
() : unit

e1 : α e2 : β

(e1,e2) : α×β

e : α×β

fst e : α

e : α×β

snd e : β

e : α

inl e : α +β

e : α +β

x : α···
e′ : m γ

let inl x= e; e′ : m γ

e : β

inr e : α +β

e : α +β

x : β
···

e′ : m γ

let inr x= e; e′ : m γ

r ∈ R

r : real

e1 : real e2 : real

e1 + e2 : real

e : real

−e : real

e1 : real e2 : real

e1× e2 : real

e : real

e−1 : real

e : real

expe : real

e : real

loge : real

e1 : real e2 : real

e1 < e2 : unit+unit

e : α

dirac e : m α

e : m α

x : α···
e′ : m β

x  e; e′ : m β

e : real e′ : m α

eo e′ : m α

e1 : m α e2 : m α

e1⊕ e2 : m α /0 : m α lebesgue : m real

Terms e
Types α,β ,γ

Variables x
Real numbers r, t ∈ R
Head normal forms n ::= a | () | (e1,e2) | inl e | inr e | r | g[e] | dirac e | e1⊕ e2 | /0 | lebesgue
Atomic terms a,b ::= x (not bound in the heap) | fst a | snd a | a+n | n+a | −a | a×n | n×a | a−1 | expn | logn | a < n | n < a
Heaps h ::= [ ] | h[g[ ]]
Bindings g ::= let inl x= e; [ ] | let inr x= e; [ ] | x  e; [ ] | eo [ ]

Figure 1. Syntax and type system
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Lazy partial evaluation to head normal form

determine : Termmα → (Nα → Heap→ Nmγ )→ Heap→ Nmγ

determine e c h = x  e; (c x h) if e is atomic or lebesgue
determine (g[e]) c h = determine e c (h[g[ ]])
determine (e1⊕ e2) c h = (determine e1 c h)⊕ (determine e2 c h)
determine /0 c h = /0
determine (dirac e) c h = evaluate e c h
determine e c h = evaluate e (λn.determine n c) h unless e is in head normal form

evaluate : Termα → (Nα → Heap→ Nmγ )→ Heap→ Nmγ

evaluate n c h = c n h given n already in head normal form
evaluate (fst e) c h = evaluate e (λn.c (fst n)) h
evaluate (snd e) c h = evaluate e (λn.c (snd n)) h
evaluate (−e) c h = evaluate e (λn.c (neg n))
evaluate (e1 + e2) c h = evaluate e1 (λn1.evaluate e2 (λn2.c (add n1 n2))) h
evaluate (expe) c h = evaluate e (λn.c (expn))
evaluate x c (h1[x  e; h2]) = determine e (λn.λh′1.c n (h′1[x  dirac n; h2])) h1

evaluate x c (h1[let inl x= e; h2]) = evaluate e (λn′.outl n′ (λn.λh′1.c n (h′1[x  dirac n; h2]))) h1

evaluate x c (h1[let inr x= e; h2]) = evaluate e (λn′.outr n′ (λn.λh′1.c n (h′1[x  dirac n; h2]))) h1

Abstract operations on head normal forms

fst : Nα×β → (Nα → Heap→ Nmγ )→ Heap→ Nmγ snd : Nα×β → (Nβ → Heap→ Nmγ )→ Heap→ Nmγ

fst a c = c (fst a) snd a c = c (snd a)
fst (e1,e2) c = evaluate e1 c snd (e1,e2) c = evaluate e2 c

neg : Nreal→ Nreal add : Nreal→ Nreal→ Nreal

neg r = −̇r ∈ R add r1 r2 = r1u r2 ∈ R
neg a = −a add n1 n2 = n1 +n2 if n1 or n2 is atomic

outl : Nα+β → (Nα → Heap→ Nmγ )→ Heap→ Nmγ outr : Nα+β → (Nβ → Heap→ Nmγ )→ Heap→ Nmγ

outl a c h = let inl x=a; (c x h) outr a c h = let inr x=a; (c x h)
outl (inl e) c h = evaluate e c h outr (inr e) c h = evaluate e c h
outl (inr e) c h = /0 outr (inl e) c h = /0

Figure 2. Metalanguage functions (indicated by italic font) for lazy partial evaluation to head normal form
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