F F′ = ′,

X

X(x) =_0∫ x X(t) F′(t) dt + c, c X_0 = program.

F_0 = 0

deriv integ
                                  X
  X

stream X

y′ = f(x,y).5

x).6 head and cons get and put.

1

          :=

= <- corresponds

to get prog {}

                   psprint

                   ratprint(<-F);
   };

                                                    <-=
           put.

           for(;;)

   };

begin statement.†

   psprint(S);

           begin & in

UNIX® shells.

do_psadd

                   for(;;)

   };

Function psadd S

                                                   become may

               () prog
                       prog

   psprint(S);

psderiv psadd.

                }
        }();

};
                                  Ones

/ − x 1/ − x)

        for(;;)

}();

From Ones

psprint(psderiv(Ones));

prints

prints Ones + x . (− . Ones

Ones psadd pscmul.

                                       F
                             select

        for(;;)

};

        }
};

      rec F0
                  f F0

of F do_split

                        F1
become F1.*

function, split

become^1

                             do_split do_psadd,

};

                           split

                             prog

                for(;;)

        }();

};

                     Ones

prints / − x)^2

Ones

i ith P = FG FG F_0 G and G_0 F x.

FG = F_0 G_0 + xF_0 G + xG_0 F + x^2 FG

F_0 G_0

F_0 G_1 F_1 G_0

F_2 G_0

F_1 G_1

F_0 G_2

F_0 G_3 F_1 G_2 F_2 G_1 F_3 G_0

F_4 G_0

F_3 G_1

F_2 G_2

F_1 G_3

F_0 G_4

P_4

P_3

P_2

P_1

P_0

P = FG sents FG F_0 G G_0 F.

F_0 G_0 F_0 G and G_0 F

i (i + /2

          do_split copy
                                                  do_split or
copy i

(i + i + /2 2

do_split,

namely

do_split F1 originated.

                                       become

do_split F0

and F1

do_split_new
                      F0
do_split_old F1 is

served.

   do_split_mid

           <- <-=.

                                    f F1
release

   };

           <-wait;

   };

           }
   };
                                                          F0.

do_split

           }
   };
                                       become
become
begin

   }

   };

i i

pscmul psmul

                psxmul

4i i

do_split

proceeded.

with n n

};

      get

<-S.req;

requirements.

do_split

in psmul

                                               psxmul
psmul

S = F(G), where G_0 =

S = S_0 + _ = F_0 + F(G).

G_0 = 0.

                <-S.req;

                get(GG[0]);

        }();

};

               do_split

O(n), copy

F_0 = 0

};

find R = F (F_0 + ) R = or R = R_0 + = F_0

1___ − R).

                <-R.req;

        }();
};

F R

F(R(x = x. (7) R_0

i =0Σ ∞ F_i R_0^i =

R_0 F R R_0 = F_0 = F F(x) = =_1 + x^2 F, R F (R) = x.

Expand F R R_1 + ). (F_1 + F(R = x, R = R_1 + = F_1

1___ −^2 F(R

Since R_0 F(R pssubst R^2 R

x x

dx d x) = 1 + x^2 1 .

F(cx^n − x^2 into Ones / − x / +x^2

psprint(Tan);

Complexity

x^0, x^1 x^n Multiplication. n

P = FG = F_0 G_0 + xF_0 G + xG_0 F + x^2 FG.

P_0 through P_n

F_i by c^i n −

F_0 G_0, if n ≥ F_0 G and G_0 F through x^{n − 1} if n ≥ F G through x^{n − 2}. n

n) = 1 + 2n + n − n ≥ = 3 = 1

n) = 2 n + 2 = O(n^2 ).

Substitution.

S = F(G) = F_0 + F(G).

S_0 through S_n n ≥ F(G x^{n − 1}

G F(G x^{n − 1}, n

n) = n − + n − n ≥ =

n) = 3 n + 2 = O(n^3 ).

Reversion. Rof F(R(x = xsatisfies R = F_1 x___

−^2 F(R

R_0 through R_n n ≥

F(R x^{n − 2}, x^{n − 2} n −_1. n

n) = n − 1 + n − + n − n ≥ 2. = =

n) = 3 n + 2 − 1 = O(n^3 n ≥ 1.

O(n^2 products.

Discussion

n than n + k k.11 12

13

4

14

fn()=>

function.

References

Experience

Processes,’’ 7

Programs 21(12)

19

Series,’’ JACM25

CACM8

(1990).