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fun map f [] = [] |
    map f (h::t) = f h::map f t
val map = fn : (’a -> ’b) -> ’a list -> ’b list
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(* original function *)
fun inc [] = [] |
    inc (h::t) = h+1::inc t

(* first synthesised function, using map *)
val inc1 = map (fn h => h+1)

(* second synthesised function, using foldr *)
val inc2 = foldr (fn h => fn t => h+1::t) []
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-- basic constructs
par :: a -> b -> b             -- parallel composition
seq :: a -> b -> b             -- sequential composition

type Strategy a = a -> ()      -- type of evaluation strategy

using :: a -> Strategy a -> a  -- strategy application
using x s = s x ‘seq‘ x 

rwhnf :: Strategy a            -- reduction to weak head normal form 
rwhnf x = x ‘seq‘ () 

class NFData a where           -- class of reducible types 
      rnf :: Strategy a        -- reduction to normal form
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parList :: Strategy a -> Strategy [a]
parList strat []     = ()
parList strat (x:xs) = strat x ‘par‘ (parList strat xs)

parMap :: Strategy b -> (a -> b) -> [a] -> [b]
parMap strat f xs = map f xs ‘using‘ parList strat

6����
 �$ �������� ��� �	 ���

#����������
 ��� '������� ��� ��)�	�'�� 4�(� �� ��(����(�� �
�(�
�� ��?
��(��	 ��� '���		�	 ���(4��� (��	�
 ����� �� (�� �	����4 �����		
@��'�	�� +��@1 +!�*(�� ����� �( �	�
 -..91� %�� (��	� ��� ��?
��(��	
���(4��� ��)�	�'���( ���	
��6 (�� �
�� ��(��'��(��
 ��� ���( ��)�	�'�
���(
 (�� ��@ ���'�	�� ��� ��?
��(��	 �
�(��� �*�(�� ��� �'(�������
���'�	�(��� (� ��?
��(��	 ����A ��� ��?
��(��	 (��� ��� �'��� '��2	���
��(����(�� ��(� ��@ +������ ��� !�*(�� �����
 -..01� %�� (��	� ���
'���		�	 ���(4��� ��)�	�'���( ���	
��6 (�� �	����� '�����(������	�
'���		�	 ���
	�(�� +������� �( �	�
 -..01 ��� D�8��	� ��� ���
��(�
���
	�(��� �� (�� '���		�	 ����)��
� �� � ����� �� '���		�	 ��������A (��
��@ ���'�	�� ��� �� '���		�	 �
�(��� �*�(�� ��� '���		�	 �8��
(���
�� �
	(�'���������A � ��( �� )��
�	���(��� (��	� ��� ��(� �	����� ���
�� 
 )��
�	����� (�� ��(�)�(* �� � '���		�	 ������� �� ��)���	 	�)�	� ��
��(��	A '��(�(*'�� �� ���� ��(��	�� '���		�	 '��2	��� +���� �( �	�
 -..B1�

9�-�9� ����
7��� +,���(����� �( �	�
 -../�1 �8(���� (�� 	�G* �
��(����	 	���
���
�����		 �* �*�(��(�� ����(�
�(� (� �8'	���(	* ��2�� ��� ���(��(��(� '���
������� :� ���(���( (� (�� '��)��
� (�����?
��
 �	�
��������� ���	��
���
	��� 7��� �8'��� '���		�	 (���� �( (�� 	���
��� 	�)�	� %�� '���������
�
�( (��� ������ (�� (���� 
���� (�� ���(��	 ���������� '��)����
�� (�� 	���
���� 7��� �� �8'	���( ���
( '������ ����(��� ��� ���
( (��
����
����(��� (�'�	��*
 �
( ��'	���( ���
( �(��� ���(��	 ���
�� �
�� ��
������� ��� �����)��� ��������
 ��� '������ '	������(� ����
	���(* ��

���� (�� '���������J� ���(��	 ����
�� ��K��� ������� 4���� �8'����
����� �
�( �� �)�	
�(�� �� '���		�	 '��������
 ��� �	�� ���� ���(��	 ��
(�� 	��� ��	������ �� '�����	� �( (�� '���������J� 	�)�	�

�����	�
��
 7��� '��)���� '������ ���(���(���� ��� '������ ���(���
(��(���� ��� ��������(��� �� ���4� �� ���
�� 0� %�� ��4 �8'�������
������� $ %& � �� � '����2��� '�	*���'��� (*'� '������ � � ���
2��� � �	�
��� ����	�
���� ��)��� �����	 '�����(�� $��� �� ��'
( ���
�8'������� ���� �� �
('
(� !������ ���(���(���� �� (*'� '������ �

� ��� �� ���'���� (� �
��(���� �� (*'� � %& �
 (�� ���� ��3������
����� (��( (�� ������
 4��� ���(��(��(��
 ��� �8��
(�� �� '���		�	�



���
����� ����

�
 ���������
 ���������� ����������� ��	 ����������� -9

$���(����		*
 4��� (�� �
('
( �� ��'
( �8'������� �� � (
'	�
 � ��'���(�
����
����( (����� �� ����(�� ��� (�� �)�	
�(��� �� ���� (
'	� �	����(�
�� 4�		 ����� (� ���� �� (��� �� � ������	�

newtype Process a b = ...

-- process abstraction (language construct) 
process x -> e :: Process a b

-- process instantiation
(#) :: (Transmissible a, Transmissible b) => Process a b  -> a -> b

-- non-deterministic merge process
merge :: Process [[a]] [a]
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map_par :: (Transmissible a, Transmissible b) => 
           (a -> b) -> [a] -> [b]
map_par f xs = [pf # x | x <- xs] ‘using‘ spine     
               where pf = process x -> f x

spine :: Strategy [b]
spine []     = ()
spine (_:xs) = spine xs                 
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data (Num a) => Matrix a = M [[a]]

multMat :: (Num a) => Matrix a -> Matrix a -> Matrix a
multMat (M m1) (M m2) = M (multMatT m1 (transpose m2))

multMatT :: (Num a) => [[a]] -> [[a]] -> [[a]]
multMatT m1 m2T = [ [multVec row col | col <- m2T] | row <- m1]

multVec :: (Num a) => [a] -> [a] -> a
multVec v1 v2 = sum (zipWith (*) v1 v2)
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multMatTParRow :: (Num a,Transmissible a) => 
                  Matrix a -> Matrix a -> Matrix a
multMatTParRow (M m1) (M m2) = M (concat result)
 where result = map_par multMatT (zip (splitIntoN noPe m1) (repeat m2))
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multMatTParBlock :: (Num a, Transmissible a) => 
                    Int -> Matrix a -> Matrix a -> Matrix a
multMatTParBlock size m1 m2 = decluster size result
  where result = map_par multMatT (zip (clusterLeft size m1) 
                                       (clusterRight size m2))
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torus :: (Transmissible a,Transmissible b,Transmissible c,Transmissible d) =>
             ((c,a,b)->(d,a,b)) -- Main function in each process
             [[c]] ->           -- Inputs from parent to children
             [[d]]              -- Outputs from children to parent
torus f m = ...

multMatPar :: (Num a, Transmissible a) => 
              Int -> Matrix a -> Matrix a -> Matrix a
multMatPar torusSize m1 m2 = combine results
 where results = torus (multMatPar’ torusSize) (zipWith zip m1ss m2ss)
       m1ss    = splitMatrix1 torusSize m1 
       m2ss    = splitMatrix2 torusSize m2

-- Function performed by each worker         
multMatPar’ :: (Num a, Transmissible a) => Int -> 
               ((Matrix a, Matrix a), [Matrix a], [Matrix a]) -> 
               (Matrix a, [Matrix a], [Matrix a])
multMatPar’ size ((sm1,sm2),sm1s,sm2s) = (result,toRight,toBottom)
  where toRight  = take (size-1) (sm1:sm1s)
        toBottom = take (size-1) (sm2’:sm2s)
        sm2’     = transpose sm2
        sms      = zipWith (curry multMat2) (sm1:sm1s) (sm2’:sm2s)
        result   = foldl1’ addMatrices sms 
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multMatPar :: (Num a, NFData a) => Int -> Matrix a -> Matrix a -> Matrix a
multMatPar z m1 m2 = multMat m1 m2 
                     ‘using‘ \ (M m) -> rnf m1 ‘seq‘ 
                                        rnf m2 ‘seq‘ 
                                        parListChunk z rnf m
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multMatPar :: (Num a, NFData a) => Int -> Matrix a -> Matrix a -> Matrix a
multMatPar z m1 m2 = 
  decluster (multMatT (cluster z m1) (cluster z (transposeMat m2))
             ‘using‘ \ (M m) -> rnf m1 ‘seq‘
                                rnf m2 ‘seq‘
                                parList (parList rnf) m )
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(* vector product call *)
fun inner row col = multVec row col

(* inner map - parallel *)
fun outer BT row = map (inner row) BT

(* outer map - parallel *)
fun multMat A B = map (outer (transpose B)) A
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(* Block map over outer product *)
fun BMmult (A,B) =
  let
    val rows = length A
    val outerAB = outer_product (A,transpose B)
    val AB = map Mdotprod outerAB
  in
    split rows AB
  end
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linSolv :: SqMatrix Integer ->                -- nxn matrix A
           Vector Integer ->                  -- n vector b
           (Vector Integer, Integer, Integer) -- n vector x s.t. A*x=b
linSolv a b = 
  let 
   {- Step1: forward mapping -}
    ...
   {- Step2: Computation of solutions in Z/p -}
    ...
    -- Infinite list of hom. solutions of a*x=b in Z_p
    xList = map get_homSol primes
    
    get_homSol :: Integer -> [Integer]
    get_homSol p  = 
      let 
        b0 = toHom p b
        a0 = toHom p a
        modDet = toHom p (determinant a0)
        pmx = -- inlined version of: homsolv0 p a0 b0
              let
                lua = lu p a0
                (l,u) = split_lu p lua
                y = fwd_subst p l b0
                x = bwd_subst p u y
              in 
              x
      in
      p : modDet : pmx  

   {- Step3: lifting via list-based CRA -}
    ...
    primeList = projection 0 xList -- primes (bases for the hom ims)
    detList   = projection 1 xList -- dets in all hom ims
    det       = snd (list_cra pBound primeList detList detList)
    x_i i     = snd (list_cra pBound primeList x_i_List detList)
                where x_i_List = projection (i+2) xList
    -- overall solution:
    x = vector (map x_i [0..n-1])
    ...
  in 
  x ‘using‘ strat
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strat = 
 \ res -> 
   rnf noOfPrimes                                      ‘seq‘
   parListN noOfPrimes par_sol_strat xList             ‘par‘
   parList rnf x
   where par_sol_strat :: Strategy [Integer]
         par_sol_strat = \ (p:modDet:pmx) -> rnf modDet ‘seq‘ 
                                             if modDet /= 0
                                               then parList rnf pmx 
                                               else ()
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xList_all = map_rw get_homSol primes

xList = filter lucky xList_all
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xList_all = map_rw get_homSol primes

xList = filter lucky xList_all
xList_unlucky = filter (not.lucky) xList_all

(p_needed, p_spec) = splitAt ( 1 + toInt noOfPrimes) primes
primes’ = p_needed ++ (additional xList_unlucky p_spec)

additional :: [Integer] -> [Integer] -> [Integer]
additional xs ys = zipWith (\ x y -> y) xs ys
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(* Solve ax = b modulo p *)
fun gen_xList a b p =
  let 
    val (a0,b0) = (matHom p a,vecHom p b)
    val modDet = modHom p (determinant a0)
    val ((iLo,jLo),(iHi,jHi)) = matBounds a
    val pmx =
      fxlist jLo (jHi-jLo+L1)
        (fn j => modHom p (determinant (replaceColumn j a0 b0)))
  in
    p::modDet::pmx
  end

(* Iterative forward mapping phase *)
fun getSols xList [] = xList
  | getSols xList primes =
  let
    val xList’ = map (gen_xList aN bN) primes
    val noUnlucky = countUnlucky xList’
    val xList’ = filter (not o isUnlucky) xList’
    val primes’ = additionalprimes primes noUnlucky
  in
    getSols (xList@xList’) primes’
  end
val xList = getSols [] (primesuptomaxprod pBound)

(* Combination via CRA *)
val detList = projection 1 xList
val det = list_cra pBound primes detList detList
fun x_i i =
  let
    val x_i_List = projection (i+2) xList
  in
    list_cra pBound primes x_i_List detList
  end
val x = seqmap x_i (fxlist 0 n (fn x => x))
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ray :: Int -> Int -> [Sphere] -> [[((Int, Int), Vector)]]
ray x y world = map do_line sizes_y
    where do_line :: Int -> [((Int,Int), Vector)]
          do_line i = map (\ j -> ((i,j), f i j)) sizes_x
          sizes_x = [0..x-1]
          sizes_y = [0..y-1]
          f i j = tracepixel world lights i j firstray scrnx scrny
          (firstray, scrnx, scrny) = camparams x y
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fun ray x y world =
  let
    val (firstray, scrnx, scrny) = camparams x y
    fun do_pixel ij =
      let
        val (i,j) = (ij div 1000,ij mod 1000)
      in
        ((i,j),tracepixel world lights (real i) (real j) firstray scrnx scrny)
      end
    val ind = indxs 0 (x - 1) 0 (y - 1)
  in
    map (map do_pixel) ind
  end
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ray :: Int -> Int -> Int -> [Sphere] -> [[((Int, Int), Vector)]]
ray chunk x y world = map do_line sizes_y
                      ‘using‘ parListChunk chunk rnf
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ray :: Int -> Int -> [Sphere] -> [[((Int, Int), Vector)]]
ray x y scene = shuffleN outps 
    where outps = [ (process i -> f_dm i) # void | i <- [0..noPe-1]] 
                      ‘using‘ seqList r0
          f_dm n _  = map do_line (takeEach noPe (drop n sizes_y))
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-- sequentially applies a strategy to the first n elements of a list
seqListN :: (Integral a) => a -> Strategy b -> Strategy [b]
seqListN n strat []     = ()
seqListN 0 strat xs     = ()
seqListN n strat (x:xs) = strat x ‘seq‘ (seqListN (n-1) strat xs)

-- applies a strategy to (sequential) chunks of a list in parallel
parListChunk :: Int -> Strategy a -> Strategy [a]
parListChunk n strat [] = ()
parListChunk n strat xs = seqListN n strat xs ‘par‘ 
                          parListChunk n strat (drop n xs)
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-- Auxiliary functions for splitting and merging lists
bresenham :: Int -> Int -> [Int]
bresenham n p = take p (bresenham1 n)
                where bresenham1 m = (m‘div‘p):bresenham1 ((m‘mod‘p)+n)

-- split list into n sublists of (almost) same size
splitIntoN :: Int -> [a] -> [[a]]
splitIntoN n xs = f bh xs
                  where bh = bresenham (length xs) n
                        f [] [] = []
                        f (t:ts) xs = hs : (f ts rest)
                                      where (hs,rest) = splitAt t xs 

-- split list into blocks of size n
splitAtN :: Int -> [a] -> [[a]]
splitAtN n [] = []
splitAtN n xs = ys : splitAtN n zs
                where (ys,zs) = splitAt n xs

-- pick every n-th element from a list, starting from 0th elem
takeEach :: Int -> [a] -> [a]
takeEach n [] = []
takeEach n (x:xs) = x : (takeEach n (drop (n-1) xs))

-- list of lists of every n-th element, starting from 0th, 1st, ...
unshuffleN :: Int -> [a] -> [[a]]
unshuffleN n xs = [takeEach n (drop i xs) | i <- [0..n-1]]

-- combine a list of lists generated by unshuffleN
shuffleN :: [[b]] -> [b]
shuffleN ([]:_)  = []
shuffleN xss     = map head xss ++ shuffleN (map tail xss)
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